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Measurements have been made of the vapor pressures of solutions of He* in He* having molar He?* 
concentrations 1.91, 3.34, 6.51, and 12.04% in the temperature range 1.4°K to 2.6°K. The measurements 
involved the observation of the excess pressure of the solution over that of pure liquid Het which was 
carefully maintained at the same temperature as the solution using an apparatus which ensured high 
precision of pressure transmission between the low- and high-temperature parts of the apparatus, especially 
for liquid He* temperatures above the lambda temperature. The results are compared with previous 
evaluations and comparisons made with recent theories of He*— He‘ solutions. 





I. INTRODUCTION 


N the past several years there have been many 
measurements'* of the vapor pressures of solutions 
of He’ in He*. Much of the work has been of an explora- 
tory character or has confined its attention to a small 
range of either He*® concentration or temperature. 
Three investigations, reported by Sommers,’ by 
Eselson and Bereznyak," and by Roberts and Sydoriak," 
however, covered a wide range of temperature and He’® 
concentration and represent the most 
complete work in the field. 
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The experiments reported here were a continuation 
of previous work,°:* and are especially concerned with 
the vapor pressures at and above the lambda tempera- 
tures of the solutions, 7’, for He® concentrations, x, of 
from 1 to 12%, a region not stressed in the work of 
others. Our previous work®* had shown that even 
above 7)" the solutions showed nonideal behavior. 
It showed moreover a vapor pressure anomaly at 7°, 
the lambda temperature of pure liquid He‘, which was 
thought to be an experimental artifact. This disconcert- 
ing anomaly at 7,° is also evident in the work of 
Eselson and Bereznyak. The present work therefore 
was undertaken, using completely different apparatus 
than heretofore, in order to investigate the reality of 
this apparent anomaly at 7,° and to provide satis- 
factory data on the vapor pressures above 7)’. 

It is considered that the results reported here, which 
show no anomalies at 7,°, can be regarded as free from 
consistent error. Together with the other data quoted,’ 
suitably weighted, there now is a satisfactorily complete 
tabulation of vapor pressures of He*’—He*‘ solutions. 
This allows one to suggest that it is an appropriate time 
now to consider undertaking the computation of 
detailed thermodynamic potentials of the solutions, 
particularly in view of the fact that other vital data, 
such as volume changes on mixing” and virial 
coefficients,"* have already been established. Appro- 

2 E. C. Kerr, reference 11, p. 158. 

8 T. P. Ptukha, J. Exptl. Theoret. Phys. U.S.S.R. 34, 33 (1958) 
[ Translation: Soviet Phys. JETP 7, 22 1958}. 

4 W. E. Keller, Phys. Rev. 98, 1571 (1955); and Kilpatrick, 
Keller, and Hammel, Phys. Rev. 97, 9 (1955). 
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Fic. 1. Scale drawing of low-temperature part of apparatus, which 
is immersed in liquid helium contained in a Dewar (not shown). 


priately these computations should go forward together 
with detailed numerical comparison with the various 
theoretical models,'® as has been outlined by Daunt.'* 
A very elegant start in this direction has been made by 
Wansink"” and some preliminary computations are 
reported in the present paper and elsewhere by Sreed- 
har.'’ It is hoped that these will be extended in a future 
publication. 


Il. APPARATUS 


The vapor pressure measurements were made by 
measuring the differential pressure, Ap, between a 
vessel or “‘cell’’ containing the He’—He' solution and 
a cell containing pure He‘, the two cells being main- 
tained at the same temperature in the range 1.4°K to 
2.6°K. To ensure temperature uniformity the two 

See reference 16, also J. G. Daunt, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1952), 
Vol. 1, p. 209, and Sec. VI of this paper for references to the 
theoretical work. 

¢ J. G. Daunt, reference 11, p. 151. 

17D. H. N. Wansink, Physica 23, 140 (1957). 


8A. K. Sreedhar, Ph.D. dissertation, Ohio State University, 
1958 (unpublished). 
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identical cells, A and B (see Fig. 1), were hollowed out 
of one copper block, K, of dimensions: length=7.5 cm 
and diameter The inside dimensions of each 
of the vapor pressure cells were length=1.11 cm and 
diameter= 1.27 cm. 

As is shown in the 


5.0 cm. 


ale drawing of the low-temper- 
ature part of the apparatus given in Fig. 1, the copper 
block was located inside a vacuum vessel V, which 
was immersed in a bath of liquid helium (not shown in 
Fig. 1). The initial cooling of the block to the tempera- 
ture of the bath was done by admitting exchange gas 
into the vacuum jacket V; whereas during an experi- 
ment the vacuum jacket was pumped out to a high 
vacuum via a 12-mm diameter german silver pumping 
tube, and the block temperature maintained by a 
subsidiary liquid helium reservoir, D, of volume 
approximately 30 cc within the block. Liquid helium 
from the main bath could be let into this chamber, D, 
by means of a needle valve controlled from the top of 
the cryostat. The liquid in this chamber served to 
maintain constancy of temperature of the copper 
block and of the condensed liquids in the two vapor 
pressure cells, the temperature being regulated by 
pumping on the liquid helium in the chamber D, 
through a 6-mm diameter Inconel tubing. The pressure 
could be maintained at any desired value by means of 
regulating valves in the pumping line. The temperature 
of the copper block could thus be thermostated at any 
value between 2.6°K and 1.4°K. 

Two capillary tubes of Inconel of internal diameter 
1.0 mm connected the tops of the vapor pressure cells, 
A and B, to a manometer manifold at room temperature. 
The manifold consisted of two butyl-phthalate oil 
manometers to measure the absolute pressures, p,° and 
p, of pure liquid He‘ and of the solution, respectively, 
and a differential manometer for measuring the pressure 
difference, Ap=p—p,°. These manometers were of 
glass of i.d. 0.50 cm. The total dead volume of the 
lines leading from the copper block and of the manom- 
eters was of the order of 25 cc. 

In order to avoid possible cold spots in the tubes 
leading from the cells to the manometers, the capillary 
tubes, as well as the entire copper block, were sur- 
rounded by the vacuum jacket, V. The capillary tubes 
were brought up to room temperature through the 
12-mm diameter tube used for pumping the vacuum 
jacket, care being taken to avoid thermal contacts 
along their lengths. Radiation shields, R, were installed 
in the pumping lines to avoid excessive heat influx to 
the copper block. 

One of the main sources of error in these types of 
experiments can be inhomogeneity of the He*—He* 
solution in the vapor pressure cell. To minimize this a 
stirrer was placed in the cell. This stirrer consisted of 
a circular aluminum disk of diameter just less than the 
id. of the cell and having about 100 holes of 0.4-mm 
diameter drilled through it. It could be moved vertically 
up and down through the liquid in the cell by means of 
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a permanent magnet outside the cell, the magnet 
actuating a soft iron rod attached to the aluminum 
disk (see Fig. 1). A similar stirrer was installed in the 
pure He‘ cell. The magnets were moved by means of a 
nylon string connected to the plunger of a solenoid, 
outside the Dewar. The entire system worked in such a 
way that, by operating the solenoid, the liquids in the 
cells were forced to flow through the small holes in the 
stirrers. 

Provision was made for a constant volume He’ gas 
thermometer. The low temperature part of this consisted 
of a cylindrical thermometer bulb, C, of volume 3.24 cc, 
hollowed out of the copper block. A capillary tube led 
from this bulb to a butyl-phthalate constant volume 
oil manometer. 


Ill. PROCEDURE 


The copper block was cooled to 4.2°K by admitting 
exchange gas into the vacuum jacket. The main helium 
bath was then pumped down to 2°K. At this tempera- 
ture pure He‘ gas from the storage was condensed into 
the vapor pressure cell until the cell was 9/10ths full. 
The He*’— He!‘ mixture gas was then admitted in stages 
into the solution vapor pressure cell, the amount of 
mixture condensed being measured in each experiment. 
The entire gaseous mixture at each stage was pumped 
into the vapor pressure cell by means of a Toepler 
pump. This procedure ensured the avoidance of any 
depletion of He*® in the condensation process. At the 
end of each stage of condensation a reading, Ap= p— p,’, 
of the differentia! pressure was taken. The process was 
continued until the solution cell was also 9/10ths full. 
During all this process both the stirrers were operated 
continuously. A plot of Ap against the amount of 
liquid mixture in the cell was then made. A typical 
plot is shown in Fig. 2. It was found that the differential 
pressure was independent of the volume of the liquid 
in the solution cell when the cell was filled by the 
solution to more than 7/10ths of its volume. After that 
Ap remained independent of the amount of filling until 
the cell was completely full as is shown in Fig. 2. At 
this stage Ap increased suddenly, indicating the 
condensation of the liquid in the capillary tube. The 
variation of Ap with volume of solution in the cell for 
small filling was due to the gradual enrichmert of the 
He’ concentration of the solution as the vapor volume 
was reduced. 

After the two cells had been filled to 9/10ths their 
volumes, and after the chamber D was filled with 
liquid He‘, the vacuum jacket was pumped out and 
then the temperature of the copper block was reduced 
in stages down to 1.4°K by pumping on the helium in 
the chamber D. At each stage sufficient time elapsed to 
allow the attainment of equilibrium and then the 
temperature was held constant to within a millidegree 
for about five mintues, and readings of the vapor 
pressures were taken. 
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Fic. 2. Filling curve showing Ap as a function of the volume of 
liquid in the solution cell for a gas mixture of He* concentration 
3.34%. 


IV. ERRORS AND EVALUATION OF ACCURACY 


The possible sources of error that arise in an experi- 
ment of this nature are discussed below. 


a. Concentration of the Mixture 


The original gas mixture used in the experiments was 
supplied by the Atomic Energy Commission and upon 
mass spectroscopic examination was found to contain 
6.51+0.1 mole percent He*. This concentration was 
cross checked by diluting the original gas mixture with 
known amounts of pure He* gas and mass spectro- 
scopically analyzing these diluted mixtures.” For 
experiments on the 3.34% and 1.91% mixtures, the 
original 6.51% gas mixture was diluted by adding 
requisite amounts of pure Het‘ to it. For experiments on 
the 12.04% mixture, the 6.51% mixture was enriched 
by adding requisite amounts of pure He’ gas to it. 

It is assumed that the concentration of the solution 
is the same as that of the bulk gas before condensation. 
This is true if the amount of vapor is negligible in 
comparison with the amount of liquid in the vapor 
pressure cell. It has already been pointed out in the 
previous section that it was found experimentally that 
Ap becomes independent of the amount of liquid 
condensed in the cell when the liquid fills more than 
7/10ths of the volume of the cell. Above this filling 
therefore, the vapor pressure of the liquid is independent 
of the amount of vapor in the cell. An estimation of 
the mass of vapor in the cell and in the manometer lines 
when the cell was 7/10ths full of liquid and at 2°K 
shows that the vapor mass is only about 4% of the 
total mass of liquid in the cell. Since all measurements 
were made with the cell 9/10ths full, we are justified 
in assuming that the liquid concentration is equal to 
that of the bulk gas before condensation with a maxi- 
mum error of 1.5%. This maximum possible error was 
estimated by assuming a maximum value of 35 for 


% We are grateful to Dr. E. C. Kerr of Los Alamos Scientific 
Laboratories and Dr. F. L. Mohler of the National Bureau of 
Standards for kindly performing many of these mass-spectro- 
graphic measurements. 
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the distribution coefficient for the 6.51% solution, this 
value being the highest observed value® (observed at 
1.4°K) for the distribution coefficient for that solution. 


b. Manometry 


The vapor pressures measured by butyl- 
phthalate oil manometers. These manometers were 
calibrated mercury manometer at room 
temperature. The oil levels in the two absolute manom- 
eters could be read to 0.1 mm by a vernier arrangement 
and the oil level in the differential manometer could be 
read to 0.2 mm causing a maximum error of 1% in Ap 
for the 1.91% He® solution at 1.4°K and causing 
correspondingly smaller errors at all other temperatures 
and He’ concentrations. 

It was estimated that at 2°K the thermomolecular 
correction for a capillary tube of 1-mm internal diameter 
was of the order of 5X 10-* mm mercury. This leads to 
to an error of much less than 0.25% in the pressure 
readings when account is taken of the partial cancella- 
tion of these thermomolecular effects by the differential 
Ap measurement. 

The pressure difference arising out of the film flow 


were 


against a 


of the pure liquid He* below its lambda point was 
estimated to be of the order of 10-? mm of mercury, 








Fic. 3. Plot of the observed values of Ap (Ap=p—>p,°) in 
mm Hg as a function of absolute temperature, T (1958 tempera- 
ture scale) for the four concentrations used. The He’ solution 
concentrations are indicated, in percent, by the number attached 
to each curve. The vertical arrows mark the lambda points of the 
solutions. 
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leading to an error of not more than }‘ 


readings. 


© in the pressure 


c. Temperature 


The temperature was determined from the vapor 
pressure of pure He* in the vapor pressure cell. The 
vapor pressure was measured by the butyl-phthalate 
oil manometer with a precision of 0.01 mm of mercury. 
The 1958 vapor pressure temperature scale” was used in 
converting the pressure readings to temperature. It 
was not found necessary to use the He’ gas thermometer, 
though provision was made for it. 


d. Thermal Equilibrium and Demixing Effects 


Demixing effects in the solution arising from heat 
leaks* into the vapor pressure cells were minimized, as 
described in the previous section, by employing stirrers 
in each of the vapor pressure cells. These stirrers were 
actuated about twenty times a minute, thus ensuring 
thorough mixing and consequent absence of concentra- 
tion gradients in the mixture. Moreover, the data taken 
different days with different temperature cycles 
agreed among themselves to better than 1.0%. 


on 


V. RESULTS 


The observed results giving Ap as a function of T for 
different He’ shown in Fig. 3. The 
upward pointing arrows in Fig. 3 represent the lambda 
temperatures of the solutions, as computed from the 
data of Dash and Taylor.” 

Figure 4 shows the variation of (Pobs— Ppcs) With 
temperature, Povs iS total vapor 
pressure of the solution and Pye, the theoretical perfect 
classical solution value of the pressure calculated using 
the results of Roberts and Sydoriak™ on the vapor 
pressure of pure He* and the 1958 vapor pressure 
temperature scale” for pure Het. In evaluating ppc. 
corrections have been made for the nonideality of the 
vapor phase using the known values of the virial 
coefficients." Smoothed values of pops were taken from 
Fig. 4 at 0.1°K temperature intervals and these are 
tabulated in Table I. 


concentrations are 


where obse rved 


VI. DISCUSSION 


Our results are in good agreement with the results of 
Roberts and Sydoriak" over the entire temperature 
range, and with the results of Eselson and Bereznyak” 
and with our previously reported results* for tempera- 
tures below the lambda temperature of He*. Above this 
temperature the two latter references reported solution 

*®Van Dijk, Durieux, Clement, and Logan 
(1958). 

*1 For a detailed discussion of this 
to superfluid helium, see J. G. Daunt ar 
Bureau of Standards Cryogenic 
published), p. 155 

2 J. G. Dash and R. Dean Taylor, PI 

3S. G. Sydoriak and T. R. Roberts, Phy 


Physica 24, $129 


lemixing mechanism, peculiar 


V. Heer, National 
Report, 1951 (un- 


( onterence 


Rev. 99, 598 (1955). 
s. Rev. 106, 175 (1957). 





VAPOR PRESSURE 
pressures higher than the present results. The origin 
of this difference is discussed below. 

The vapor pressures of all the solutions at all temper- 
atures show positive deviations from the perfect 
classical solution (pes) values. This is clearly brought 
out in Fig. 4. It is seen that all solutions show changes 
in the slope of the vapor pressure at their lambda 
points, 7\*, in agreement with the results of other 
workers.’ Using the data on the variation of p with 
temperature near 7)’, one could calculate the jump in 
the specific heat, AC,, on the assumption that the 
transition at 7° is of second order, as has been pointed 
out by de Boer and Gorter.* There is no evidence of 
any anomaly at 7}°, the lambda point of pure Het, 
as had been found in our earlier investigations with a 
simpler cryostat® and as is also implicit in the results 
of Eselson and Bereznyak.” The present results with 
a more elaborate apparatus, where the vapor pressure 
cells and the capillary tubes are thermally isolated 
from the helium bath, show that there are no anomalies 


TABLE I. Smoothed values of the total vapor pressure, Pots 
(mm Hg), versus T for various values of the molar He’ solution 


concentration, X 


0.0651 


7.94 
10.89 
14.38 
18.62 
23.64 
29.66 
36.60 
44.93 
55.05 
67.17 
81.27 
97 39 

115.71 


0.0191 0.0334 


5.29 

7.61 
10.47 
14.04 
18.55 
24.11 
30.80 
38.68 
48.08 
59.42 
72.63 
87.82 
105.11 


0.1204 


3.84 ° 
5.90 
8.49 
11.84 
16.10 
21.43 
27.96 
35.78 
44.83 
55.85 
68.66 
83.39 
100.22 
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at 7,°. The origin of the anomalies in our preliminary 
investigations and in results of Eselson and Bereznyak 
may thus be due to the possible existence of cold spots 
in the capillary tubes leading to the vapor pressure cells, 
arising out of thermal gradients in the helium bath for 
temperature 7>7),°. These thermal gradients vanish 
at TS7)° due to the high heat conductivity of Hell 
in the bath. 

It should be emphasized here that apart from the 
peculiar influence of the lambda transition of the 
solution on the vapor pressure, the observed results 
show nonideal behavior even at temperatures T greater 
than 7}*. Various attempts have been made to explain 
the strong positive deviations of the vapor pressure of 
the solutions. The theory of de. Boer and Gorter” and 
its later modification by Nanda” assumed that below 
the lambda temperature of the solution He* is only 


™* J. de Boer and C. J. Gorter, Physica 18, 565 (1952) 
26 J. de Boer and C. J. Gorter, Physica 16, 228, 667 (1950 
* V.S. Nanda, Phys. Rev. 97, 571 (1955). 
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He*-He*t SOLUTIONS 





(P-P,.,). mm Mercury 











20 
Tgg °K. 

Fic. 4. The full curves plot (P— Pycs) in mm Hg versus T (1958) 
for the four concentrations used. p is the total observed vapor 
pressure of the solution and pcs is the calculated theoretical vapor 
pressure for a perfect classica! solution of the same concentration. 
The He?® solution concentrations are indicated by the number 
attached to each curve. The vertical arrows mark the lambda 
points of the solutions 

The dashed curves are computed from the theory of Prigogine 
et al.” using an approximate formulation only (see text) and the 
curves with circles are computed from the theory of Heer and 
Daunt.?**8 


soluble in the normal component of He‘. This assump- 
tion introduced too great a positive deviation at 
lower temperatures. The theory is also open to question 
because of the empirical nature of the assumed expres- 
sion for the Gibbs’ function of pure liquid He‘. The 
theory of Heer and Daunt*’ assumed that the solution 
is a mixture of Bose-Einstein and Fermi-Dirac systems 
in a smoothed potential well and yields values of p 
shown in Fig. 4. In evaluating these theoretical values 
of p, corrections were made for the nonideality of the 
vapor phase. A complete comparison of the experimental 
results for temperatures below the lambda temperature 
of the solution has been made by Sommers,’ Daunt, 
Tseng, and Heer,** and Sreedhar.'* A discussion of 
the results in the light of existing theories has been 
given by Daunt,’* where a complete reference to the 
literature on the theories of these mixtures can be 
found. 

Among the more recent theories the theory of 
Prigogine,”™ who assumed that the deviation of the 
observed results arises from the large difference in the 
molar volumes of liquid He*® and of liquid He’, is of 
particular interest because, as in the theory of Heer and 
Daunt, the properties of the solutions can be explicitly 

27C. V. Heer and J. G. Daunt, Phys. Rev. $1, 447 (1951). 

* Daunt, Tseng, and Heer, Phys. Rev. $6, 911 (1952). 

” Prigogine, Bingen, and Bellemans, Physica 20, 633 (1954). 

*1. Prigogine, Molecular Theory of Solutions (North-Holland 
Publishing Company, Amsterdam, 1957). 
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Fic. 5. Plot of the nonideality parameter, W, in units of the 
universal gas constant, R, versus T (1958), computed from the 
observed vapor pressures for the four He’ solution concentrations, 
X, used. A for X=1.91%; © for X =3.34%; © for X =6.51%; 
* for X =12.04%. 


described in terms of the properties of the pure compo- 
nents only. The necessary data, namely the compress- 
ibilities** and the molar volumes,” are now known. 
Using these data, a numerical evaluation of the vapor 
pressure on the basis of Prigogine’s theory has been 
made for the four solutions under investigation. The 
results are shown in Fig. 4 by the broken curves. In 
this evaluation correction made for the 
nonideality of the vapor using the experimental data 
of Keller'* on the virial coefficients of He* and the data 
of Kilpatrick, Kelier, and Hammel on the virial 
coefficients of He*. This evaluation of p was made using 


has been 


the approximate expansion for the free energy given 
by Prigogine [Eq. (19.3.7), reference 30], and it is 


probable that the more exact expression [ Eq. (19.4.1), 
reference 30 | would yield modified results.“ However, 


*t Laquer, Sydoriak, and Roberts, Phys. Rev. 113, 417 (1959). 

# EF. C, Kerr, Phys. Rev. 96, 551 (1954). 

%H. Van Dijk and M. Durieux, Physica 24, 1 (1958) 

* For example, the approximate expression for the free energy 
leads to values of the volume changes on mixing at 1.6°K which 
change sign as the concentration varies, a behavior very different 
from observation (see references 12 and 13). We would like to 
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numerical evaluation of the latter equation is not 
possible without a detailed knowledge of the p, », T 
data over a wide range of temperature and pressure. 

In order to investigate the nature of the deviation 
from ideality, a nonideality parameter W, assumed to 
be concentration independent and defined by the 
Gibbs’ function of the solution 


G=XGP+ (1—X)Ge+RTLX logX 
+(1—X) log(i—X)]+X(1-X)W 


has been calculated from our results by a method of 
successive approximations, which is similar to the 
method of Morrow*® and which takes full account of 
vapor imperfections. Figure 5 shows a plot of this 
parameter as a function of temperature for various 
concentrations. It is that W is a function of 
temperature that a temperature 
independent nonideality parameter is not able to 
account for the observed results. It is also seen that W 
decreases with the concentration, but for temperatures 


seen 


showing, thereby, 


above 2.2°K the changes are within the uncertainty in 


the concentration determination of the mixtures. In 
therefore, for the 
studied, it may be possible 
; generalized regular 
solution theory of Chester®*® which contains a tempera- 


this 
range of He* concentrations 
to describe 


higher temperature range, 


our results by the 


ture dependent, concentration independent, nonideality 
parameter, W. 
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Many-Body Problem in Quantum Statistical Mechanics. V. Degenerate 
Phase in Bose-Einstein Condensation* 


T. D. Lee, Columbia Universily, New York, New York 
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C. N. YANG, Institute for Advanced Study, Princeton, New Jersey 
(Received July 31, 1959) 


The formulation of the previous paper (paper IV) is extended so that it becomes applicable in an inter- 
acting system in the presence of a Bose-Einstein degeneracy. This extension is carried out by the introduction 
of an x-ensemble, which enables one to utilize an Ursell-type expansion even in the presence of a Bose- 
Einstein degeneracy. The variational principle of the previous paper is also extended. It is proved that in 
the presence of a Bose-Einstein degeneracy, the average occupation number of a single particle state with 
momentum p approaches infinity as p — 0. The method is applied to a dilute system of Bose hard spheres. 





1. INTRODUCTION 


N the previous paper’ (paper IV) it was shown that 
the logarithm of the grand partition function 99° 
for a system of Bose particles can be expressed in terms 
of the average occupation number (m,) in the mo- 
mentum space. Furthermore, both 99° and the integral 
equation satisfied by (my) can be obtained from a 
variational principle. It was pointed out that for an 
infinite system, the average occupation number (7) 
may be singular at k=0 as the fugacity z increases to a 
certain critical value z.. For z>z, while (m,) is still well 
defined, its integral equation as derived in the previous 
paper becomes quite useless. 

The purpose of this paper is to show that by intro- 
ducing the concept of an z-ensemble, the method 
developed in the previous paper can be generalized and 
extended to the region where (,) is singular at k=0. 
Physically, the occurrence of such a singularity in (m,) 
corresponds to a particular type of phase transition 
which is a consequence of the symmetric statistics. A 
special example is the well-known phenomenon of 
Bose-Einstein condensation for a system of free Bose 
particles. The formalism presented in this paper, there- 
fore, gives a general discussion of such condensation 
for a system of interacting Bosons. It will be shown 
that in the condensed phase as well as the gaseous phase 
it is possible to express the thermodynamical functions 
in terms of the average occupation number. Further- 
more, a variational principle is developed which enables 
one to compute the thermodynamical functions and 
(ny) in both phases. 

As an example, the method is applied to a dilute 
system of Bose hard spheres. 


2. x-ENSEMBLE 


In the grand canonical ensemble the relative proba- 
bility of finding V Bose particles in the configuration 


*Work supported in part by the U. S. Atomic 
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1T. D. Lee and C. N. Yang, Phys. Rev. 117, 22 (1960), 
hereafter referred to as IV. We adopt the same notations as used 


in IV. 


Energy 


k;, ---ky is given by 

(N t's" (ka, - + “Kw | Wiy*| ky, - + ky), (V.1) 
where Wy’ is related to the Boltzmann Wy function 
by [see Eq. (1.23) ] 
(ky’,- - ky’ | Wy*|k,,- - Kw) 


 P'(ky',- + -ky’| Way], +k). (V.2) 


F 


Let L be a functicn of k,’- . ‘ky’ which is defined by 
L(k,’--- ky’) = number of kj that are zero. (V.3) 


As remarked in paper IV, when the fugacity z exceeds 
a certain critical value z, the most probable value of L 
for a large system is comparable to the total number of 
particles.? Thus, in the sum (V.2) the permutations 
between particles of zero momenta give an exceedingly 
large number of identical terms. Indeed, it is easy to 
show that the main reason that the previous explicit 
expression of In 99" in terms of (my) [e.g., Eqs. (IV.33) 
and (IV.34) ] becomes useless for z2z, is precisely due 
tu such permutations between particles of zero mo- 
menta. Therefore, it is desirable to sum over the L! 
identical terms in (V.2) arising from permutations 
between particles of zero momenta before the Ursell 
expansions. 

The difficulty in this procedure lies in the fact that 
after the partial summation it becomes almost im- 
possible to evaluate the logarithm of the partition 
function via the usual Ursell expansion of Wy‘ in terms 
of the U;* functions. To overcome this difficulty we 
introduce the concept of an x-ensemble. 

We define a Wy’ function to be 


(ky’,-- -ky’| W y*\ki,-- - ky) 
= (L!) 1 (4) “(hky’, - , ‘ky’ | W w*| ki,- ‘ -ky) (V.4) 


* For simplicity, throughout this paper we shall restrict our- 
selves to systems with total momentum equal to zero. Otherwise, 
because of Galilean invariance it is necessary to consider systems 
which have macroscopic average occupation number (my) for 
k 0. It is, however, easy to see that the presence of these states 
with total momentum not equal to zero does not affect the form 
of any thermodynamic functions obtained in this paper. 
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where L is defined in (V.3). The corresponding x-par- 
tition function 99” is defined to be 


9o7=[exp(— 2) ] 


> (N!)124 
N=#-@ 


xX LD (hi,-- ky 


ki---kw 


| Ww*|ki,---kw). (V5) 
An x-ensemble, then, represents a collection of systems, 
each of which is described by the number of particles 
N, and by their momenta k,, ko, ---ky. The relative 
probability of occurrence of a system is given by 


(N !) gN(k,,---ky W w*|ky,---ky). 
ki, ko, 


freely variable 


(V.6) 

In (V.6), as in 

independently and 

momentum space. 
The following connection 

between a grand canonical ensemble and an x-ensemble. 
Theorem 1 (proved in Appendix A).—If 


each 
whole 


and ky are 
over the 


theorem establishes the 


'(d/dx) In9g7=0 at x=Z (V.7 
where Z is real and positive, then 
In 997 (x= #) 


If (V.7) has no real and positive solution for x, 
V.8) is still true provided we set 


'In9o* as Q-« 


(V.8) 


then 
Z=\V. 


(V.9) 


To evaluate In Qo’ it is possible to take advantage of 
the usual Ursell expansion method. We define the U;* 
functions by 
(k,i’ | W.7| k:) 

=(ky'| U1*| ki), 

(ky’ ke” | W97| kiko) 

= (ky! | U1" | key) ke" | U7 | Ke) +-(ky’ ke’ | U27| kik), 
(ky’ kee’ kes” | W57| kiko, k,) 

(ky | U7 | ky)(Ke’ | Uy" | keg’ | U1 | kk) 
Hews 17 | Ky)( Ke’ ks’ | U2? | ko, ks) 

+(ke’ | Uy? | ke) ky’ ky’ | L reel k;) 

+(k;’ “ i7| ks) as *| Ki, ke) 

+ (kky’ ko’ Ks’ | Uy” | key, ko, ks), 


(V.10) 


etc. 

The relationship between W* and U* is the same as 
that between W and U. Using the result® of Appendix 
A of I, one thus obtains 


Q- InYo 


(V.11) 
where 
b,7(Q2)=("!2)—! > (ky, - --k, | U7 | ky, - --k,). (V.12) 


’T. D. Lee and C. N. Yang, 
hereafter referred to as I. 


Phys. Rev. 113, 1165 (1959), 
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By using (V.10), (V.4) and Rule 
U,,* can be expr ssed in tern 
Boltzmann U,, functions. 
general rule of such sums 

Rule ¢ Appendix B). 
first 


A of paper I, these 
is of sums of produc ts of the 
In the following we state the 


(proved Let us consider 


(k;’,---k,,’ o c,°°-k,, 


l of the m final momenta k;,’, k,’---k,’ 
are zero. For definiteness we denote the particles with 
zero final momenta as . 


in which, say, 


1, and particles with 
nonzero final momenta : 1, Bo, -+-By 


ka,’ ka.’ ka,’ (). 


5 1.€., 
(V.13) 


while the rest, kz;’, ka.’--- etc., are all not zero. To 
compute U,” we first distribute 
intO Ma groups each cont 
>a Maa=n. Such a 
follows: 


the m integers 1, 2, ---n 
aining a with 
represented 


integers, 
grouping may be 


{ (a) (b) -){ (ghi) 


are the integers 1, 2. 


-, (V.14) 


where a, b, c, d--: n. Similar 
to Rule A, in the first curely bracket there are m, round 
brackets with one =0, 1,2, ---) 
and in the bracket there are ms round 
— with two integers in each, (m2=0, 1, 2, ---), 

. Within each round bracket the integers are arranged 
in ascending order. Within each curly bracket the round 
brackets are their first 


integer in each, (my, 
second curly 


arranged such that integers 
follow an ascending sequence. 

Next, corresponding to each such grouping (V.14) 
we form a sum 
DP Sp, 


(V.15) 
where 

Sp (a it ¢ ‘ka’ |U; 
x {(k,’ ky’ 


k,’ | 
»| kk, 
x k.’ ik,’ 


lk, 
U 
:, (V.16) 


in which a, 8, -+-y, 4, €, %, 
integers 1, 2, ---m. Th 
of A a == 


is a permutation of the 
erefore, it is also a permutation 
-Aj, B,, -++B n—I)- 


(a,8,- + ,6,€,°--)=P(Aj,-+-ApBi,:+-B 


In (V.15), we sum only over those permutations P 
which satisfy the following two conditions: 


(V.17) 


? 


‘a) Among the set of 1! 
from each other only in the 
only one is 
(V.13) it is immaterial whic 
tations is included. 

(b) If we set in (V.16) 


kz,’ =ka; [i 
ka;/=0 


permutations which differ 
nal positions of Ai-++At, 
sum (V.15). Because of 


among the /! permu- 


included in the 


nh one 


and regard the resulting product 
as a function of k;, ---k,, 


on the right-hand side 
this function must not be of 
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the form of a product of two factors one of which 
depends only on some, but not all, of the variables 
k,, ---k, while the other depends only on the rest of 
these variables. 

We then sum up all expressions (V.15) over the differ- 
ent groupings (V.14). This total sum is equal to 


(ki - = -kyn’| Un? | i + kp). 
Similar to the simplification from rule A (of paper I) 


to rule A’ (of paper IV) many terms in the sum (V.15) 
can be further combined by introducing [see Eq. (1.30) ] 


(ky’+ + +k,’ |T,*| ky: -+k,) 


=D p Pkr’-+-Ka’|U nl hie Kn), (V.18) 


where the sum extends over all permutations P’ of 
k,’---k,’. 

In the following we give some examples to illustrate 
rule C. It is convenient to introduce the notaticn p (or 
pi, p’, pi) which is identical with k (or k;, k’, k,’) 
except that 


p~0 (V.19) 


(and similarly for p;, p’ and p,’) while k (or k;, k’, k,’) 
may or may not be zero. This convention will be used 
throughout this paper. 


Example 1. 
(p’| U17|p)=(p"| Ui|p) =p exp(—8p"), 
and 
(0| U,7|0)=22. 
Example 2. 
(pi’ pe’ | U2? | k;,k.) = (px’ po’ | U;'| k,,k») 
= (po’ | Ui | ki){pi’| Ui| ke) 
+(p1’ pe’ | T2"| ki, ke), 
(pi’,O| U2? | Ki, ko) = 22(py’,0| U2"| ki, ke), 
and 
(0,0| Us| ki, ks) = (2!)-*(x)*(0,0] T2*| ky ke). 
Example 3. 
(pi’, . *p,’ | U,7|\ki,° . -k,.) 
=(py’,- *pn' | U,*|\ky,- -k,) 


for all nm. 
Example 4. If 


p~p'~—p, 
then using momentum conservation one obtains 
(0, 0, p| U;*\p’, —p’, Pp; 
= (2!) (22)*(0, 0, p|T:*|p’, —p’, p), (V.23) 

and 

(0,0, p| Us*|p, p’, —p’ 

= (2!) (2)*(0, 0, p| T;*| p, p’, —p’) 
+ (2!)-*(a2)*(p| Ui |p{0, 0] T2*|p’, —p’). (V. 
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Example 5. 


2b.7=4 SY [(pe| Us| pips! U1! po) +<pi,pe] Te"! pipe) ] 


Ppip2 
+X (x2)[(p| U1| 00] Ui | p)-+(p,0| T2*| p,0) ] 
P 


+ (4)? (a2)*(0,0| T2*|0,0), (V.25) 
in which the sums‘ extend over all p; compatible with 
(V.19). 

It will be shown in Appendix C that in the sum 
(V.11), T,* always occurs in the combination 


(pi’,Po’ == Ps! | To,c7| Di,B2,* «Pod 


[ (n—s)!(n—t)1}-'(xcQ) be 


not 
X(pi' Po’ - Ps’ ,0,-- -O| Tn*| pi,B2,- - -pe,0,- - 0). (V.26) 


In (V.26) m varies from the larger of s and ¢ to infinity. 
For example, 


(p’| Ti.:7|p)= > [(n—1)!}*(x20)"" 
n=l 


<(p’,0,---0]T,*|p,0,---0), (V.27) 


and 


{ | To,2*| pi,p2) ie [0 1(n—2)!}“(xe0)*4 


x (0,- . -O| Tn*| Pi,P2,9, - . -0). (V.28) 


It is of interest to notice that while in U,* only the 
zero momenta in the final state carry factors (a2), in 
the sum (V.26) the zero momenta in the initial and final 
states are treated in a symmetrical way. 


3. PRIMARY GRAPHS AND CONTRACTED GRAPHS 


A convenient way to express In99* as a sum over 
products of T,,;7 is to use the graphical method. Similar 
to the discussions presented in paper IV, we introduce 
the general definition of a primary graph. 

A primary graph is a single (i.e., all parts are con- 
nected) graphical structure containing at least one 
vertex. The lines are connected with each other at 
various vertices. Each line has a direction indicated 
by an arrow. Each vertex is characterized by two 
numbers s and / where s and ¢ can be any positive 
integers 0, 1, 2, --- provided 

(s+) 22. (V.29) 
An (s,f)-vertex connects / incoming (i.e., with their 
arrows pointing towards the vertex) lines and s outgoing 
(i.e., with their arrows pointing away from the vertex) 


‘Throughout this paper we adopt the convention that for a 
cube of volume Q, a vector k (or k;, k’, ky’) refers to momentum 
whose components are 2x{-!(m,,m2,m,), where m;=0, +1, +2, 

A vector p (or pi, p’, px’) always refers to a similar momentum 
2x{t"!(m,m2,ms) except that m), m2, m; cannot be all equal to 
zero. All sums with respect to p (or pi, p’, pi’) therefore extend 
over all integral values of m; except m= m,=m,=0. 
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lines. A line which has vertices at both of its ends is 
called an internal line; otherwise, it is called an external 
line. 

A primary (u,v)-graph is a primary graph which has 
vy external incoming lines and yu external outgoing lines.® 

To every external line we assign a nonzero momentum 
qi, where 

i=1,2,---(u+y). 

These external momenta are always considered to be 
distinguishable. Two primary graphs are different only 
if their topological structures, which include the 
positions of these distinguishable external momenta, 
are different. 

To each primary (u,v)-graph we assign a term deter- 
mined by the following procedures: 


(i) Associate with each internal line a different 
integer i (i=1, 2, ---J) and a corresponding (nonzero) 
momentum p,. 

(ii) To each (s,t)-vertex, assign a factor 


(pay',** ‘Pas |T.,2?| Pai," * Pans (V.30) 


where pai, «* “Paz are the momenta associated with its 
incoming (internal or external) lines and pgy’, -+-Pa,’ 
are the momenta associated with its outgoing (internal 
or external) lines. 

(iii) Assign a factor z to each internal line. 


(iv) Assign a factor 
(symmetry number)" 


to the entire graph where the symmetry number is 
defined as follows: 


Fic. 1. (In9*Q—2) as a sum of primary (0,0)-graphs. The numbers 
under these graphs are their symmetry numbers. 
5In paper IV, the a-vertex corresponds to the present (a,«)- 
vertex. Similarly the {-graph corresponds to the present (f,¢)- 
graph. 


LEE AND C. N. 
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Consider the /! permutations of the positions of the 
integers associated with the internal lines. The total 
number of permutations that leave the topological 
structure of the graph [which includes the positions of 
these numbers 1, 2, ---/] unchanged [from the situ- 
ation after step (i) above | is defined to be the symmetry 
number of the graph. 

The term that corresponds to each primary (,v)- 
graph is given by* 


-s 


*-pl 


[product of all factors in (ii)-(iv) ]. 
P 


In terms of these primary graphs we can write the sum 
(V.11) as (proved in Appendix C) 


In 997= ‘ 
+> [all different primary (0,0)-graphs |, 


(V.32) 


where 
» 
X= —sal+D° (n! 
n i 


2 (x22) 0, 


In explicit form we can write (V.32) as* 


> [ep] T1,17| p)+-32*(p| T:,17| p+ 

P 

+> (pi,p2| T2,27| pi,p2)32°+2*(pi| T1,17| py+---] 
pip2 

+2 |To.27|p, —PXp, — P| T2,07 
v 


(In997— X)= 


x42 +2*(p Tia7/p)+--: (V.34) 
The sum (V.34) is illustrated in Fig. 1. 

By a procedure similar to that used in the previous 
paper,' we may eliminate® the (1,1)-vertices in these 
graphs by defining 


m*(p)=2{ 1—2(p|T1,17| p) F. (V.35) 
We, then, define a contracted (u,v)-graph to be of the 
same topological structure as that of a primary (y,»)- 
graph except that it does not have any (1,1)-vertex. To 
each contracted (u,v)-graph we assign'a term which is 
determined by the same rules (i)-(iv) used to obtain 
(V.31) except that (iii) is replaced by 


(iii)’ Assign a factor 


m*\p;) 


to the ith internal line (¢=1, 2, ---J). 
The term that corresponds to a contracted (y,y)- 
graph is then given by 
>< [products of all factors in (ii), (iii)’, and (iv) ]. 
pi---pl 


ae (V.36) 


* The elimination of the (1,1)-vertex is merely a matter of 
convenience. It is not a necessary step for the later introduction 


of irreducible graphs. See Appendix F for a more detailed 
discussion. 
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[m" re) iN (p) - m*ip)] 


Fic. 2. [m*(p)} *[ D1 (p) —m*(p) Jas a sum of contracted (1,1) 
graphs. The numbers under these graphs are their symmetry 
numbers. 


In terms of these contracted graphs, (V.32) becomes 


In Qo*= X+)°y In[z'm?(p) J 
+> [all different contracted (0,0)-graphs]. (V.37) 


4. AVERAGE OCCUPATION NUMBER IN 
MOMENTUM SPACE AND 5ii(p) 


As in the discussions given in IV, it is useful to 
introduce (m,) which is defined to be the statistical 
values of the occupation number in momentum space 
averaged over an x-ensemble. These average numbers 
can be expressed in terms of U;* by (proved in Appendix 
D)* 
c+) 

[(l—1)!}'s! 


(m,)= 
l=] 


(V.38) 


xX 2 


ki---ki-1 


(ky, - > -Kya,p| Ui? | ki, - - -Kes,p), 


and 

(mo) = x(0/0x)[ (In Qo") +22]. 
At x=, where Z is given either by (V.7) or (V.9), 
(V.39) becomes 


(V.39) 


(mo) = Z. (V.40) 


It is convenient to define IN(p) as 
Mn (p)=((m,)+1 J. 


By using Rule C, it is straightforward to express IW (p) 
explicitly as sums over expressions (V.15). These sums 
can be further simplified in terms of either primary or 
contracted graphs. We write (proved in Appendix C) 


MM (p)=s+2? 
<> [all different primary (1,1)-graphs ], 


(V.41) 


(V.42) 
and 
I (p) = m*(p)+[m7(p) ? 


<> [all different contracted (1,1)-graphs]. (V.43) 


Each of the external lines in these graphs carries a 
momentum p. In the sums (V.42) and (V.43), each 
graph contributes a term given by (V.31) and (V.36), 
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respectively. More explicitly, we can write, e.g., (V.43) 
as 


Lm*(p) }*[90(p)— m*(p) |= >-(p,p:| T2,27| p,pi)m* (pi) 
Pi 


+{ |To,2*|p, —pXp, — P| T2,07| )m7(—p) 
+3 & (p,pi,pe! Ts,2*| p,pi,P2)*(ps)m* (pe) 
pip2 


+--+, (V.44) 


This sum is illustrated in Fig. 2. For clarity we use 
dotted lines for all contracted graphs. The first three 
terms on the right-hand side of (V.44) correspond, 
respectively, to the first three graphs in Fig. 2. 


5. IRREDUCIBLE GRAPHS 


In the previous paper (IV) the contracted graphs 
were simplified by the introduction of the irredicible 
graphs. As was explained in Sec. 6 of paper IV such 
reduction is not only mathematically advantageous 
but also physically necessary. The same reasoning also 
applies directly to the present case. 

However, the actual technique of reducing the sum 
of these contracted (u,v)-graphs into a sum of the 
appropriate irreducible graphs is much more compli- 
cated in the present case. To see the difficulty let us 
consider as an example a subset of all contracted 
(1,1)-graphs that contain at least one (2,0)-vertex and 
one (0,2)-vertex. Furthermore, in each of these graphs 
the external incoming line must terminate at a (0,2)- 
vertex. Such a set of contracted (1,1)-graphs is illus- 
trated in Fig. 3. It is easy to see that 
[m?(p) ? >> [contracted (1,1)-graphs in Fig. 3] 

# m*(p)I(— p)IN(p) 

X( |To.2"|P, — PP, —P|T2,07| ). (V.45) 
In particular, e.g., if we substitute (V.43) into (V.45), 


the coefficient of 


[m*(p) PL m*(—p) PL( |To.27|p, — pp, —p|T2,07| ) ? 


. 


* #8688 
Fic. 3. A subset of all contracted (1,1)-graphs that contain at 


least one (0,2)-vertex and one (2,0)-vertex. In each graph the 
external incoming line must terminate at a (0,2)-vertex. 





902 7. Dis 


on the right-hand side of (V.45) is 2 while that on the 
left-hand side, which corresponds to the second graph 
in Fig. 3, is 1. 

To overcome this difficulty it is necessary to define 
two new functions INj,(p) and Mour(p). 


Min(p)=2* > [all different primary (0,2)-graphs ], 


and 


Wout (p) . 4 


X> [all different primary (2,0)-graphs], (V.46) 


where the momenta associated with the two external 
lines in each of these graphs are p and —p. In terms of 
the contracted graphs, (V.46) becomes 


[ m*(p)m*(—p) | 
<> [all different contracted (0,2)-graphs ], 


Min (p) 


and 
Mout (p) =[m*(p)m*(—p) ] 


<> [all different contracted (2,0)-graphs]. (V.47) 


From their definitions it is clear that 


Ma(p)=Ma(—p), (V.48) 


where a=in or out. 

Next we introduce a completely new type of graphs 
called dual graphs. In the following for expediency we 
shall not discuss the gradual evolution of these new 
graphical methods but only present the final rules. 
[See Appendix E for the detailed steps. | 

A dual (u,v)-graph is defined in exactly the same way 
as a contracted (u,v)-graph except that every internal 
line carries two arrows, one for each end. Thus, there 
are three different kinds of internal lines depending on 
whether these two arrows are parallel to each other, 
point towards each other, or point away from each 
other. The external lines, however, carry only one 
arrow Each 
momentum. 


line is associated with a 
momenta 
again, considered to be distinguishable from each other. 
Two dual graphs are different only if they have different 
topological structures which include the positions of 


each. external 


nonzero These external are, 


these distinguishable external momenta. 
Throughout this paper we are only interested in the 


special cases of (u,v)= (0,0) and 


(u,v) 1,1), or (0,2), or (2,0). (V.49) 


If (u,v)= (1,1), then the momenta of the two external 
lines are both p. If (0,2) or (2,0), the momenta 
of the two external lines are p and —p. 


MV) 


Similar to the discussions given in Sec. 6 of paper IV, 
we shall discuss the question of the reducibility of these 
dual graphs. Let us imagine that any one of the internal 
lines in such a dual (y,v)-graph is cut open. The two 
ends of this particular internal line would then be 
separated into two external lines each retaining the 
original direction of its arrows. 

A dual (u,v)-graph is called reducible if by cutting 
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two of its internal lines open the entire graph can be 
separated into two (or more) disconnected dual (ue,v_)- 
graphs with at least one of the disconnected graphs 
satisfying (V.49). Otherwise, it is called irreducible [or, 
irreducible dual (u,v)-grapl 


To each irreducible dual graph we assign a corre- 


sponding term which is determined by the following 
procedures : 

(i) Assign to each arrow of the internal lines an 
integer 7 and a corresponding momentum p,, [i=1, 2, 
-++2m, where m is tl number of internal lines ]. 
(ii)”” Assign a factor 


(pay ,Ppe’,* PAi,Pas,** Par 


4 


to each (s,t) connects the 


arrows (i.e., pointing towards the 


vertex incoming 
vertex) of momenta 
Pai, Paz‘ **Paz With the outgoing arrows (i.e., pointing 
away from the vertex) of Psi, Pao’: , ‘Pa. . 
These arrows can be associ h either internal or 


momenta 


external lines. 


(iii)’’ Assign, respect ive 


5(pi— p,) IN (p 


6 (pit ps) Mour(p 
to each internal line which carries tw 
that are pointing paralle 
other or away from each other. The 
defined here for discrete p by 


0 arrows, i and j 
towards each 


6 Pp) 


to each other, 


function is 


symmetry ni 


2m)! 
1 ) 


internal lines in step (i). 


to the entire graph. We consider the permutations 


of the positions of the integers -2m that are 
assigned to the arrows of the 
The symmetry number of 


defined to be the 


the irreducible dual graph is 
total number of such permutations 


that leave the topological structure of the graph [which 
includes the positions of these m 
[from the situation after step (i) ]. 

The term corresponding to an irreducible dual graph 
is then given by* 


imbers | unchanged 


z [products of 
Pl Pom 


We now define 
K(p) 1,1 -graphs | 
Kin (p) 
and 


0,2)-graphs ], 


Rout (p) 
= +B [all diffe rent -graphs I. 


(V.51) 
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Fic. 4. (p) as a sum of irreducible dual (1,1)-graphs. The 
numbers under these graphs are their symmetry numbers. 


These sums are illustrated in Fig. 4 and Fig. 5. In 
terms of these graphs, (V.51) becomes 


K(p) = X(p,p:| T2,27| p,p:) (pi) 
pi 


2 


+ ¥ i p,pi,pe| Ts,s7! p,p:,p2) 1] Iv (p.) 
1 


(pp: | T2,27| P2,Ps) ] 


3 
< [(p2,ps!| 2,27! p,pi) IT SZ (p,) 
i=1 


Dd 3p! Ti,s7! P, Pi, — Pi) Mou (pr) 


pi 


+20 (p, Pi, — Pil Ts,17| p)Min(p)+---, 
pl 


Kin(p)=( |To,27| p, —p)+2 (pi! 1,37! ps, p, — p)N (pi) 
Pi 


+ ¥ (po! Ts,27| p,pi(pi! T1,27| — p, po) IT 310(p,) 
i=] 


pip? 
+ -™ 3(Pi,Pe To,17| p) 
pipe 


2 
X( | To,s7] —p, pi, P2) II (p+ ---, 


t=1 


and 
Kout(p) = (Pp, — p} T2,07 +E (pi, + p! T3,17 py) I ( py) 
Pi 


+ > (p,pi! T2,17 Pe (—p, pe T2.1” pil I ( py) 
i=l 


pip2 


+ p 2 3(— P| Ti,2” Pi, P2)(P,Pi,Pe| Ts,07 


Pip? 


)IT av(p,) 


In the above, the terms are so arranged that they 
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--? 


A, 


~ 


- 


4 
. 
(2 


Fic. 5. Kin(p) and Kour(p) as sums of irreducible dual (0,2)- 
graphs and (2,0)-graphs. The numbers under these graphs are 
their symmetry numbers. 


represent, respectively, the various graphs listed in the 
same order in Fig. 4 and Fig. 5. 

In terms of these graphs it is easy to see that if we 
interchange p and —p, K;,(p) and K.u:(p) must remain 
the same. Thus we have, in addition to (V.48), 

Ka(p)=K.(—p), (V.52) 


where a= out or in 

The following theorem now establishes the relations 
between S(p), Min(p), Mout(p) and these irreducible 
graphs: 

Theorem 2 (proved in Appendix E).— 


&(p)=[m*(p) }'—M-"(p), 


my 

K(—p) ' 
J (p) Min (p) 

mor-(xe, =) 
Wour(p) m(—p) 


m*(p) 0 
“0-("? 2) 
0 m*(—p) 


Furthermore, from the definitions (V.46) and (V.51) 
it can be shown directly that by using the Hermitian 
property of the Hamiltonian we have 


(V.53) 
where 
K(p) 


R (p) ot ( 
Rour(p) 


Min (Pp) = Mour(p) =I’ (p), 
and 
Kin(p)= Kourt(p) = K’ (p). 
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Fic. 6. 8 as a sum of irreducible dual (0,0)-graphs. The numbers 
under these graphs are their symmetry numbers. 


If the interactions between particles are isotropic, then 


m*(p)=m"(—p), IM(p)=IM(—p), 


and 
K(p)=K(—p). 


Some additional properties of these functions are given 
in Appendix F. 

Next, we proceed to express In 99” in terms of sums 
over irreducible dual*graphs. Similar to the“notations 
used in paper IV, we define [see Eq. (IV.34) ] 


(V.56) 


PB’ (x2, ITM in, Mout) 
=> [all different irreducible dual (0,0)-graphs ]. 
(V.57) 
By using (V.55), it can be shown that (proved in 
Appendix G) 
In 997 = YB (x,2,97, NV), (V.58) 
where 
PE (x,2,0, 910’) =F, In{s“ [Lv (p) — 910? (p) }$} 
— >, [m*(p) | "D9 (p) — m7(p) J+ 2'+ x. 
x and §¥’ are given by (V.33) and (V.57), respectively. 
The sum (V.57) is illustrated in Fig. 6. In terms of 
these graphs we find 


(V.59) 


P’ =} LX (pi,pe! T2,27| pi,P2) IN (pr) (pe) 
pip2 


+4 x | To,2” P, — p)Mour(p) 
P 


+3 > (p, =— Te.07 in (p) 
P 


3 

é Zz (P1,P2,Ps| Ts," | Pi,P2,Ps II I (pi) 
Pip2ps3 i=l 

+3 2. 


Pi-+*p4 


4 
X (p2,Pa| T2,27| Pi,P2)] [] N(pi)+--- 
t=1 


((Pi,P2| T2,27| Ps,Ps) 


(V.60) 


YANG 


In (V.60) the first five terms correspond to, respectively, 
the first five irreducibie dual graphs in Fig. 6. 

The above formula (V.58) is valid for any x-ensemble 
of arbitrary x values. However, in order to obtain the 
thermodynamical functions for the original system in a 
grand canonical ensemble it is necessary that x should 
assume a particular value determined by (V.7) or (V.9). 


6. VARIATIONAL PRINCIPLE 


Equations (V.51) and (V.53) may be regarded as 
integral equations for 3M, from which one may compute 
3 and consequently the average occupation number 
(my). Furthermore, the determination of 9M enables 
one, through (V.58), to compute the partition function 
997. We shall demonstrate in this section that these 
procedures can be formulated in terms of a single 
variational principle. 

1. In (V.59) we can regard $ as an explicit functional 
of x, z, IN(p), M’(p). It is shown in Appendix G that 
the equations for determining 9M (p), 9N’(p) and x can 
be obtained by setting the variation of B(«,z,1,9W’) 
with respect to x, SW and SW’ separately to zero. Thus if 


>t ed) =0, (V.61) 


x,2,910' 


om’) =(), 

XZ, 

/ 0, 
2,9’ 


x=, 


(V.62) 


and 


then (V.53) holds and 


where Z is given by (V.7) or (V.9) according to the 
rules stated in Theorem 1. Thus by using Theorem 1, 
the pressure p of a system in the original grand canonical 
ensemble is given by 


(xT)“"p 


stationary value of [2-3 (x,z,97,91’) ] (V.64) 


at constant zas2-—> ~, 
The partial derivative of % with respect to z is 


7It is important to notice that 


a du, —s 


Gs ™ 4 
- is \ x,p, 10, )| 
Ox 
, if (V.63), or 
i) ~ ~ ve 
r— 75 rp JIN ) =) 
ax },.0.90- 


has two solutions x=0 and x=2>0, then according to Theorem 1 
it is always the nonzero solution that prevails. 


pvt, JK 


provided (V.61) and (V.62) holds. Thu 
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related to the particle density p by 


F] 
re Bsn.) p (V.65) 
Ox x 


1,9” 


provided (V.61) and (V.62) are satisfied. 

2. An alternative variational principle can be for- 
mulated in terms of a Legendre transformation. We 
define 


F (x,0,91, 90’) =Np Inz—P (x,2,90,90’), (V.66) 
in which we use (V.65) and regard 


s=2(x,p,0,9’). (V.67) 


Thus we have 


6 
59 (p) 


B(eoaman)| ’ 
Xp, SW 


5 
= -| —(s,¢ 30) : 
59 (p) Jx,2,90 


F (x,p,91,90’ ] 


5 
591’ (p) 


xp, 
(V.68) 


é 
endian | B(xsona)| 
dom’ (p) 


x,2, 10 


_ 
[sa (x,p,N,I0’) 
Ox pI’ 


0 
= —| x—$B (2,2, 91) 
Ox 2,910,’ 


By using (V.64) we find that the Helmholtz free energy 
F of a system in the original grand canonical ensemble 
is given by 


(QxT)—'F = stationary value of [OF (x,9,91,90’) ] 


(V.69) 
at constant pasQ2Q— ~, 


7. LIMIT OF INFINITE VOLUME 


To study the forms of the functions $ and § as 
(2+ © it is useful to introduce 


(pi’, . -p,’| Us.i7 | Pi,* -p,) 
=>. [(n—s)!(n—t)!}"' (8x22) b- 
X(pi’,---p.’,0,---O] un" |pi,---ps,0,---0), (V.70) 
where v,* is defined in (IV.54) and is related in a simple 
way to the Boltzmann ws, functions introduced in (1.54) 
for Q2=. In (V.70) the running index m varies from 
the larger one among the two integers s and / to infinity. 


By using (IV.126) in paper IV and (V.26) it follows 


905 
that asQ-— ~, 


(Q/8x)MetO—'(p,’,- = -p.”|T,.27| Diy* * De) — Spy 


(pi',>* Pe’ | vee] Piy** pe), (V.71) 


where 


t ‘ 
P=) pw, P=> pi, 


tom} j=l 
and dp,p is a Kronecker 6-symbol. Thus, for example, 
as {}—> «0 
m*(p)=2zL1—2(p|ua*]p)}". (V.72) 
The v,,¢* functions are, by definition, independent of 


the volume. 
As Q— @, (V.59) becomes 


QP (x,2,97,91’) 


= (8x*)- fap In{s 1? (p) — 91? (p) }4} 


— (8x4) f apLm(p) Com (9)—me(0)) 


+2°X+2-P’, (V.73) 


where 


Q-'x = —ax+ D> (m!)-*( x2)" (82?) 
nel 
«(0,-+-O]un*|0,---0), (V.74) 


and 


1 2 
(8x7) 27" a J conoe ve, 2*| Pi,P2) IT IU(p,)d*p, 


1 
v. fe ‘vo,27|p, —p)+(p, —p| v2,07| ) St’ (p)d*p 
1 3 
5 pe fo.r vs, 3" | Pi,P2,Pa) IT I(p,)d*p, 
) i—1 
1 ' - 
+ fUo.e. V2, 2” | Ps,Ps) P6"(pit+-p2— ps— ps) 


4 1 
<I M(pi)d*p; + : fteostu.s° Pi, Pe, — ps) 


i—1 
+(Di, P2, — Pe! vs,17| pi) JI’ (po)IN(p)d* pid" ps 
+++, (V.75) 


Regarding $$ as a functional of x, z, 9, and gM’ and 
demanding that it be stationary with respect to 
independent variations of x and M and SW’ at fixed z, 
one obtains the equilibrium values of x, IN, and 9M. 
The particle density is then given by 


p t+ (8x*) ft ‘I (p) - 1 |d*p, (V.76) 
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which follows from (V.65), (V.63) and the fact that all 
the v,,.” depend on x and z only through the com- 
bination xz. 

To write down the explicit integral equations deter- 
mining 9% and 9’, one takes the functional derivatives 
of 3. (V.61) and (V.62) become two coupled integral 


equations: 

m*(p)-+-m*(p)IN(p)K(p) 
+-m*(p)o' (p)K’ (p), 

m*(p)I’ (p)K (p)+m7(p)IN(p)K’(p), 


MU (p) 


oi’ (p) 


according to (V.75), 


where K and XK’ are, 


K(p) foil.” 


1 2 
| ) f (ops vs, 97|P,Pi,P2) 11 I (p,)d*p; 
yA i=l 


P,p.)IN(ps)d* py 


1 / 
ae J Ceo.vs 2” | p2,Ps)_P6*(p+pi— p2— Ps) 


3 1 
<I I (p,)d*p, + , fcc v1,37|P, Pi, — Pi) 
i=l v4 


+(p, Pi, —Ps| vs,17|p) 0’ (pid pit: --, 


P| v3.1" pi) ON (pi)d*pit---. (V.79) 


(V.78) and (V.79) are, of course, identical with the 
limiting form of (V.51) as the volume becomes infinite. 

In the integral equations (V.77), p is regarded as a 
continuous variable. It is of interest to know whether 
the solutions SW(p) of these equations may become 
singular as p— 0. It can be shown that the occurrence 
of such a singularity is closely related to «>0 where x 
is determined by (V.7). 

Theorem 3 (proved in Appendix H). 


the solution for 
ra] 
E : neo" 0 (V.7) 
Ox z 


& where Z is real and positive, then at x=Z the 


If asQ— « 


Is x 


solution for the integral equations (V.77) satisfies 


M(p)=0 at p=0. (V.80) 


Furthermore, at x=# 
[or’(p)/(p)|=—1 at p=0. (V.81) 

is closely 
>0). As 


Consequently, the determination of x 
related to the study of the behavior N—'(p 
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will be discussed in the following sections, this theorem 
together with Theorem 1 give a clear classification of 
the possible existence of two different phases in a Bose 
system ; one corresponds to 

x=0 and (V.82) 
while the other corresponds to 


x>0 and M"(p (V.83) 
V.63). 


It is easy to see that in the phase a 


where x is the solution of 

0 all the equa- 
tions derived in the present paper reduce to the corre- 
sponding equations obtained in paper IV. 


8. DILUTE SYSTEM OF BOSE HARD SPHERES 


In this section the s will be applied toa 
dilute Bose system of hard spheres. We shall show that 
at a given particle density p and temperature T it is 
possible to evaluate the thermodynamical functions of 


ibove result 


such a system in successive powers of a, provided 


ap?<1, 
and 


(a/A)<1, (V.84) 


where a is the diameter of the hard sphere and X is the 
thermal wavelength, 
\= (4n6)!. (V.85) 
We recall that for a small diameter @ the explicit 
forms of v," can be computed by using the binary 
kernal B. The details of such calculations have been 
discussed in previous papers. Here we list some useful 
formulas for v,,;7, X, m*(p), etc. for the case of hard- 
sphere interactions [see e.g., (IV.48) and (IV.61) ]. 


’ 86) 
dr 
Ke xp| —B(p 


P, —P}' 


braxzp 


{ V.89 } 


eo tt-()( a"), (V.90) 
In the following we shall use the variational principle 
(V.69) to evaluate the free 


Throughout the 


successive 


shall 


energy F in 
powers of a. computation we 


consider p and T as fixed 


Zeroth Approximation 


We shall calculate x, z, NM, IN’, F etc. as functions of 
p, T accurate to the zeroth power in a. All the zeroth 


order quantities are denoted by subscripts 0. From 
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(V.75) and (V.86) we find 
2'P,’=0. 


Thus, by using (V.89) and (V.90), the zeroth order 
expression of §, [Eq. (V.66) ], becomes 


QF o(x0,0,3lo,Mo") =) Inzo 


— (8m) fap In(zo"[1e? (p) — I? (p) ]*) 


+ (8r*) fe ptCar—exp(—8p*)}M(9)- 1} 


+xo(1—29), (V.91) 


where 2 is regarded as a function of (xo,p,I%o,3Mo’) 
determined by (V.76), 


p=Xo+ (8x4) f (so7IMto(p)—1]d*p.  (V.92) 


By setting the variational derivatives of §> with respect 
to IN» and Mp’ to zero, we obtain 


Mo(p) = zo. 1 —z exp(—Bp") F", (V.93) 
and 


Io’ (p) =0. (V.94) 


Substituting these results into (V.91) and (V.92), we 
find 


OD Fo(x0,p) =p Inzp—A~ 395/2(Zo) + xo(1— Zo), ( V.95) 


and 
p=XotrA*g3/2(Z0), (V.96) 


where 


gily)= Lo yn". 


n=l 


e ) = 2%9(1—29) =0, 
r 


which, according to Theorem 1, determines’ the 
functional form of xo(p,7). Solving (V.96) and (V.98) 
for x»20 and 2, we find that the system exists in two 
phases : 

(a) The gaseous phase in which 


(V.97) 


Next we set 


(V.98) 


xo=0, NA*gx/2(20)=p. (V.99) 

This solution obtains for the case p<p,, where 
pe=A*gayo(1) =X-4(2.612). (V.100) 

(b) The degenerate phase in which 

zo=1, (V.101) 


Xo= P— Pe p> Pe. 


Thus, the zeroth order expressions for the free energy 
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F, and F, in the two phases are given by 


Q 1F = pxT Inzo—A «xT gs 2(2o) +O ap? 
if p<pe, (V.102) 


and 


OF y= — (1.342)A-%T+OLap?] if p>p.. (V.103) 


These results are, of course, identical with that of a 
free Bose gas. 


First Order Expression of Free Energy 


Next, taking advantage of the variational property 
of §§ we can substitute the zeroth order solutions 2o, 
Zo, Mo, Mo’, directly into (V.66) and (V.73). By using 
the explicit forms of m*(p), X and v,,.7 given by (V.86)- 
(V.90), we find the first order expression for § to be 
[neglecting terms proportional to O(a") where n> 1 } 


oO Fi= p Inzo—A 305 2(20)-+4ad*(xo%0)[A~*g/2(z0) | 
+ ar? (xo2o )?-4- 2ar*[- *g3/2(z0) F, (V. 104) 


where 2o(p,7) and 2o(p,7) are given by (V.99) and 
(V.101). Thus, we obtain the following results: 

(a) In the gaseous phase (p<p,) the free energy F, 
is given by 


QF ,= pxT Inzo—d~* (xT) g5/2(20) 
+8rap?+O[a’r-7], (V.105) 


where 
p= A~*g3, 2(Zo). 


(b) In the degenerate phase (p> p,), 


Q IF =— px«l + 4ra[_p?+ 2pp. —p2 | 
+O a'pir~*]. 


The zeroth order expression of p, is given by (V.100). 
These results have been previously obtained by using 
the pseudopotential method.* That the next order 
terms are proportional to O(a*) and O(a!) in these two 
phases will become clear after we evaluate the first 
order solutions for x, z, IM, and 9’. 


(V.106) 


First Order Solutions of 9N and 91’ 


In order to calculate 9M’ accurate to O(a) it is 
necessary to include in (V.75) the first two terms in 
the sum for 2’. We define® 


1 2 
2'Pi'=- fo. v2,2*| pi,P2) IT Ii (pid*pi 
4 i=l 


1 
. fe vo,27|p, —p)+{p, — p| v2,07| )] 


2 
7 KI (p)d*p. (V.107) 


®*T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 

* We use subscripts 1 for all first order solutions. These first 
order solutions include both the zeroth order solutions and their 
corrections. 
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Correspondingly, the integral equations (V.77) become 
M01 (p) = m*(p)1+-91(p)Ki(p) +9,’ (p)K,'(p) ], 
and 
My’ (p) = m*(p)[ 9’ (p)Ki(p) +9 (p)Ki'(p) ], (V.108) 
where 
Ki (p) -f (.9' val v.wma(w arp, 
and 
K1'(p)=4LX | vo,2*|p, —p)+(p, —p| v2, 07] )]. 


By using (V.87)-(V.89) and neglecting terms O(a’) in 
these equations, we find the solutions of (V.108) to be 


mM: (p)=2(1—F exp(—BP?) PLT1— PP, 


and 


(V.109) 


(V.110) 


My’ (p) = f(p)IN (p) (V.111) 


where 
f(p) = —4ax,2;°p*[1—exp(— 269") ] 


x[1—f¢ exp( —Bp*) } l (V.112) 


and 
f 5] 1—4ar?a " 4a? 


(V.113) 


x f (se) Ni (p) exp( -ep ep] 


Correspondingly, (V.76) becomes 


o=ay+ (8x?) {Carton 9) 19, (V.114) 


The functional form of x; can, then, be determined 
by applying the variational principle (V.69) with 
respect to x. The detailed forms of these functions are 
rather complicated. In the following we 
only some simple partial results. 

(a) In the gaseous region (p <p-) 


shall discuss 


“,=0, M,’(p)=0, 


Ii (p)=2z:[1—¢ exp(—Bp*) ], (V.115) 
where 


p=rg32(), f= 2;[ 1—4apd? }. 


These results are identical with the results obtained 
in paper IV [see, e.g., (IV.66) ]. To O(a"), p. is given 
by (V.100). 
(b) In the degenerate region (p> p.), we find 
*1=p—p-t+OLatpir], 
21= 1+ 2ad*(p+p-)+OL (pa*)!}], 
and 


t=1-— 2ad*(p—p-)+O[ (pa*)*}]. (V.116) 


To study the order of magnitude of IN,(p) and IN)'(p) 
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it is necessary to separate two different regions of 
momentum. 
(b.i) At p> (ap , we find” 
SN (p) z,[ 1 a ¢ exp ( —BP ]4 OL ap*p +), 
and 


M1’ (p) = — 4rax,2 p11 —exp(— 28") | 
x[1—f¢ exp(—8p") }°+O[a'p*p].  (V.117) 
(b.ii) At p~0| ap 1, we find” 


I; (p) = (2ad*x1) l(g?+ 1)f¢ (g°+-2 


}1 a i”) 
{ Lg (¢+2) F'+O_a* j, 


and 


M1’ (p) — (2ad*x; 7 g’ Tt 2) ] 1+Of a r, (V.118) 


where 

g’= fp (8rax, (V.119) 
It is important to notice that the magnitudes of IN, 
and SM,’ at small p are quite different from that at 
large p. 

Substituting the first order solutions of 911, IWy’, x1, 
and z; back into (V.66) and (V.73) we can evaluate the 
next order term for the free energy. In the calculation 
for Y’, the integration over p~ (ap)! yields a term 
O(a! while the integration over large momentum gives 
a term proportional to a*. These results together with 
a more complete discussion of the first order solutions 
of x and z will be given in a later publication. 


9. DISCUSSIONS 


In this section we make some generai remarks about 
the present method. 

1. Throughout the present series of papers the effects 
of statistics are treated separately from the effects of 
interactions. For a system of interacting particles we 
characterize their interactions by the various Boltz- 
mann U, functions (or their symmetrized and anti- 
symmetrized forms, T;" and T;“ functions) which are, 
in principle computable from the corresponding two- 
body problem through an expansion 
binary kernel. 

The effect of statistics enters when we express the 
Uy* and Uy4 functions in the case of symmetrical or 
antisymmetrical statistics in terms of the corresponding 
Boltzmann WU, functions by using A and B in 
paper I. Without using the forms of 
Boltzmann U’ functions we can express 
in terms of graphs which ultimately 


in terms of the 


Rules 


| ? 
explicit 


these 
these two rules 
lead to a set of 

It is important to notice that JIU(p 
(V.41) where (mp) is the number of particles with momentum p 
and not the number of phonons. The transformation between 
phonons and particles for a system of Bose hard spheres at a 
finite temperature has been studied by means of the pseudo- 
potential method [T. D. Lee and C. N. Yang, Phys. Rev. 112, 
1419 (1958) ]. Using these results, identical expressions for JIU(p) 
such as those give n by (V.117) ar V.118) can also be obtained. 
It is interesting to notice that from V.118) for small p, Mp 
while the [average number of phonons with momentum p]« p™. 


is related to (mp) by 


ap? 
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integral equations for the average occupation numbers 
in Momentum space. 

This approach is especially useful in the case of Bose 
particles since the appearance of a Bose-Einstein con- 
densation is the consequence only of the symmetrical 
statistics. While the quantitative properties are of 
course influenced by the actual forms of the Boltzmann 
U, functions, the qualitative features of such a phase 
transition can be studied by analyzing only the effects 
of statistics. This is explicitly demonstrated, for 
example, by the general character of the coupled 
integral equation (V.77). A Bose-Einstein conden- 
sation is simply a transition from a phase, called the 
nondegenerate phase, 

x=lim Q2-ny)=0 (V.120) 


Qa 
to a degenerate phase, 


x>0O and mM (p=0)=0, (V.121) 
where 3N(p) is the solution of the integral equations 
(V.77). 

Two different kinds of phase transitions, therefore, 
are possible. 

(a) In the nondegenerate phase, at the point of 
transition, 


«=0 and IW"(p=0)>0. (V.122) 


(b) In the nondegenerate phase, at the point of 
transition, 
x=0 but 


Mm (p=0)=0. (V.123) 


In general, we expect in the former, case (a), a phase 
transition of the first order while in the latter, case (b), 
a phase transition of higher order. An example of case 
(b) is the condensation of a free Bose gas. Another 
example of case (b) is the approximate solution we 
obtained for the case of dilute hard spheres. 

2. We can apply these results to liquid He. The 
phase transition between He I and He II is of second 
order. Therefore, we expect the A transition to be of 
the type (b) discussed above. Since at the point of 
transition 3W(p) has a singularity even in the non- 
degenerate phase and since all thermodynamical 
functions can be expressed as sums of integrals of 
products of the IN function it is quite possible that some 
of the thermodynamical functions may become singular 
in the nondegenerate phase at the point of transition. 
This may have a direct bearing on the observed form" 
of the specific heat near the d point. 

At very low pressures and temperatures there is a 
phase transition of first order between helium gas and 
He II. This transition is an example of type (a) dis- 
cussed above. 

In Fig. 7 we plot a schematic p-T diagram of helium. 
The above results can be summarized as follows: 


" Fairbank, Buckingham, and Kellers, Bull. Am. Phys. Soc. 2, 
183 (1957). 


OUANTUM 


STATISTICAL MECHANICS 909 


Fic. 7. Schematic p-T 
diagram of He. 


(i) Along the A line AB, N—"(p=0)=0 on both sides. 

(ii) Along OA, N~'(p=0)=0 on the liquid side but 
Mt (p=0)>0 on the gaseous side. 

(iii) Along AC (excluding the triple point 4A), 
J-'(p=0)>0 (but has a discontinuity) on both sides. 
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APPENDIX A" 


To prove Theorem 1, let us first consider a grand 
canonical ensemble of systems, each of which satisfies 
the periodic boundary condition in a cube of volume 2. 
We define Pe(L) to be 


Oo(L)= > (N!)"s” 
NeL 


x LF (hs, sky | Wiy*| hi, -Kew), 


ki-+-kw 


(V.124) 


where the sum 5°” extends over all k,---ky in which 
L of the momenta ky, ko, - - -ky are zero. We also define 
Ra(x,L)= (L!)* (a) “Pa(L) exp(—af). (V.125) 

Then 
997 =>) 1 Ro(x,L). 


For volume 2 — ~, we have 


(V.126) 
 InRe=2"'[— a+ L In(x) 

—L\InL+L+1n@¢q], 
2 In 9o*=2" In[ max of Po(L) ], 


(V.127) 
(V.128) 


and 


{- In 9o*=" In[max of Ra(x,L)], (V.129) 
in which “‘max of” stands for “maximum of, among 
various values of L.” 
To prove Theorem 1, we observe that 
0 0 
In Ro -_ ‘ 
OL al 


-InPo(L)+In(a2/L)=0 (V.130) 


” Throughout this Appendix we will discuss various limits of 
infinite volume and also consider effects of dividing a large system 
into two smaller but macroscopic systems. These discussions and, 
in particular, the proof of the lemma are based essentially on 
physical arguments. While these statements can be substantiated 
by considering specific systems such as that of dilute Bose hard 
spheres, a completely rigorous mathematical treatment of these 
arguments has not been found. 
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at the value of Z at which In®g assumes its maximum 
value. Substituting (V.129) into (V.7) and using 
(V.130), one obtains 


and 


InPo(L) 0. 
OL 


(V.131) 


Substitution of (V.131) into (V.127)-(V.130) leads to 
Theorem 1 for the case #0. For the case that (V.131) 
cannot be satisfied, ®o9(L) assumes its maximum at 
L=0. (V.8) then follows from the definition of 99”. 

To render the above arguments more rigorous we 
must first sharpen the definition (V.124). We impose 
an additional condition on the range of the summation 
over k,, ---ky: For all nonzero k 


(number of k;=k) S AQ, 


where a and A are constants provided 3<a<1. This 
condition is introduced so that we need not consider 
configurations which have a macroscopic [i.e., O(Q) ] 
occupation number for k#0. While such configurations 
are essential for the study of dynamical properties, 
they can be neglected in any computation of the thermo- 
dynamical functions for a system which is at rest. [See, 
e.g., reference 2.] Thus, (V.128) still holds. Further- 
more, for a large system the value of Pg(L) gives the 
relative probability in the grand canonical ensemble of 
having L particles with zero momentum. We now prove 
the following lemma. 
Lemma. 
Oo 
Q InPo(L) 
ol? 2 


as Q— ~, but keeping L/Q= finite. 

Proof.—We consider a partition of the volume Q 
into two smaller volumes and impose separately the 
periodic boundary conditions on these two volumes 2; 
and Qe, where 


Q:=7n2 and 2=(1—7)Q. 


Correspondingly, we consider a partition of L, 
L= Li+Le, 


where L; and Lz are, respectively, the number of 
particles with zero momentum in Q, and Q:. Utilizing 
the property that a configuration of LZ, particles with 
zero momentum in 2; and L» particles with zero mo- 
mentum in Q corresponds to a configuration of L 
particles with zero momentum in @ but not vice versa, 
we find, after neglecting the surface effects due to the 
partition, 
Po(L) = Pa, (L;)Pae(Le). 


Now for every partition, 


(L/Q)=n(L1/2:)+- (1—) (12/22). 
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Hence asQ— ~, 


2 1 InP o(L)2nf Qi In YQ) L)) | 


+(1—n)[Q27 In@a2(Le) ] 


where 9 is any positive number between 0 and 1. 
Consequently, if we plot limg.,.[Q2- In@g(L)] against 
(L/Q) at a fixed fugacity z, the resulting curve must be 
a convex one, which proves Lemma 1. 

Suppose the maximum value of 2 
at (L 2), where 


'In@e(L) occurs 


2 In@g(L). (V.133) 


maximum 2 In@o9(L) } 


(V.129) becomes 
Q- In9o*=2" In@g(L), (V.134) 
asQk— ~, 
We now study the curves 27 In®e(x,L) vs L/Q. The 


first and second derivatives are given by 


0 0 


InRe(x,L InPo(L 


+ In} (af) /ZL |, 


InRoe(x,L 


Therefore for sufficiently large volume ©, if we plot 
Q In®e(x,L) against (L/Q), the resulting curve must 
be convex just as the curve 27 In@g vs L/Q is. Further- 
more, at any fixed real and positive value of x, 
OQ InRoe(x,L) SQ" InPe(L), (V.136) 
where the equality occurs at (and only at) 
(L/Q)=x. 
V.136). 


large 


and the lemma 
In 9? 


Combining (V.129), (V.135), 
we find that for sufficiently 
varies convexly when plotted 


volume i 


against x; i.e 
(V.137) 


for x=>0. Furthermore, a 


(V.139) 
and the equality occurs at 
t= f/Q (V.140) 


Theorem 1 is a direct V.139) and 


(V.140). 


consequence of 


APPENDIX B 
ra matrix element 


k,’,-- v7| Ki, ky (V.141) 


To prove Rule C 


in which, say, L of the V final momenta are zero. We 
denote by A,A2---Az the L particles with zero final 
momenta and by B,B,---By_, the (V—L) particles 
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with nonzero final momenta. 


ka’=0 [i=1,2, ---L], 


and 


ke’~O [j=1,2,---(N-—L)]. 


From (V.2) and (V.4) we find 


(V.142) 


(ky’,---ky’|Wy7|ky,---kw)=(aQ)® > 


Py’ (L) 


‘ky’! Wy k,,- » ‘Ky y 


Py'(L) 


 (ky’,-- (V.143) 


where Py'(L) is any permutation of the V numbers 
(A,,:+-Az,Bi,---By_x) provided it does not alter the 
relative order among A, A2:--Az;i.e., 
Py’ (L)[A1,A2,---Ax,Bi,---By_z] 
m[---Ay,->+Ag,---Ages,*--Az,-** 
In (V.143) the sum extends over all (V!/L!) permu- 
tations Py’(L) which apply on the final momenta 
k,’---ky’ only. 
Next, we consider the Ursell expansion of the 
Boltzmann functions W,: 
(k’| W| k)=(k’| U,|k), 
ky’, k.’ | Ws! ki ky) = (ky’ | U; | k, (ky | U; k») 
+(ky’ ky" | U.|k,,k.), etc. 


(V.144) 


(V.145) 
By substituting the appropriate expressions (V.145) 
for Wy into (V.143), we can express Wy* as a sum of 
terms (V.15) over all different groupings (V.14), but 
without the condition (b) used in (V.15). Combining 
these results with (V.10), it is straightforward to solve 
for U7, U,?, U37, --- in terms of sums of the form 
(V.15) and (V.16). The result is Rule C. 


APPENDIX C 


In this Appendix we shall give the steps leading from 
(V.11) and (V.12) and Rule C to (V.32), and from 
(V.38), (V.41) to (V.42). Similarly to the introduction 
of Rule A’ in paper IV, we first combine Rule C and 
(V.18) into Rule C’. 

Rule C’.—Rule C’ is exactly the same as Rule C 
except for the following two changes: 

1. In (V.16) replace every factor 


(kpy’,- . ‘kon’ | Um|kei,: :«kem) 
by a corresponding factor 


(lg!) kp,’,-- ‘kom’ |Tn" key,-- -kem), 


lb=number of zero momentum 
-ko,,.’. The resulting expression is called 


~~ 7 
S,'. 


where 


hn’: 


among 


(V.16)’ 

2. In (V.15) we sum over those permutations P 
which satisfy, in addition to the two conditions (a) 
and (b) stated in Rule C, a further condition (c): 
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Fic. 8. Examples of numbered 


(0,0),-graphs. — 


” 


(a,8,- - -,6,6,0,°°°)=P(A1,-+-A1Bi,:++ Buy), (V.17) 


(c) Among all the permutations 


which differ from each other only in the relative 

positions of numbers within the same bra [e.g., (k,’ ks’ | 

and (k,’,k,’| ] in (V.16), only one is included in (V.15). 
From (V.11) and (V.12) we can write 2 In 99” as 


-x+>> > 2"(n 12)" 


nwl Li 


2 In Qo? 


I 
4 2 (ky,-- 


ki Kn 


“k,|U,7|ki,---k,), (V.146) 


where the sum >~! extends over all k,---k, provided 
(number of zero momenta among k,---k,)=l. (V.147) 


By using Rule C’, these sums can be expressed as a sum 
over expressions (V.16)’ with 
k/=k,, (i=1---n). (V.148) 


For example, in the sum 


L=3 
DX (ki,:- 


ky ks 


-k; U;? k;,° ° -k;), (V.149) 


let us consider a definite term (V.16)’: 


(At) = («2)*C (3 )-*(0,0,0| T5*| kyo, ks) J 
* [ (ki ke! To" | Kak) J, (V.150) 


where k;+0#k, and k;=k,=k,;=0. For clarity we 
write the zero final momenta in (V.150) explicitly as 0. 

In Fig. 8 we represent (Ai) by a graph, called a 
numbered (0,0),-graph."* In a similar way, every term 
(V.16)’ which satisfies (V.148) can be represented by 
a numbered (0,0),-graph constructed according to the 
following proc edures: 


The term (u,v).-graph refers to any graph where a zero 
momentum is represented by a wavy line. 
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Every zero initial momentum k, is represented by 
an incoming wavy line with a labeling number a [e.g., 
a=3, 4, 5 in (Ai) |. Every zero final momentum is 
represented by an outgoing wavy line withouw a labeling 
number. Every nonzero momentum kg is represented 
by a straight line with number 8 [e.g., 8=1, 2 in (Ai) J. 
Since in the sum (V.146) these nonzero momenta are 
to be summed over, the corresponding straight lines 
are all internal lines. The topological connectedness 
between vertices and lines follows the same order as 
given by the corresponding term (V.16)’. 

It is easy to see that if (V.148) is satisfied, then there 
is a one-to-one correspondence between the terms of 
(V.16)’ and the different numbered (0,0),-graphs. 

From any numbered (0,0),-graph with a total of V 
numbers we can generate V ! numbered (0,0) ,-graphs by 
permuting the position of the V numbers. Among these 
N! graphs there will be a total of, Say, 


w (V.151) 


numbered (0,0),-graphs (including the original graph) 
that are identical with the original one; or, a total of 


D=(N!)/w (V.152) 


numbered (0,0),-graphs that are different. It is im- 
portant to note that the different terms (V.16)’ which 
correspond to these different numbered (0,0),-graphs 
give identical contribution to the sum (V.146) after 
summing over all the nonzero momenta. 

For example, starting from (A7) in Fig. 8, different 
numbered (Ait), (Atit), etc. 
formed. The corresponding terms (V.16)’ are 


(Ait) = (x)*C (3!) 0,0,0| T3*| ky, ko, ky) ] 
X [(ki, ke! T2*| ks, Ks) J, 


where k;~0+ko, k;=k,=k;=0, 


(0,0).-graphs can be 


(V.153) 
(A tit) = (2)*L (3 !)-(0,0,0| T3*| ks, ky ks) ] 
* [ (Ks, ky To" | kiko l, 


where k;~0+k,, k,=k, 5=0, etc. 
cluding (Az) we can construct 


D=S![(2!)(2)} 


(V.154) 


Altoge ther in- 


different numbered (0,0),-graphs by permuting the 
positions of 1, 2, ---5. Thus 


In general, let us consider a numbered (0,0),-graph 
with a total of NV numbers, 


N=L+M, (V.155) 


where the (internal) straight lines are numbered 
B,B,---By and the (external) incoming wavy lines 
are numbered A;A2 1,. In this graph there are, say, 
A(s,t;m) vertices, each connecting s outgoing straight 
lines, ¢ incoming straight lines, (w—s) outgoing wavy 


AND C. HN. 


YANG 


lines and (” x wavy lines. Clearly 


- 2), 
and 


>, sA(s,t; 2). (V.156) 


for w, let us define a 
-graph which is obtained from 
the numbered (0,0),-graphs by deleting the numbers 
A,-+-Ayz associated with the incoming wavy lines but 
retaining the numbers B,---By associated with the 
(internal) lines. We then consider M! per- 
mutations of B,---By which will generate M! partially 
numbered (0,0).-graphs, among which the total number 
of partially numbered (0,0).-graphs identical with the 
original one is defined to be the partial symmetry 
number S’. It then follows that 


To give a 
partially numbered (0,0 


general expression 


straight 


157) 


5 I] i— V 


where w is introduced in (V.151 
Next, we define a 
from a 


(0,0),.-graph which is obtained 
numbered (0,0).-graph by deleting all the 
numbers. In an entirely similar way 
general definition of a 


we can give the 
(uy? z-graph. 

A (u,v).-graph is a single (i.e., connected) graphical 
structure which contains two different kinds of lines, 
straight lines and wavy 

direction which is indica 


lines. Every line carries a 
ted by an arrow. All wavy lines 
are external (incoming or outgoing) lines. The straight 
lines can be either external or internal lines. A (u,v) .- 
graph has v incoming external straight lines and yp 
outgoing external straight lines. 

These lines are connected at various vertices. Each 
vertex, called an (s,/; m)-vertex, is characterized by 
three integers s, ¢, and m where s, t, (n—s), (n—2) are, 
respectively, the numbers of outgoing straight lines, 
incoming straight lines, outgoing wavy lines and in- 
coming wavy lines that are connected by this vertex. 
The number m must be greater or equal to 1 while s 
and ¢ can be arbitrary integers, including zero. Each 
(u,v).-graph must contain at least one vertex. 

To each external straight line we assign a nonzero 
momentum q; [i= 1, 2, ---, (uty) ]. All these momenta 
are considered to be distinguishable. Two (u,v) .-graphs 
are different only if they have different topological 
structures which positions of these dis- 
tinguishable momenta of the external straight lines. 


include the 


Corresponding to each (u,v).-graph we assign a term 
determined by the following procedures: 


each 


(i)’” Associate with internal line a different 
integer i (i=1---M) and a corresponding nonzero 
momentum /;. Associate with each wavy line a zero 
momentum. 


(ii)’” To each (s,t; 


[(m—s)!(n —§ 
x Peis * * pe eU.* 


vertex we assign a factor 


-() T.* Pp1,°* *Pp:,9,- es 
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where pp:, «**Pp:, 0, ---O are the momenta associated 
with the appropriate incoming (straight and wavy) 
lines and peu, «+ Pcs, 0, ---O are those associated with 
the outgoing lines. 

(iii)’” Assign a factor z to each internal straight line 
and a factor (xz)! to each (incoming or outgoin;) 
wavy line. 

(iv)’” Assign a factor 

(S’) (V.158) 
to the entire graph where S’ is called the partial sym- 
metry number defined as follows: 

Number the internal lines according to (i)’” and call 
the resulting graph a partially numbered (u,v) .-graph. 
Among the M! permutations of these M integers the 
total number of permutations that yield one particular 
partially numbered (u,v),-graph is defined to be S’. 

The term corresponding to a (u,v),-graph is then 
given by* 


ur 


> [products of all factors in (ii)’”’—-(iv)’’""]. (V.159) 
Pl-++PM 


By using (V.146), Rule C’, (V.152) and (V.157) it 
follows that 


In997= —22+> [all different (0,0),-graphs ]. (V.160) 


In an entirely similar way we can express SI(p) as 
sums over different (u,v) .-graphs. 


M(p)=2z+2? > [all different (1,1)-graphs]. (V.161) 


A primary (u,v)-graph can be obtained from a 
(u,v)2-graph by deleting all the wavy lines. This cor- 
responds to a partial sum over those (u,v) .-graphs that 
differ only in the number of wavy lines attached at 
various points. Performing such partial sums on (V.160) 
and (V.161) we obtain (V.32) aad (V.42), respectively 
Furthermore, after these partial sums only the com- 
bination T,, 7 occurs. 


APPENDIX D 


The proof of (V.38) is identical with that given in 
Appendix B- of paper' IV except for replacing the 
superscript a by x, k by p, and (m,) by (m,). (IV.94), 
then, becomes exactly (V.38). 

To prove (V.39) we notice that (mp) is, by definition, 


Lest} Lexp(a0)}] > (N!)-'s* 
N= 


xX d Lhy,---ky Wy"), 
ki---kw 


where L is defined by (V.3). The above expression is 
just the right-hand side of (V.39). 
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APPENDIX E 
To prove Theorem 2, we begin with the contracted 
graphs. Consider a contracted (u,v)-graph where 
(0,2), or (2,0). (V.49) 


Such a contracted graph is defined as improper if by 
cutting any one of its internal lines open the entire 
graph can be separated into two disconnected graphs. 
Otherwise, it is called a proper contracted (u,v)-graph. 

We then define &(p), Rin(p) and Rou(p) by 
R (p) 

=} [all different proper contracted (1,1)-graphs ], 
Rin (Pp) 

=> [all different proper contracted (0,2)-graphs ], 
R our (p) 

=> [all different proper contracted (2,0)-graphs ], 

(V.162) 


(u,¥) = (1,1), or 


where each contracted graph contributes a term given 
by (V.36). In (V.162) the momenta associated with 
the two external lines are both p in the (1,1)-graph and 
p, —p in the (0,2)- and (2,0)-graphs. 

Lemma 1.- 


I (p) = m*(p)+-m*(p)R (p)IN(p) 
+m*(p)R in(P)Mour(P), 


Min (p) = m7 (p)R (p)Min (p) 
+m*(p)8 in(p)IN(—p), 


(V.163) 


(V.164) 
and 


Mout (p) . m*\ = p)K (— P)Mout(p) 
+m*(—p)Rour(p)IN (p). 


(V.43) can be written as 


(V.165) 
Proof. 


IN (p) = m*(p)+[m*(p) PR (p)+Lm*(p) P 
<> [all different improper contracted (1,1)-graphs ]. 
(V.166) 


By cutting one of its internal lines open, each of the 
improper graphs in (V.166) can be separated into two 
disconnected contracted graphs, one of which contains 
the original external incoming line and the other con- 
tains the original external outgoing line. Furthermore, 
we can always choose the internal line such that after 
it is cut open the disconnected graph containing the 
original external incoming line is a proper contracted 
(u,v)-graph where 


(u,v)=(1,1) or (0,2). (V.167) 


By summing over these two possibilities for (u,v) and 
using the definitions of R(p) and Rin(p), (V.166) 
becomes (V.163). Similarly starting from (V.47) one 
can derive (V.164) and (V.165). 

By using the same argument but demanding that, 
after cutting the internal line of the improper graph in 
(V.166) open, the resulting disconnected graph con- 
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taining the external outgoing line must always be a 
proper contracted (u,v)-graph, one obtains 
31 (p) = m*(p)+4-m*(p)R (pI (p) 


+m*(p)Rour(p)Min(p). (V.163)’ 


Similarly, by interchanging the roles of the two external 
lines, (V.164) and (V.165) become 
Min (p) = m*(— p)R (— p) In (p) 
+ m*(—p)R in(p)IN(p), 
m* (p) St (p)Iour (p) 
+m? (p)Rour(p)IN(—p). 
These equations (V.163)—(V.165) 
(V.165)’ are illustrated in Fig. 9. 
Lemma 2. 


(V.164’) 
Jout (p) 
(V.165)’ 


(V.163)’ 


and 


K(p)=R(p), 
K in (p) R in (p), 
Rout (P) = Rout (p). 


(V.168) 


[R’s are defined in (V.162) and X’s are defined in 
(V.51). | 

Proof.—The direct way to prove (V.168) is to express 
K(p), Kin(p) and Kour(p) as explicit functions of m*(p) 
by substituting (V.43) and (V.47) into (V.51). A com- 


‘Cout (6 


Fic. 9. Graphical rey ntations of (V.163), (V.163)’—(V.165), 
(V.165)’. The graphical structures of these boxes are illustrated 


in Fig. 4 and Fig. 5. 


rest 
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parison between these expressions and (V.162) yields 
Lemma 2. 

Topologically, we may take any proper contracted 
(u,v)-graph where (u,v) satisfies (V.49) ; and then reduce 
it to an irreducible dual (u,v)-graph by replacing, 
respectively, part of its internal structure that has the 
same structure as that in IN(p) by a single line with 
two parallel arrows, part that has the same structure 
as WWin(p) by a single line with two arrows pointing 
towards each other, etc. It can then be shown that any 
such proper contracted (u,v)-graph can be reduced to 
a unique irreducible dual (u,v)-graph. Consequently 
the sums in (V.162) become identical with the corre- 
sponding sums in (V.51 

To show Theorem 2, we notice that (V.53) can be 
written as 

Wt (p) = m(p)+m(p)RK(p)M(p), (V.169) 
or 


Wi(p (V.169)’ 


By using (V.54), 
(V.163)—(V.165) 


the matrix form of 


m(p)+Hi(p)R(p)m(p). 


V.169) is just the matrix form of 
and (V.163)’ Similarly (V.169)’ is 


".163)’—-(V.165)’ and (V.163). 


APPENDIX F 


In this Appendix we shall dis 
laneous properties of 91, 0 Mout: 

1. Let a, and a,' be the anr lation operator and 
creation operators of momentum &, 5 be the Hamil- 
tonian operator (in terms of a, and a,*) and m the total 
particle number operator 


uss briefly some miscel- 


MM 
We define Og? to be the 


[T (ao'ao+1) ] 


Og" 
-a2}, (V.170) 


where I is the gamma fu terms of these oper- 


ators, we can write 
Jo” = trace} ( 
J (p) = (Yo 


Jin (p 
and 


Mout (p) 9g trace[ @p@_pao'ao'Og? |e*. + (V.171) 


2. As remarked in reference 6, without eliminating 
the (1,1)-vertices in the also 
possible to lead directly from the primary graphs to 
the irreducible grapl 

To see this it is easiest to start from 
Figs. 4 and 5, which give the K functions explicitly in 
terms of the 91’s. The left-hand side of (V.53 
contain the vertex T;,; at all. The 
(V.53) contains T; 
contains it 
left-hand 


primary graphs it is 


(V.53) and from 


does not 
right-hand side of 
only in the term [m*(p) ] 
Movir term 


means the 


and 
to the 
an additional 


linearly. 


side 
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diagram in K(p) containing the T;,; vertex. The re- 
sultant equation then reads 


RX’ (p) =z" —M'(p), (V.172) 


where 


RK’ (p) -8(0)+( 


(p|T:,1*| p) 0 ) 
0 (—p|T:,17|—p) 


It can be shown that this is exactly what one obtains 
by directly reducing the primary graphs without first 
going through the process of partial summation into 
contracted graphs. 

3. We can also reverse the discussion of the last 
subsection by observing that the vertices T2,9 and To, 2 
are contained in (V.53) only on the left-hand side in 
two very simple terms corresponding to the simplest 
diagram for K;, and that for Kou: in Fig. 5. Moving 
these two terms to the right-hand side of (V.53) and 
combining them with m*(p) results in an equation of 
the form 


RK” (p) =[m’’(p) '— ME" (p), (V.173) 


where ’’(p) is the same as R(p) except that all terms 
containing To,2 and T»2,o are deleted, and 


s~'—(p| Ti, 1*| p) ( |To,2|P, —P ) 
—{P, —P|T2,07] ) 2 '—(—p}T1,17| —P 

It can be shown that this is exactly what one obtains 
by first further contracting the contracted graphs 


through a partial summation over the (0,2) and (2,0) 
vertices, and then performing the reduction operation. 


APPENDIX G 


The proof of (V.58) and (V.59) is similar to, but more 
complicated than the discussion given in Appendix C 
of paper IV. 

Let us consider any dual (0,0)-graph. By cutting any 
one of the internal lines open but retaining the arrows 
of its two ends, we can obtain a dual (u,v)-graph, called 
a corresponding (y,v)-graph, where 


(u,v) = (1,1) 


if this particular internal line has two parallel arrows; 
otherwise, 


(u,v)=(0,2) or (2,0), 


depending on whether the two arrows are pointing 
away from each other or towards each other. Further- 
more, if the original dual (0,0)-graph is irreducible, 
then the corresponding (u,v)-graph is also an irreducible 
dual graph. 

Similar to the discussion given in paper IV [see Eq. 
(IV-103) ] there is a relationship between the symmetry 
number of any irreducible dual (0,0)-graph and its 
corresponding (u,v)-graph. To study such a relationship 
we first introduce the definition of equivalent arrows. 
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Two arrows in an irreducible dual graph are considered 
equivalent if the labeling of these two arrows, respec- 
tively, as a, 8 and leaving all other arrows unlabeled 
lead to the same topological structure, (which includes 
the positions of these two labels), as the labeling of these 
two arrows, respectively, as 8, a. To each arrow we 
define an equivalence number 


n, (V.174) 


which is the total number of equivalent arrows in- 
cluding itself. It is clear that two arrows on the same 
line must have the same equivalence number n. 

Next, we consider any irreducible dual (0,0)-graph 
with symmetry number S. By cutting one of its lines 
open one obtains an irreducible (u,v)-graph with sym- 
metry number, say, ¢. 

Let » be the equivalence number of an arrow which 
is on the line that is being cut. The following lemma 
relates m with the two symmetry numbers S and o. 

Lemma 1.-- 

nS'o¢= 1, (V.175) 

Proof.—In Figs. 10 and 11 we list various examples 
to illustrate (V.175). Although (V.175) is fairly self- 
evident, like most combinational problems its proof is 
somewhat clumsy. 

We number every arrow of the irreducible dual 
(0,0)-graph with M lines by an integer 7, where 


i=1, 2, ---(2M). 


The result is called a mumbered irreducible dual (0,0)- 
graph. Let us fix the position of one of the integers, 

















Fic. 10. Examples of symmetry rumbers and equivalence 
numbers. If # is the equivalence number of an arrow in an irre- 
ducible dual (0,0)-graph with symmetry number S, then by 
cutting open the line which contains this arrow and assigning a 
momentum p to this arrow one obtains a corresponding (y,v)- 
graph with symmetry number o=n™"'S [see (V.175) ]. 








Fic. 11. Further examples of symmetry numbers and 
equivalence numbers. 


say, A, but consider the (2M—1)! permutations of the 
positions of the other (2M—1) integers. By using the 


definitions of equivalence number and {symmetry 
number it can be shown that among these (2M—1)! 
permutations the total number of numbered irreducible 
dual (0,0)-graphs that have identical structures is given 
by 


nS, (V.176) 
where m is the equivalence number of the arrow which 
is associated with the integer A. 

On the other hand, we can evaluate the same number 
(V.176) by considering the corresponding (u,v)-graph 
which is obtained by cutting open the line that contains 
this particular arrow (which has the equivalence 
number m), and assign to this arrow a momentum p. 
It is easy to see that the number (V.176) is identical 
with the symmetry number o of this corresponding 
(u,¥)-graph. Thus, we find 


n'*S=a, 

which is Lemma 1. 

Now in 

BP’ (xz,N,IM in, Mout) 

=> [all different irreducible dual (0,0)-graphs ] 

(V.57) 

we can consider 8’ to be an explicit functional of IN(p), 

Min(p), MWou(p), and the variable (xz), where the 


dependence on (xz) is implicitly through the factors 
Ts f'. 


—™. VAG 


Lemma 2. 


[dB’ (xz,N,Min, Mout) |cee 
=>» K(p)d (p) +>.» Kin(p)dMour(p) 
+>» Kour(p)dMin(p), (V.177 
where >,’ extends over the half p-plane. In (V.177) 
the variation 59%, dMi,, and 431 are completely 
arbitrary provided 
(V.178) 


5a (p)=d5IN.(—p), 


where a=in or out. 
Proof. To show (V.177) let us consider, e.g., the 
first irreducible dua! (0,0)-graph in Fig. 10: 
1 
a=} 
P 


P2) Tin (DP 


DX (Pi,P2,Ps|Ts,s7| Pi,P2,Ps) (pM 
p2 


p23 


The functional derivatives of @ [subject to (V.178) ] 
are given by 


5a | 
OSU p) Hin, (x2 


and 


6a 
bin (p) IMM, (xz) 


a. 


Ppip2 


Pi,P2,P Ts,” | Pi,P2,p)IN(pi)IT( pe 


where these two 
corresponding (1,1 
shown in Fig. 10. 
As another example, we consider the 
ducible dual (0,0)-graph in Fig. 10. 


expressions are identical with the 


graph and (2,0)-graph of @, as 


second irre- 


The functional derivative [ subject V.178) | is 


given by 


[ 


and 


68 
5Mour(p) JIM, (x2 


=} Do (pi,p2|T2,17| p 


pip2 


X IT (pr) IU ( ps 


P:,P2,p)9 (pi) (pe). (V.180) 
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Comparing with Fig. 10, one finds that (V.179) is 
identical with the corresponding (1,1)-graph of ® and 
(V.180) is equal to the sum of the two corresponding 
(0,2)-graphs of @. 

In general, let \; be the total number of lines, each 
of which has two parallel arrows, in an irreducible dual 
(0,0)-graph. The functional derivative of such a graph 
with respect to 591M») is a sum of \,; terms each of which 
can be obtained by cutting one of the , lines open and 
then assigning to both arrows of the opened line a 


6 
——— any irreducible dual (0,0)-graph ] 
53 (p) 


In this irreducible dual (0,0)-graph, let A», be the 
total number of internal lines that have two arrows 
pointing towards each other. The functional! derivative 
of such a graph with respect to 63M;,(p) [subject to 
(V.178) ] is a sum of 


2r2 (V.182) 


terms, each of which can be obtained by cutting one of 
these Az lines open and assigning to these two arrows 


was 


— any irreducible dual (0,0)-graph | 
| 5Min(p) 


Similarly, one finds 


6 
~ -[any irreducible (0,0)-graph ] 
dNMout (P) ML, Min, (x2) 


By using (V.181), (V.183), (V.184) and summing over 
all irreducible dual (0,0)-graphs, one proves Lemma 2. 
Lemma 3.—If in 
PE (x,2,97,90’) = >, In{ zi? (p) —91? (p) }} 
— Xp [m*(p) "LI (p) — m*(p) ]+-P'+ x, 
8 is regarded as an explicit functional of x, z, 3M and 
gv’, then at constant x and z 
[OB (x,2,0,9’) Jee 
=D {K(p)+[3n*(p)—IN(p) F-*(p) 
—[m-(p) 363 (p)+2 20 5'{K’ (p) 
— [9n*(p) —90’*(p) Jt’ (p) Jan’ (p), 


(V.59) 


(V.185) 
where 
so’ (p) = dn’ (—p). 
Proof.—Lemma 3 is a direct consequence of Lemma 
2 and (V.55). 
We remark that if 
[6B (x,2,0,9’) |, .=0 


, 


then MN and IM satisfy (V.53) and vice versa. (V.186) 


QUANTUM 


Win, out, (XZ 


* [all its different corresponding (1,1)-graphs ]. 


MM, Mout, (x2) 


~ [all its different corresponding (2,0)-graphs ]. 
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momentum p. Each term, therefore, is equal to S~'e 
times the value of the corresponding (1,1)-graph where 
S and o are the symmetry numbers of the irreducible 
dual (0,0)-graph and its corresponding (1,1)-graph, 
respectively. By cutting open, one at a time, these A, 
different lines one would obtain n such identical terms 
where m is the equivalence number of the arrow which 
is on the line that is being opened. By using Lemma 1, 
one finds 


(V.181) 


momenta p and —p, respectively. The factor 2 in 
(V.182) is due to the two ways of assigning p and —p 
to these two arrows. Again, if m is the equivalence 
number of the arrow of the opened line then every such 
term would appear m times in the sum, and each term 
is equal to S~'e times the value of the corresponding 
(2,0)-graph whose symmetry number is ¢. By using 
Lemma 1, one finds 


(V.183) 


[all its different corresponding (0,2)-graphs]. (V.184) 


To prove (V.58), one regards 9M and SW’ as given by 
(V.53). They are expressible in terms of x and z. 
Substituting these expressions into (V.59) one considers 
$3 to be a function of z and (xz), 

PL (x,2,, 9’) =P (z,xz), 


where z and (xz) are treated as independent variables. 
By using (V.59), (V.33), and (V.186), one finds 


0 : 
E B(s.)| => [som (p)—1]+22. (V.187) 
(22) P 


Oz 


Furthermore, as z-> 0 but keeping (xz) = constant 


s 
[$B (2,22) +222] > ws (n!)*(x2Q)* 


x(0,---O!T,*/0,---0). (V.188) 


By using (V.34) it can be verified readily that In 9p" 
satisfies the same equations (V.187) and (V.188) as 
§ (z,xz). Consequently, 


In 997 =P (2,x2). (V.189) 
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The variational principles [ (V.61)-(V.63) | follow 
directly from (V.186) and (V.189). 


APPENDIX H 


To prove Theorem 3 it is necessary to discuss some 
detailed properties of the (u,v),-graphs introduced in 
Appendix C. 

We first observe that rules (i)’’—(iv)’”’ used in deter- 
mining (V.159) can be stated in an alternative form: 


(i)* In each (u,v).-graph, assign a different integer 7 
to every line (internal or external, straight or wavy) 
where 


and 
V=mtl]o4+1,+ut+y», 


where m, lo, 1; are, respectively, the total number of 
internal lines, wavy outgoing lines and wavy incoming 
lines. Since the total number of the external incoming 
lines in a (u,v).-graph must be equal to that of the 
external outgoing lines, we have 


lot+y=lj+». 


Next, assign to each internal line a nonzero mo- 
mentum pa; (i=1, -+-m) A; is the integer 
associated with that internal line, and to each wavy 


where 


line a zero Momentum. 
fii)* To each (s,t; m)-vertex we assign a factor 


(Pc1,* * *Pos,9,° +O} T.5| pps,: + -ppz,0,- - <0), 


where (pp1,°*:ppz,9,---0) and (pei,-+-pes,0,---O) are, 
respec tively, the appropriate momenta of the inc oming 
and outgoing lines connected at this vertex. 

(iii)* Assign a factor z to each internal line and a 
factor (xzQ)! to each wavy line. 

(iv)* Assign a factor 


(total symmetry number)" 
to the entire (u,v),.-graph where the total symmetry 
number is defined as follows: 


Number the (u,v).-graph according to (i)*, and call 
the resulting graph a “completely numbered (y,v).- 
graph.”” Two completely numbered (u,v),-graphs are 
different only if they have different topological struc- 
tures which include the positions of these NV integers. 
It is important to remember that the external straight 
lines are always considered to be distinguishable from 
each other. Among the NV! permutations of these V 
integers, the total number of “completely numbered 
(u,v).-graphs” identical to any given one is defined to 
be the “total symmetry number” of the (u,v).-graph. 

The term corresponding to a (u,v),-graph is, then, 
given by 

> [product of all factors in (ii)*-(iv)*]. (V.190) 
PAl+-*PAm 


AND C 


Fic. 12. Exar 
and its related 
that in this exar 


graph 
|. Notice 


veen (ii)* and (ii)’”” 


We remark that the differences bet 
precisely cancels the (iv)* and 
(iv)’”’. Consequently (V.190) is identical to (V.159). 
Some examples of the total syn 
given in Fig. 12 
Similar to the discussions 


differenc« between 


metry numbers are 
given in Appendix E we 
classify all (u,» 
improper. A (u,v) 
any one of its internal lines open the entire graph can 
be separated into two disconnected graphs. Otherwise, 
it is called a proper (u,v).-graph. It is clear that all 
(0,0).-graphs are proper. 

In terms of these proper (u,) 
(V.162) and (V.168) to 
RKout(p). 


graphs into two groups, proper and 


--graph is called improper if by cutting 


zgraphs we can use 
express K(p), Kin(p), and 
K(p) 


> [all different proper (1,1 


Kin(p) 
=> [all different proper (0,2) .-g? 
Rout (p) 
[all different proper (2,0),-graphs | 
V.190). 
is due to the 
in the contracted 


where each graph contributes a term given by 

The presence of —(p/1;,:7| p) in (V.191 
fact that a (1,1)-vertex is not present 
(1,1)-graph but the corres 
present in the (1,1 

There 
graphs and proper (yu, 


(1,1; )-vertices are 
(0,0),- 


exists a clos¢ lationship between 


(u,v (2,0). 
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Starting from a (0,0),-graph we can generate a set 
of proper (1,1).-graphs by changing any one of the 
outgoing wavy lines in the (0,0),-graph to an external 
outgoing straight line associated with momentum p, 
and by changing any one of the incoming wavy lines 
to an external incoming straight line also associated 
with momentum p. The resulting graph is a proper 
(1,1).-graph. The totality of all different proper (1,1) .- 
graphs constructed this way is called the set of all 
related proper (1,1).-graphs. 

Similarly, we can take any two of the incoming 
(outgoing) wavy lines in a (0,0),-graph and change 
them to two external incoming (outgoing) lines asso- 
ciated with momenta p and —p, respectively. The 
resulting graph is a proper (0,2),{ (2,0). |-graph. The 
totality of all different proper (0,2),[ (2,0), |-graphs 
thus constructed is called the set of all related proper 
(0,2) .{ (2,0). |-graphs. 

Lemma 1.— 


SAL=>¥; u7—} ¥; 7-4 Ewe, (V.192) 


where 2L is the total number of wavy lines in any 
(0,0) .-graph, S is its total symmetry number, u;, 0;, ws 
are, respectively, the total symmetry number of its ith 
related proper (1,1).-graph, the jth related proper 
(0,2).-graph and the &th related proper (2,0),-graph. 
In (V.192) the sum extends to all appropriate related 
graphs. 

An example of (V.192) is given in Fig. 12. 

Proof —From any (0,0),-graph we can construct 
“completely numbered (0,0),-graphs” according to 
(i)*. From the definition of the “total symmetry 
number,” the total number of such different completely 
numbered (0,0),-graphs is given by 

g=N!'S", (V.193) 
where N is the totai number of lines (straight or wavy 
and internal or external) in the (0,0) ,-graph. From each 
of these different “completely numbered (0,0) ,-graphs” 
we can choose an incoming wavy line and an outgoing 
wavy line; change both to straight lines; label both 
with the momentum p but retain their numbers. The 
resulting graph is a “completely numbered proper 
(1,1).-graph.” The total number of such different 
“completely numbered proper (1,1).-graph”’ is 

Lg=L?N'S—, (V.194) 
where the factor L? represents the different ways to 
choose these two wavy lines among the Z numbered 
incoming wavy lines and the Z numbered outgoing 
wavy lines. The same set of “completely numbered 
(1,1).-graphs” can also be constructed by numbering 
the related set of proper (1,1),-graphs. By using the 
definition of the “total symmetry number” u,, the 
number of such different “completely numbered (1,1) .- 
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graphs” is found to be 
NIE we. (V.195) 
Equating (V.194) with (V.195), we find 
BSo=> ui 
In an entirely similar way, by considering the related 


set of proper (0,2),-graphs and (2,0),-graphs it can be 
shown that 


(V.196) 


L(L-1)S"=¥0;29°=Tiwse, (V.197) 
where L(—1) represents the different ways to choose 
two among the L appropriate numbered wavy lines 
and label them +p and —p, respectively. 
Combining (V.196) and (V.197), we prove Lemma 1. 
Lemma 2.—lf 
0 
In9o9*=0, 
Ox 


(V.198) 
then 


z'=K(p— 0)—x’(p— 0)+(0!T,,17/0), (V.199) 


where K and &’ are given by (V.78) and (V.79). 
Proof.—From (V.160), we can write 

ra) 

Q-'— In 9g’ 


-1+ 5 («2)"L[(0,0),-graph], 
Ox 


(V.200) 


where 2Z is the total number of wavy lines in the 

(0,0),-graph. In (V.200) the sum extends over all 

different (0,0),-graphs. Throughout this appendix, we 

use the notation [(u,v).-graphs | to represent the term 

corresponding to the (u,v),-graph as given by (V.190). 
By using (V.190) and (V.196) we find 


(x22) L*[_ (0,0) .-graph } 
=>; [ith related proper (1,1),-graph ]p+0, 


where the sum extends over all different related proper 
(1,1).-graphs. The factor (xzf)~' on the left-hand side 
is due to (ii)*. Similarly, by using Lemma 1 we find for 
any (0,0),-graph that the following identity holds: 


(x22) L[_ (0,0) .-graph } 
= >>; [ith related proper (1,1),-graph ],+0 
—} >; [jth related proper (0,2) ,-graph ])+0 
—4 >. [Ath related proper (2,0),-graph ]p+0. 
(V.201) 


If (V.198) holds, then by substituting (V.201) into 
(V.200) and utilizing (V.191) it follows that 


zt=K(p— 0)— Kin(p — 0)— bKout(p — 0) 
+(0|T;, 17/0). 
Thus, Lemma 2 is proved. 
To prove Theorem 3 we notice that (V.199) is 
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identical with 

{[m*(p) F'’—K(p) +X’ (p)},.0=0. (V.202) 
On the other hand, from (V.77), 


[o’(p)/9N (p) |= K’(p){Lm*(p) '—K(p)},  (V.203) 
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117, 


AND: € 


and 
nits '(p)= {[m*(p) } 1— K(p)} 
— {[m*(p) | ‘— K(p)} TK’ (p) P. (V.204) 


Combining (V.202), (V.203), and (V.204), we complete 
the proof for Theorem 3. 
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Calculations of Total Cross Sections for Scattering from Coulomb 
Potentials with Exponential Screening* 
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Momentum transfer cross sections and total cross sections are calculated for scatterir 


energy function V = (Z,Z2e7/r) exp(—r 


1). Here the first factor is the Coulomb term ar 
factor contains a screening length a. The cross sections are obtained by integrati: 
section over all angles using a classical calculation or a Born approximation calculati 


g from the pote ntial 
id the exponential 
ig the differential cross 
o which- 


m according 


ever is valid. The validity criteria are discussed as they depend on the de Broglie wavelength of the scattered 


particle. In certain cases the Born approximation solution is valid at small angles an 
is valid at large angles. Graphs and tables are presented showing the results as 


parameters. 


The momentum transfer cross section is finite in all cases and the total cross sectis 
classical limit. In this limit, however, calculations are presented showing that portior 


the classical solution 
functions of suitable 


5 finite except in the 


l of the 


total cross 


section which arises from scattering through angles greater than a specified small angle 


1. INTRODUCTION 


HE screened Coulomb potential energy function 

is often used to describe the interaction between 
two colliding atoms. It is useful in an energy range 
extending from a few hundred electron volts to several 
hundred thousand electron volts. The function under 
consideration is 


V = (Z,Z2¢"/r) exp(—r/a), (1) 


where Z,e and Zee are the nuclear charges of the colliding 
atoms and a is a screening length. Differential cross 
sections were computed classically for scattering from 
this potential energy function in a paper,' hereinafter 
called reference I, and similar calculations which agree 
well have been made by Firsov.? Experimental measure- 
ments of differential cross section for ion-atom collisions 
by Fuls et al.* agree very well with the calculated 
values. Evidently one may use the classical calculations 
of I with some confidence to obtain values of impact 
parameter and distance of closest approach, as well as 


* This work was sponsored by the Office of Ordnance Research, 
U. S. Army, through the Ordnance Materials Research Office at 
Watertown and the Boston Ordnance District. 


t Now at 
sylvania. 

1 E. Everhart, G. Stone, and R. Carbone, Phys. Rev. 99, 1287 
(1955). Hereinafter called reference I 

20. B. Firsov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 447 
(1958) [Soviet Phys. JETP 7, 308 (1958) ]. 

3E. N. Fuls, P. R. Jones, F. P. Ziemba, and E. Everhart, 
Phys. Rev. 107, 704 (1957) 


Franklin and Marshall College, Lancaster, Penn- 


differential cross section 
It was, therefore, 


at various scattering angles. 
thought desirable to extend the 
calculations to obtain certain total scattering cross 
sections for this potential. 

It has recognized that the Coulomb 
potential gives rise to an infinite total cross section 
both classically and quantum mechanically. The 
addition of the exponential screening factor, however, 


long been 


makes this total cross section finite ex ept in the purely 
classical limit, as seen in the values to be presented 
in Sec. 4 below. 

Although the total elastic scattering cross section is 
a well-established concept, it is not particularly useful 
because it cannot be measured. The reason, of course, is 
that extremely gentle collisions make up a large part of 
the total cross section, and one cannot experimentally 
tell the difference between an unscattered particle and 
one which has been scattered through a minute angle. 
One way of avoiding this difficulty is to calculate, as 
in Sec. 5 below, only that portion of the total cross 
section which results from scattering in excess of a 
specified angle. 

Perhaps a more useful cross section is that for 
momentum transfer. This incorporates a 1—cos@ factor 
in the integrand, which gives a low weight to the gentle 
forward collisions and a proportionally higher weight 
to the more violent collisions. The momentum transfer 
cross section enters into calculation of diffusion coeffi- 
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cients as discussed by Massey and Burhop.‘ This 
quantity is calculated in Sec. 3 below and it is seen that 
the momentum transfer cross section is finite in all 
cases including the purely classical limit. 

The general procedure in calculating total cross 
section is to integrate the differential cross section over 
all angles. No exact solution for differential cross section 
is known for this potential. In addition to the classical 
calculations of I, there is the well-known solution by 
the Born approximation method. Generally speaking, 
these two solutions are valid in mutually exclusive 
regions and it will be necessary to examine carefully 
the respective validity criteria. In certain cases the 
integration must be carried across an angular region 
where neither of the above solutions for differential 
cross section are strictly valid, and the calculation 
gives approximate values which are uncertain, perhaps 
to within a factor of two. In other cases the difficult 
angular region does not contribute significantly and 
the results are accurate. All calculations are made in 
center-of-mass coordinates. 


2. VALIDITY CRITERIA 
There are three characteristic lengths which appear 
as parameters in the solution. The first of these, the 
screening length a of Eq. (1), is often taken to be 


a= ao/(Z,!+Z,!}}, (2) 


where d9=0.53X 107% cm. 
The second of these lengths is a parameter 6 defined 
by 
b=Z,Z2¢"/(}mv*), (3) 


where m is the reduced mass and 1 is the relative velocity 
of the atoms before collisions. In the absence of screen- 
ing, as in Rutherford scattering, b would be termed the 
collision diameter. 
The third characteristic length is A, the de Broglie 
wavelength, given by 
A=h/mv. (4) 


Discussions of the conditions under which a classical 
solution or a Born approximation solution for differ- 
ential cross section is valid have been given by 
Williams,* Bohr,’ Mott and Massey,’ and Firsov® as 
well as reference I. In regions where b/A<<1 the Born 
approximation solution is valid for all angles and the 
classical solution is nowhere valid. In regions where 
b/A>>1, and also a/A>>1, the classical solution is valid 
at angles much greater than a certain limiting angle 


*H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952), 
p. 367 ff. 

5N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). 

* E. J. Williams, Revs. Modern Phys. 17, 217 (1945). 

7N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, New York, 1949), 2nd ed., Chap. VII, 
Secs. 4 and 5. 
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@. and the Born approximation solution is valid at 
angles much smaller than a limiting angle 45. 

It is necessary to develop formulas for @, and 6, for 
the particular potential of Eq. (1) and to discuss the 
difficulties in integrating across the transition region. 

The classical limiting angle @, is found by requiring*~’ 
that the collision be well defined within the limitations 
of the uncertainty principle ApAa~h. For small-angle 
collisions, the change in momentum Ap is mv@,, or 
hé./X. A reasonable choice for the significant length 
Ax would be the impact parameter, or, more precisely, 
the classical distance ro of closest actual approach 
during the collision in question. Substituting these into 
the above uncertainty relation leads to 


0L~XK/ro. (S) 


This is the same result which Mott and Massey show.’ 
Their formula shows A/a, but their @ is identified with 
the significant scattering distance and is not to be 
confused with @ used here as the screening radius. In 
fact the screening radius is very often several times 
smaller than ro at the very small angles where the 
uncertainty limit applies. 
The relationship between ro and @ is given*® for small 
angles by 
6a/b= K,(r0/a), (6) 


where K;, is the first order modified Bessel function of 
the second kind. 

The desired upper limit @, for the Born approxi- 
mation solution is found from considerations discussed 
by Mott and Massey relating the potential energy at 
the distance A/@ with the scattering angle 6. This 
relationship’ is 

V (4/05) = mv"Op. (7) 


Substituting the potential energy function of Eq. (1) 
into Eq. (7) the result can be written 


6ya/b= (X/b)/[In(b/2%) }. ®) 


This form is chosen in order to express the limit 4, 
in terms of the single parameter 6/A. The formula 
applies when 6/4 is large, since for small 6/A the Born 
approximation solution is valid for all angles. 

A third angle of interest is 6’, that at which the 
classical and the Born approximation values of the 
differential cross section intersect. This angle is always 
less than both @, and @, and is very much less for large 
b/K. 

A typical case, that for b/A=5 and b/a=2 is plotted 
in Fig. 1. This shows differential cross section computed 
with both classical and Born approximation formulas 
plotted vs angle of scattering and illustrates the three 

* This analytic solution to Eq. (17) of reference I was pointed 
out by John L. Carter, Jr., in a private communication. 

*N. F. Mott and H. S. W. Massey, reference 7. Their strong 
inequality at the top of p. 126 becomes our Eq. (7) when @ is 
replaced by its limiting angle 65. 
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Fic. 1. A comparison of the classical and the Born approxi 
mation solutions for the differential cross section for scattering 
from a screened Coulomb potential energy function. It is drawn 
for the case 6/A=5 and b/a=2. The classical solution is valid for 
angles much greater than @, whereas the Born approximation 
solution is valid for angles much less than 0. The curves intersect 
at angle 6’. 


angles 6., 0, and 6’. Other comparative values of these 
angles are given in Table I for various values of b/X. 

Figure 1 illustrates the difficulty encountered when 
computing total cross sections. On the one hand the 
classical solution is valid where #86, and the other 
solution is valid where 6<6,. It happens that 0.<4 
and there is some overlap, but the curves do not agree 
very well in the region where they overlap. Un- 
fortunately there is no exact solution known, and no 
progress will be made unless one arbitrarily extends 
one or both curves into a region where the above 
strong inequalities are violated. There are two quite 


Fic. 2. Momentum transfer cross sections for a screened 
Coulomb potential energy function. Above b/A=1 the results 
depend on the particular angle at which the change over is made 
from the classical to the Born approximation solution. The solid 
lines have @, and the dotted lines have 6, as the “change over” 
angle. 
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arbitrary procedures. The first procedure would use the 
classical solution for angles greater than @, and the 
other solution for all smaller angles. The second 
procedure would use the classical solution for angles 
greater than @, and the other solution for smaller 
angles. 

The two procedures give values for the total cross 
section computed in Sec. 4 which differ from each other 
by a factor of two for some values of b/A. In view of the 
uncertain validity of either formula in the transition 
region both values are given. Accurate values of total 
cross section in regions must await an exact 
solution for differential cross section. 
for 6/A>1 and ro/A<, 


the classical solution is 


these 


There is one region, that 
Here 
nowhere valid and the Born approximation solution is 


where there is a gap. 


good only at small angles. A discussion of this region 
is given by Bohr® who found justification for extending 
the Born approximation solution to partially close this 
gap. 


TABLE I. Certain transition angles are given as a function of 
b/X. Here @, is the lower limit of validity of the classical solution, 
6, is the upper limit of the Born approximation solution, and 6’ 
is the angle at which the two solutions intersect. The table is 
obtained using formulas valid at small angles 


w 


Wwe sO UT O 
eageatke owe 


3. MOMENTUM TRANSFER CROSS SECTION 


The momentum transfer cross section o,, is the sum 
of two terms 
Mi T M2, (9) 


o,,/0° 
where M, is the contribution from the region of small 


angles where the Born approximation applies and M2 


is from the region where the classical solution is valid. 


Here 
M, anf [o 8)/b 1 —cosé sin6dé, 


where the differential scattering cross section o(6) is 


(10) 


given by the well-known” formula 


(11) 


VU echanics (McGraw- 
vy rk, 1949). p 168 


See, for example, L chiff, Quantum 


Hill Book Company m 





COULOMB PCTENTIALS 


Equation (10) is integrated to give 
M,= (x/2)(\n(L20?+1) — L2a?/ (L2a?+ 


where L, corresponds to the limiting angle 6. 
The second term in Eq. (9) is 


M,= anf [o(0)/8? }(1—cos#) sinddé. (13) 
6 


This was evaluated numerically using the classical 
values of differential cross section from reference I. 

Although @. has been taken as the transition angle 
in Eqs. (10)—(13), the calculations were repeated using 
6. The resulting values of momentum transfer cross 
section are shown in Fig. 2. The solid curves were 
calculated using @, and those calculated using 4, are 
shown dotted where they differ appreciably. 

A transition occurs at b/X equal to about two. Below 
this line the Born approximation solution applies at 
all angles. Here M.=0 and @, is replaced by w in Eqs. 
(10) and (12). For b/A>2 there are contributions from 
both M, and M,. The discrepancy between solid and 


TABLE II. Classical values of the momentum transfer cross 
section for the screened Coulomb potential energy {unction. 
Here b/A= ~., 





b/a 


0.889 
1.76 
3.10 





dotted curves illustrates the effect of the choice of 
transition angle and shows the need for an exact 
solution. 

The limiting case, }/A=@, is of particular interest 
since this corresponds to an entirely classical solution. 
In this case M, is zero and the integration of M, 
extends from 0 to x. The momentum transfer cross 
section is finite, and is a function of b/a alone. In the 
unscreened case of Rutherford scattering, where 
a—o and b/a—0, the momentum transfer cross 
section is infinite. Figure 2 shows, however, that a 
slight amount of screening suffices to insure a finite 
value. Classical values of o»/6? are given in Table II. 

The solid and dotted curves for }/A=2 in Fig. 2 lie 
on either side of the limiting curve }/A=~, and all 
curves for b/A>2 lie clustered in this same vicinity. 
This situation comes about because the Born approxi- 
mation differential cross section of Eq. (11) lies con- 
siderably above the corresponding classical differential 
cross section of reference I at medium to large angles. 
As 6/X increases the transition angle decreases in such 
a way that the curves for }/A in excess of two are all 
practically coincident with the limiting case b/A= =~. 
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Fic. 3. Total cross sections for scattering from a screened 
Coulomb potential energy function. The solid lines have @, and 
the dotted lines have @, as the “change over” angle. At the upper 
and left edges of the figure all lines have slope —2 on log log paper 
and may be extended without limit. 


4. TOTAL CROSS SECTION 


The total scattering cross section o is also the sum 
of two terms 
Ii4+T, (14) 


o/b 


where 
a 


I, ar f [o(0)/b* ] sinddé, 


0 


I= 2 f [o(0)/8* | sinddd. 
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Fic. 4. Limited classical total cross section for scattering from 
a screened Coulomb potential energy function. Only those 
particles are included which are scattered to angles in excess of the 
specified angle a. 
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The first of these is readily integrated using Eq. 
(11), and the second term equals x(p./b)? where p- is the 
classical impact parameter corresponding to 6, as 
tabulated in reference I. The result is 


o/b?= (wa*/X*)L2a?/(L2a?+1)+(p./b)?. (16) 


For 6/A<1 the total cross section is given entirely 
by extending 7, from 0 to z, and the well-known 
result is 


(17) 


o/b?= (42ra‘/XM!)/ (14+-407/X?). 


The total cross sections are shown in Fig. 3. The 
solid lines are those in which 0, was chosen as the transi- 
tion angle, and the dotted lines have @, as the tran- 
sition angle. At the top and the left edge of the 
figure all lines have slopes —2 on log log paper and may 
be extended without limit. 


5. LIMITED TOTAL CROSS SECTION 


The limited total cross section oq is defined here as 
the cross section for scattering to angles in excess of a 


PHYSICAL REVIE\ 


AND 
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specified angle a. Experimental measurements of 
scattering cross sections must have a lower angular 
limit because of the finite angular resolution of the 
the impossibility of differentiating 


between an unscattered particle and one which has 


apparatus and 
been scattered through a negligible angle. 

A study of Table I shows that @, and 6 are very small 
angles, much less than one degree for large values of 
b/X. Thus the classical solution is often valid for angular 
regions which can be measured experimentally. 

The limited total cross section is found very simply 
from 


(18) 


Ja T Pa’ 


where p, is the classical impact parameter corresponding 
to scattering through an angle a as found in reference I. 
For convenience in comparison with experiments Fig. 4 
plots values of this cross section as it depends on b/a 
and the specified angle a. 
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In this paper the expression for the transmission coefficient, which was derived formerly by 
field emission, is integrated by making certain approximations. The formula for the eff 


Miiller for 
ciency of field ioniza- 


tion could then be integrated. Furthermore the supply function is calculated by regarding the molecule as 
moving in a central field of force. The main object of the paper is that of deriving analytical formulas which 
give a better picture of the dependence of the field ion current on the various parameters. 


1. INTRODUCTION 


ULLER' has shown that, in a field up to 500 10® 

volts/cm, the mechanism by which field emission 

of positive ions takes place in the field ion microscope 

depends upon the supply of molecules and their field 
ionization probability. 

As the molecule approaches the tip from the low-field 
region where the ionization is negligible, to the high- 
field region near the tip, the ionization will increase due 
to a reduction in height and breadth of the potential 
wall which binds the electron and will reach a sharp 
limit when the ground level of the molecule sinks below 
the Fermi level of the emitter. 

Miiller'? has calculated the ionization probability 
for a molecule approaching the tip from a distance L A 
up to (L—1) A with a speed depending on the field F 

* For this investigation, H. Fiedeldey received a bursary from 
the Council for Scientific Industrial Research, Pretoria. 

1 E. W. Miller and K. Bahadur, Phys. Rev. 102, 624 (1956). 


2R. H. Good and E. W. Miiller, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1956), Vol. 21. 


and the molecular polarizability. He has taken the 


effective potential of the escaping electron to be 
(1) 


in a one-dimensional approximation of the problem. The 
The terms on the right are, respectively, associated with 
the Coulomb attraction between ion and electron, the 
applied field, the image of the electron in the metal 
(tip) surface and the image of the ion. A wave me- 
chanical calculation leads to the formula 


Sem\' 772 ey 
D(L)=exp} ( ) lv x)—FL +Vr-—| ax , 
| nt) Je, 4L} | 


(2) 


for the penetration probability of the electrons where 
I : 
V ; is the ionization potential. 


In a rough approximation for the three dimensional 
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penetration probability A(Z), Miiller finds 
A(L)=—D(L)/\nD(L). 
Finally Miiller obtains the formula 


yX10-% 
P(L) =——-——-A(L) in A“, (4) 
> Mu) 


ass 


for the ionization probability where v is the frequency 
of the bound electron and 1/F(M/a)! the time taken 
by the ion to move through 1 A with a radial velocity 
depending only on dipole attraction. 

The formula (4) was integrated graphically by 
Miiller.? 


2. THE INTEGRATION OF D(L) 


The contribution of the image potentials in formula 
(1) can be neglected for large values of L. By keeping 
the term —e¢/4ZL in formula (2) the effect of the image 
potentials is not entirely neglected. With this approxi- 
mation Eq. (2) reduces to 


2 


8m\* 77 é ei 
—|InD= (—) f (rs —eFL+eV;— —) dx. 
i? Zi L- x 4L 


(5) 
On substituting 
W=3(eV;—e/4L), Fo=43F 


z=L—x and 


Eq. (5) becomes 


—InD= (= “yf (-ere— S40) ae (6) 


This integral differs from the corresponding expression 
for the field electron transmission coefficient? by a 








Fic. 1. The image potentials. 


IONIZATION AT 


METAL SURFACE 


A 
' Vio-E 








Fic. 2. The potential barrier. 


factor 2 only and can be written down by comparison®*: 


4(2m)* é\i 
D(L) =exp{ -— («:-—) to) 
3heF 4L 


2(AF)! —2/4L 
y= es —[1+(1-y)}, 


ae 4 Ze eF 


where 


and 


1 
v(y)= Zlit (1—y)! })CE(k)— (1— (1-9) 9) K(R) ], 
v2 


K and E are the complete elliptic integrals of the first 
and second kinds defined by 


K(k)= {= 


(1—# sin*)! 
«/2 
EQ) = f (1—# sin*y)'d¢, 


0 
2(1—¥’) 
Pe 
1+(1—)9" 


The function o(y) has been evaluated for representative 
values of y by Burgess, Kroemer, and Houston.‘ For 
sufficiently large values of L, e/4L becomes small com- 
pared to eV; and can be neglected. In this region D(L) 
will be denoted by D,(Z). 

We shall now discuss the case where the image po- 
tentials cause an appreciable lowering of the potential 
barrier. This is possible only when the width of the 
potential barrier is greater than 2/3L (see Fig. 1). 

In Fig. 2 the dotted curve is a representation of 
V (x)—£ when the image potentials are not taken into 
account. The full curve represents the real potential 
barrier. eZ denotes the energy of the tunnelling elec- 
tron, where E= FL—V,+e/4L. 

The image potentials cause a displacement of the 


* L. W. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 
‘ Burgess, Kroemer, and Houston, Phys. Rev. 90, 515 (1953). 
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classical turning point x, to x3, but do not effect a 
notable change in the position of the other classical 
turning point #2. Denoting the distance from the tip 
surface to the border of ionization zone by Lo, it is seen 
that x3=0 when L=Jp». Thus the width of the barrier, 
which changes siowly, is approximately equal to Lo. 
Hence a lowering of the potential barrier can only be 
expected when L<3/2Lo. The lowering will be appreci- 
able when L<5/4/o. The evaluation of D(L) in the 
interval (Lo,5/4Lo) requires a known value of 23= L—<3. 
In order to calculate z; we approximate the image 
potentials in the region (0,L/3) by (3¢/L)x—@, where 
ed is the work function of the metal (see Fig. 1). This 
approximation is justifiable because the image poten- 
tials are not well known in a region of 2-3 A from the 
meta! surface. 
Hence V(z)—E= — (F+3¢/L)z+ V1+2¢, and 


(V1+2¢)/(F+3¢/L). (8) 

When L=L> the ground level of the atom, which is 
given by FLlyo—V1—e/4L, becomes equal to —V, so 
that Lo~(V,;—¢)/F. Substitution of this value of Lo 
into (8) yields z Lo, as one should expect. This con- 
firms that the approximation (8) is a good one in the 
interval (L9,5/4/ 

An approximation for D(L) in this interval can now 
be obtained by neglecting the image potentials in the 
expression for V(x)—£, but integrating between the 
limits x; and x2 shown in Fig. 2, this becomes in terms 


of z: 


[eV (s)—eE |'dz -f [eV (z)—eF ]'dz 
a Z 
-fi [eV (s)—eE }idz. 


The first term on the right has already been calculated. 
To simplify the integration of j/2;"[eV (z)—eE }'dz we 
also neglect the term —e/z in V(z) which is of the order 
—e/L in the interval (23,2;). This means that the cor- 
rection for the displacement of the classical turning 
point from z; to zs, which is calculated below, is some- 
what too great. However the lowering of the potential 
barrier between z; and z= 2Z/3 has also been neglected. 
These two opposing errors will partly cancel each other. 
The correction applied to —InD(Z) in the interval 
(Lo,5/4L) is given by: 


2(2m)* pe 
_ — f (—eFs+eV1)'dz 
h 23 


4(2m)*_ 
+ [ (eV;—eFz 


Shek 


:)§— (eV ;—eFz)!]. 


Denoting D(L) by Do(L) in the region (Lo,5/4L9) we 


AND D 


FOURIE 
4(2m)*(eV, 


she F 
4(2m)? 
of 
3heF 


eV é 1/ 
ie 2) [1 + 
2eF 


where 


Vit2¢ 


o. 
Za 


' PL+4+3¢6 


(1—y#)"], 


2e(eF)! 
y . (9) 
eV;—e&/4L 
For values of L in the interval (5 
good approximation, w] 
3/2L the formula 


119,3/2Lo), (7) is a 


le for values of L greater than 


4(2m)* 2(éF)! 
eVr)'v(y) | where y= 
Shek eVy : 
(10) 


D,(L) 


exp 


is a good one. The corresponding formulas for P(L) 
can be obtained by using Eq. (4). The values of P(L) 
obtained from those formulas are in good agreement 


1 1 


with the graphically calculated values of Miiller. 


3. THE INTEGRATION OF /,,” P(L)dL 


In the intervals (1,5/4L (5/4L9,3/2L59) and 
(5/29, ) P(L) is successively denoted by Po(L), Pr(L), 
and P,,(L). First we calculate /(*P..(L)dL. P,.(L) can 


be written in the form 


P,.(L)= Ao exp| 4/F)o(y)], y=CoFt, (11) 


where 
3x 10-*y 
Ao=- — , Bo=6.83X 10" (eV 7), 
(a; M)*Byo(CoF ,*) 
(12) 
7.58 X10 
f Vy 
where P.,(L) is expressed in At, F in volts/cm and 
eV ; in electron volts. 
Although A 
comparison with ex] 
garded a constant. We define the 


is not a constant it changes so slowly in 
y) | that it can be re- 


function 


U (F)=(Bo/E v(y)]. 


re 
) 


(13) 


re t(y) =0(y) — 2/3yd0/ 


Because 3[ ¢(y)+5(y) ]~1,'w q 
ly it follows that: 


dy and s(y)=0(y 


Substituting (14 
U (F)~ DoF 


5 See footnote 2, p. 187, Table I. 
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and 


P,(L)= Ao exp[ — (Bo/F)U(F)] 


= Ay expl — (Bo/F)+ DoF"). 


It is clear that U(F) changes very slowly in compari- 
son with Bo/F, which shows that, to a first approxima- 
tion, U(F) can be treated as a constant. 

We assume that the electric field is given by the 
semiempirical formula 


(16) 


7.75Vrol K 
Pasa Be, 
r! r! 


. “~ Bo 
fi Peat= Aero f exp(—— rar, 


where r,=ro+<a. P,, is expressed in A~ and Apo has the 
same dimensions as P therefore r, is expressed in A. 
Putting t= (Bo/ K)r** and x= Bo/F, Eq. (18) becomes: 


(17) 


hence 


(18) 


f P,dL= 4A cB F ote’ "TL (3,x), 


where I'(a,x)= /27i*"'e~'dt is the incomplete gamma 
function.* The asymptotic expansion of I'(a,x) for large 
values of x is given by 


N-1 (l—a@ 
(a,x) =27'e-4] > 


+04 al") | (19) 


— (—x)" 


where (a),=I' (a+n)/I' (a), (a)o=1 and the terms which 
are neglected are of the order 1/|x|*. I'(a) is the gamma 
function. 

Since the values of x are relatively large, viz., from 
20-50, we may use the asymptotic expansion leading to: 


f P,dL=4r,(F2/Bo)P2(a)(1—}F./Bo). (20) 


a 


If the numerical values of the constants, for r, in cm, 
are inserted, the term }F,/Bo is seen to be negligible 
and Eq. (20) reduces to: 


a 


ff Pedt=1trP(eViP (0). 


a 


(21) 


Next we take the variation of U(F) with F into account. 
Because U(F) changes slowly one may put e”(?)-U(¥«) 
=1+U(F)—U(F,) and also U(F)=DF-" in the in- 
tegral which then becomes: 


f P,dL= 


$ oA, Erdelyi e al., Higher Transcendental Functions (McGraw- 
Hill Book Company, New York, 1953), Vol. 2, p. 133. 


U(F.) Fe 
5? —Pata)|14| — - -1} ; (22) 
Be 


IONIZATION AT METAL 
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The formula (22) can be approximated by (21) because 
U(F,) is of the order of 10. 

In the interval (5/4Lo,3/2L0) we have 


P,(L)=A exp[—(B/F)+U(F)] 

«A expl —(B/F)+DF-""}. (23) 
Since 3.6 10-*/L<eV, for all values of L greater than 
Io (for He and fieldstrength of 410° volt/cm 
(3.6X 10-*/eV)(1/Lo) is equal to 0.03) we may put 


A~Ag, 


3 3.6X10- 1 
B~B4 1- aces | 


2 eVy a 


3 3.6X10~* 1 
D~ Dd 1+ = ree -| (24) 
14 eV, L 


where L is expressed in cm. 
We are calculating /j/4z,"”P dL, so it is permissible 
to regard the fieldstrength F as a constant. Substituting 


3.6K 10-3 By 
\=—— F (25) 


3 
—-+ u(F.) cm, 
eVy 220. 
one obtain 
b 


b 
ff Pat-wr.@ f ev LdL. 


The factor 10° converts P(a), which is expressed in A~, 


to cm™, 
The integral can now be written in the form 


b —v 4 
f P,(L)dL=10°P,, (aya f ~~ 'dl 
- a? 


ev e “og? 
_ 10"P-(a)(———~ f —at), 
y & l 


where A/L= —1, }/a=x, and \/b=y. 
By using the function’ E*(x)=— f_,%e~‘dt/t the in- 
tegral reduces to 


b 
f P,(L)dL=10°P,,(a)d 
: (e%/y)— (e#/x)+E*(x)—E*(y)], (26) 


where J is expressed in cm and P,,(a) is expressed in A“. 
Finally we calculate /io'“°Po(L)dL. It follows from 
(9) that 
Bo 


P,(L)~P, wont 


9 


{(-2Y-(-2)] 


7A. Erdelyi et al., Higher Transcendental Functions (McGraw- 
Hill Book C ompany, New York, 1953), Vol. 2, p. 143. [See also 
E. Jahnke and F. Emde, Tabies of Functions (Dover Publications, 
New York, 1945), p. 83.) 
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where /’y represents the field strength at Lo. Because 2; 
and P,,(L) may be regarded as constants for purposes 


of the integration in the interval (1,5/4Zo), (27) 
becomes: 


r By Foz3 ’ 
Po(L)=M exo 4 - i— ) 
L Fy Vi ‘ 


Bo Fz, ! 
$F) 
be Fy Vr 
It has already been shown that 


V1+2¢ Vi+2 
Fo+36/L  Fo+3¢/Lo—30[ (1/Lo)— (1/L)] 


36 ( “)] 
i- } 
Vit+2¢ L 


5/41, one finds that 


36 Lo 
-(1- )=008 
Vi+2¢ L 


where 


M=P,,(L») exp 


ca 
a 


. L| 1 + 


For helium, with L 


which shows that the approximation (29) was per- 
missible. Substitution of (29) into (1—Fo23/Vz)! leads to 


Foz o\! 3(Vi-—¢) L 
(=!) -( 2 
Vi Vi Vi+2¢ I 


o\ 7! 

)] oo 
o\! 9(Vi-—¢) Lo 

(—)|1- (-=)} en 
Vi 2(V1+2¢) L 


By using this appreximation one obtains: 


5/4Lo 
f Po(L)dL 
Lo 


5/4Lo 
= 10°P’ (Lo) exp | oBa/Fo) f eld L 
Lo 


e'e/5Lo 
=10°P’(Lo)p exp( qgBo Po ail 
4p/5Lo p/Lo 


+ E*(p/Le)~ E*(Ap/SLa) (32) 


where 


Bo Folo\! Foni\! 
P’ (Lo) = Pa(Lo) exp| |(:- *) -(1- ) \} 
Fo Vy Vr 


AND D FOURTI 


and 2; is given by (9), while 


3.6X10-73B, 3 
J+ vir) | 
eVr 2Fo 14 


-( $ ) Vi-@ 
Vil Vit26 


The final result may be written in the form: 


Io+dr, and g 


L 5/41 


f P(L)dL f Po(L)dL 
Lo Lt 


3/2Lo 2 


4 P,(L)dL +f P,(L)dL, (33) 
5/4 Lo 3/2L9 
where the terms on the right are given by Eqs. (32) 
(26), and (21), respectively. 

In the case of large fields we « 


in use the formula 


~» 3/2Lo x 
f P(L)dL f P7(L)dL +f P(L)dL, (34) 
Lo Le 3/2Leo 


while for small fields the iast term in (33) may be 
omitted. It must however be pointed out that the choice 
of the intervals in which P)(L), P;(L), and P,(L) are 
applicable is somewhat arbitrary. 

Miiller has also shown that the field ion current is 
approximately given by 


L 


X 


PdL, (35) 


and the total current J by J= (y+1)/*, where y is the 
number of secondary electrons released per ion. 

The supply function Z has been derived by Inghram 
and Gomer.® Values of J for helium calculated from the 
Eqs. (33) and (34) are in reasonable agreement with 
the experimental values given by Miiller. 
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Chromium nitride, crystallizing with the rock salt structure, has been found to be antiferromagnetic with 
a Néel point of 0°C. The magnetic ordering scheme, as determined by neutron diffraction, is that of the 
fourth kind, with moments arranged in double ferromagnetic sheets which alternate along a line parallel to 
a face-diagonal. The structure is orthorhombic below the transition and the space group Pama has been 
tentatively assigned. The atomic displacements accompanying the distortion have been partially determined 
from the diffraction data and are discussed in relation to the magnetic structure. A value of 2.4 ug has been 
assigned to the Cr moment; the moment direction is parallel to the b axis of the orthorhombic cell (face- 


diagonal of the cube). 


INTRODUCTION 


ONSIDERABLE attention has been directed in 

recent years toward the determination of spin 
arrangements in antiferromagnetic iron-group com- 
pounds crystallizing with the NaCl structure. Neutron 
diffraction studies! of a number of oxides, sulfides, and 
selenides have shown that in all these compounds the 
antiferromagnetic structure is characterized by an 
arrangement in which next-nearest neighbor spins are 
oriented antiparallel to one another. Atoms separated 
by unit translations parallel to the axes of the chemical 
unit cell thus have their moments oppositely directed 
below the Néel point. 

The magnetic structure has been further character- 
ized as consisting of a sequence of ferromagnetically 
aligned (111) sheets which alternate in sign. This 
description is consistent with powder diffraction data 
but requires the assumption that spins are all parallel 
or antiparallel to a single direction in the crystal. It 
has been pointed out? that this model is not unique and 
that it is possible to choose a number of noncollinear 
spin arrangements which are consistent with the powder 
data. It should be noted in this connection that the 
conclusion that next-nearest neighbors are antiparallel 
can be unambiguously deduced from the diffraction 
extinctions and is independent of the assumption of 
collinearity. 

This antiparallel coupling is stabilized by a super- 
exchange interaction proceeding via the anion located 
midway between each pair of magnetic ions. In fact, 
Anderson® has concluded that if the exchange utilizes 
the p electrons of the anion it would result in strong 
antiferromagnetic coupling between the cations sym- 


+ Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1C. G. Shull, W. A. Strauser, and E. O. Wollan, Phys. Rev. 83, 
333 (1951); L. M. Corliss, N. Elliott, and J. Hastings, Phys. Rev. 
104, 924 (1956); W. L. Roth, Phys. Rev. 110, 1333 (1958). 

* W. L. Roth, Phys. Rev. 111, 772 (1958) ; A. L. Loeb and J. B. 
Goodenough, Conference on Magnetism and Magnetic Materials, 
pp. 55-68; Boston, 1956 (American Institute of Electrical Engin- 
eers, New York, 1957), Spec. Publ. T91, A. L. Loeb, Acta Cryst. 
11, 469 (1958) ; F. Keffer and W. O’Sullivan, Phys. Rev. 108, 637 
(1957). 

+P. W. Anderson, Phys. Rev. 79, 350 (1950). 


metrically located on either side of the anion. Thus the 
linear coupling scheme Mt— X— Mj found in rock salt 
structures would appear to depend upon the corre- 
lation of anion pf electrons in the same state and to 
derive its directionality from the shape of the p-wave 
function. 

The rock salt compounds hitherto investigated by 
means of neutron diffraction are all largely ionic in 
character. It would be of interest, from the point of 
view of the superexchange mechanism, to examine 
compounds in which the bonding is appreciably more 
covalent and in which, at the same time, the rock salt 
structure is retained. In this paper we consider the case 
of CrN, a nonionic, interstitial compound, which we 
have found to be antiferromagnetic. In contrast to 
most oxides and sulfides, interstitial compounds of this 
type are characterized by exceedingly high melting- 
points, suggesting that very strong metal to nonmetal 
bonds are present. Pauling* has suggested that in com- 
pounds involving first-row elements, where the maxi- 
mum number of covalent bonds is four, these bonds 
may resonate among the six positions available at an 
octahedral site. More recently, the interstitial com- 
pounds have been extensively discussed by Rundle,® 
who proposes a new bonding scheme to explain the 
many striking physical properties of these compounds. 
We will return to a consideration of Rundle’s theory 
after the presentation of experimental results since the 
antiferromagnetic structure of CrN may be correlated 
in an interesting way with his proposed general model. 


Preparation and Magnetic Measurements 


Eimer and Amend “carbon free” chromium was 
finely ground and sieved through a No. 200 sieve. Its 
magnetic susceptibility was measured after passage 
through a magnetic separator, and found to agree with 
accepted published measurements. 

A sample of this chromium was nitrided at 1100°C 
with NH; that was dried over sodium and passed 


*L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, 1948). 
*R. E. Rundle, Acta Cryst. 1, 180 (1948). 
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TABLE I. Molar susceptibility of CrN. 


Temperature °K 325 207 282 273 258 225 77 
Xu (X 10°) 745 763 800 755 620 505 450 


( 
5 


through a fine sintered glass filter. Successive grindings 
and nitridings were necessary to yield a specimen that 
was substantially free of the lower nitride, Cr2N. 

Several samples were prepared in the above manner 
and all showed a slight ferromagnetic impurity which 
we have tentatively ascribed to Cr,N. In order to 
measure the susceptibility a procedure involving an 
extiapolation to infinite field was used. The measure- 
ments were made by an induction method using a 
cylindrical sample placed in a uniform field. A current 
was then passed through a coil wound around the sample 
and adjusted to restore the uniform field. The current 
is then a measure of the magnetization. The apparatus 
was calibrated both on an absolute basis from the 
dimensions of the coil and on a relative basis using 
ferrous ammonium sulfate. Table I lists the suscepti- 
bility-as a function of temperature for CrN determined 
in this manner. A plot of the data given in Fig. 1 shows 
a rather sharp antiferromagnetic transition at about 
0°C, 

DIFFRACTION DATA 


Neutron powder diffraction patterns were obtained 
at room temperature, liquid nitrogen and liquid helium 
temperatures. Typical patterns, taken at a wavelength 
of 1.064 A, are shown in Fig. 2. The room temperature 
data indexes as a cubic rock salt structure having an 
@ equal to 4.13 A, and shows a slight Cr.N impurity. 
The liquid nitrogen data shows a well developed super- 
structure and requires a doubling of the original unit 
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Fic. 1. Molar susceptibility of CrN as a function of temperature. 
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cell in two directions in order to index the new lines. 
There is practically no difference between the 77°K 
and the 4.2°K patterns. The pseudocubic indices shown 
at the bottom of the 77°K pattern in Fig. 2 are for a 
unit cell which, for the sake of convenience, has been 
doubled in all three directions. The fact that the unit 
cell must be doubled in two directions in order to index 
the peaks implies that the ordering scheme of the mag- 
netic moments is of the fourth kind, shown in Fig. 3. 
In this kind of ordering, assuming collinear spins, the 
twelve nearest neighbor magnetic moments are half 
parallel and half antiparallel to the central moment; 
while of the six next-nearest neighbors, four are anti- 
parallel and two parallel. The nearest neighbor dis- 
tribution is thus the same as in ordering of the second 
kind which is the only type of magnetic ordering 
heretofore observed in rock structures. The six 
next-nearest neighbor moments however are all anti- 
parallel in ordering of the second kind as compared 
with only four in ordering of the fourth kind. In the 
latter kind there are two possible ways in which the 
four interpenetrating substructures may be combined 
leading to either alternating double ferromagnetic 
sheets in one direction [110], (a) of Fig. 3; or alter- 
nating single ferromagnetic sheets interleaved with 
mixed sheets propagated in two direction at right 
angles to each other [110 and 110], (b), of Fig. 3. It 
should be noted that the product of the structure factor 
and multiplicity, 7F*, for the two possible models are 
identical so that they are indistinguishable on the basis 
of powder intensity measurements. However, as will be 
shown later, this ambiguity can be eliminated on the 
basis of the superstructure peak positions. All attempts 
at varying both the spin direction and magnetic form 
factor in order to obtain suitable agreement between 
calculated and observed integrated intensities for the 
magnetic peaks based on this model failed. Table II 
lists the calculated intensities for several of the simple 
spin directions tried, together with the [310] direction 
which gave the best fit. Even for this last direction the 
disagreement between calculated and observed in- 
tensities is considerably greater than the experimental 
error and forces one to conclude that the model is 
unsatisfactory in detail. All of the calculated intensities 
listed in the table are based upon a Mn** form factor. 
The nature of the discrepancies is such, however, as to 
rule out the possibility of modifying the Mn** form 
factor in a reasonable manner and thereby obtaining a 
satisfactory fit. 

A careful examination of the neutron diffraction 
patterns (Fig. 2) shows that below the Néel point the 
(111) nuclear peak of the original unit cell has de- 
creased by about a factor of two. Simultaneously the 
(111) peak from the aluminum cryostat and cell has 
increased in intensity and half-width indicating the 
superposition of some extra scattering from the sample. 
This together with the appearance below the Néel point 
of a small peak around 33° in 26, which could not be 
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indexed by the simple magnetic model, led us to in- Fig. 4. It is clear that a relatively large distortion has 
vestigate the possibility of a crystal distortion ac- set in below the magnetic transition. The low-tempera- 
companying the transition. X-ray diffraction measure- ture x-ray pattern can be indexed using an ortho- 
ments above and below the Néel point are shown in rhombic unit cell which is related to the double cubic 
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Fic. 2. Neutron diffraction patterns of CrN taken at 298°K and at 77°K. Reflections indicated by Al(hkl) are 
produced by the aluminum components of the cryostat and sample holder; second order wavelength contributions 
are designated by 4/2. The room temperature pattern is indexed on a cubic cell whereas the low-temperature 
pattern is referred to the orthorhombic cell shown in Fig. 5. Magnetic superstructure lines are denoted by the 
letter M. 
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Fic. 3. Two possible arrangements of magnetic moments for 
ordering of the fourth kind. Solid circles refer to atoms at the z=0 
level and open circles to atoms at z=4. In (a) the moments are 
arranged in alternating pairs of ferromagnetic sheets parallel to 
a single face diagonal whereas in (b) ferromagnetic sheets of 
opposite sign are interleaved with neutral sheets and the structure 
is propagated parallel to two face diagonals. 


cell as shown in Fig. 5. A comparison between calcu- 


lated and observed line positions for the orthorhombic 
structure is given in Table III. This distortion explains 
the decrease in intensity of the original (111) nuclear 
peak in the neutron diffraction pattern below the Néel 
point since it splits into the (011) anu (201) peaks of 
the orthorhombic structure and the latter nearly 
coincides with the Al (111) peak. The small peak in the 
neighborhood of 33° in counter angle previously 
mentioned can also be accounted for on the basis of 
this distortion as will be shown subsequently. Inci- 
dentally, it is this distortion which enables one to choose 
between the two alternative forms of ordering of the 
fourth kind. Model (a) of Fig. 3, as has been mentioned 
previously, has a unique direction for the ferromagnetic 
sheets while model (b) propagates ferromagnetic sheets 
in two directions. As a consequence of the orthorhombic 
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TaBLe II. Comparison of calculated and observed magnetic 
intensities in pseudocubic approximation. 








hkl Calculated intensities 
Spin direction 
{110} [111] 


Observed 
intensity 


(pseudocubic 
indices) [100] [310] 
110 838 838 838 838 << + 838 
112 685 411 685 479 560 
130 187 38 488 75 00 
132 254 84 479 127 86 

1144-330 131 83 131 96 95 


distortion, the two directions of propagation of model 
(g) become inequivalent, resulting in a splitting of the 
magnetic lines. Table IV lists the observed and calcu- 
lated peak positions for the two models and establishes 
the essential correctness of model (a). 


SPACE GROUP CONSIDERATIONS 


It is perhaps not too surprising, in view of the dis- 
tortion which sets in below the Néel point, that mag- 
netic intensities calculated for a cubic structure fail 
to accord well with the observed intensities. The 
reduction in symmetry may be accompanied by a 
motion of atoms away from the special positions 
corresponding to the NaCl structure, thus significantly 
modifying the computed superstructure intensities. In 
principle, all the information required to obtain a fit 
with the experimental results is contained in the 
magnetic space group, which provides not only a set 
of allowed positions for all atoms, but also a set of 
allowed spin arrangements and orientations with respect 
to cell axes. The application of space group methods to 


the determination of magnetic structures has been 
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TaBLe Ili. Comparison of calculated and observed x-ray line positions in orthorhombic phase (77°K) ; a= 5.757, b= 2.964, c= 4.134. 





(hkl) (hkl) 
Cubic Ozthorhombic 26 20 
indexing indexing (calc) (obs) 





(hkl) 
Cubic 
indexing 


) 
Orthorhombic 


20 
indexing (calc) (obs) 





111 O11 (4)* 
201 (4) 
200 002 (2) 
210 (4) 
020 (2) 
212 (8) 
400 (2) 


221 (8) 
013 (4) 
203 (4) 
411 (8) 


37.22 
37.98 
43.66 
43.70 
6248 «+ 
“ 


37.23 
37.99 


63.59 
64.56 


75.50 


222 022 (4) 
402 (4) 
400 004 (2) 
420 (4) 
331 031 (4) 
223 (8) 
413 (8) 
601 (4) 
230 (4) 
214 (8) 
422 (8) 
610 (4) 


79.33 
81.23 


} 96.18 


106.2 
107.62 
109.08 


110.65 


112.57 
114.75 


79.32 
81.20 
96.10 
96.22 
106.22 
107.62 
109.10 
110.66 
110.66 
112.54 
112.64 
114.72 





* Multiplicity. 


discussed in some detail in a recent publication.’ For 
purposes of the present discussion, it may be well to 
review some of the transformation properties of mag- 
netic moments in relation to space group operations. 
We may regard a space group as a collection of ro- 
tational and translational operators, which when 
applied to a crystal structure either singly or in com- 
bination, bring the structure into coincidence with 
itself. The presence of magnetic moments requires that 
operations of symmetry leave not only atomic positions 
invariant, but spin orientations as well. Symmetry 
operations of the first kind (translation, rotation) 


CrN=- 77°K 
ORTHOROHOMBIC AXES 


o*5757 , b*2.964 c# 4134 


@cr, Z=0 
O Cr, Z=1/2 


Fic. 5. Orthorhombic unit cell and reiationship of 
orthorhombic to cubic axes. 


*G. Donnay, L. M. Corliss, J. H. D. Donnay, N. Elliott, and 
J. Hastings, Phys. Rev. 112, 1917 (1958). 





transform magnetic moments in the same way as the 
vectors conventionally associated with the moment 
direction; operations of the second kind (inversion, 
reflection) reverse the sense of the vector. In addition, 
magnetic structures admit the operation of reversal of 
spin direction, which in combination with the ordinary 
symmetry operations, gives rise to a complete set of 
antisymmetry operations (antitranslation, antirota- 
tion). An operation of antisymmetry consists of an 
ordinary symmetry operation followed by a reversal 
of the sense of the magnetic vector. Thus, in a substance 
containing aligned magnetic moments, a magnetic atom 
can be placed on any ordinary rotation axis, provided 
its spin is directed along the axis; and on an antirotation 
axis only if it is two-fold, in which case the spin must 
be perpendicular to the axis. A magnetic atom situated 
on a mirror plane must have its spin directed per- 
pendicular to the plane, whereas the spin must lie in 
the plane in the case of an antimirror. Screw axes and 
glide planes are, of course, not subject to such 
restrictions. 

The introduction of antisymmetry leads to an in- 
crease in the number of possible space groups from the 
230 classical groups to the 1651 Shubnikov groups. 
The latter are simply related to the classical groups 
and have been derived by Belov’ and co-workers by a 


Taste IV. Comparison of calculated line positions of the two mag- 
netic structures of the fourth kind with observed positions. 





Magnetic reflection 
Orthorhombic 
indexing 

(a) (Final 
model) (b) 
110 100 100 
010 
112 101 101 
611 
130 110 120 
210 


Peak position 
26 (calc) 20 (obs) 
(a) (Final 
model) 


10.00 


Pseudocubic 
indexing 


18.24 
23.30 





7™N. V. Belov, N. N. Neronova, and T. S. Smirnova, Kristallo- 
grafiya 2, 315 (1957). 
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CrN ANTI FERROMAGNETIC UNIT 
CELL SPACE GROUP Pnma 
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Fic. 6. Ortho- 
rhombic unit cell of 
CrN showing mag 
netic moments in re- 
lation to symmetry 
elements of space 
group Pnma. Sym- 
bols for symmetry 
elements are those of 
the International 
Tables for X-ray 
Crystallography. 
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CHROMIUM MAGNETIC MOMENT PARALLEL TO 
b AXIS REPRESENTED BY => 
POSITIONS OF Cr ATOMS APPROXIMATE 
NITROGEN POSITION NOT SHOWN 


systematic replacement of symmetry elements by their 
corresponding antisymmetry elements. For this reason, 
all the essential information concerning available 
atomic positions can be obtained from standard tabu- 
lations of the 230 classical groups. 

In the case of CrN, since single crystals were not 
available, the usual systematic procedures for space 
group determination could not be followed. Neverthe- 
less, in the present instance, it is possible to determine 
the allowed space group of maximum symmetry. 
Furthermore, to an order of accuracy consistent with 
our experimental uncertainty, one can show that the 
conclusions reached using this space group are unaltered 
in going to an allowed space group of lower ortho- 
rhombic symmetry. 

Powder data provide the following criteria for the 
choice of space group: (1) the symmetry must be 
orthorhombic, or lower; (2) atomic positions must be 
close to those corresponding to the NaCl structure; 
and (3) the magnetic ordering scheme (ordering of the 
fourth kind) must be invariant under the space group 
operations. The last of these requirements is quite 
restrictive inasmuch as sets of otherwise indistinguish- 
able positions for the metals give rise to different spin 
arrangements in different space groups. 

Examination of the orthorhombic space groups 
reveals that the most symmetrical space group satis- 
fying the above criteria is Puma.* Both the chromium 
and the nitrogen atoms are placed in positions 4 (c): 


“Se ae ae GS oe ee 
2,%4,2; 9—-%,%9,394+2; $+, %,49—2, 


8 International Tables for X-Ray Crystallography (Kynoch Press, 
Birmingham, 1952), Vol. I. 


a, 4, 3; 
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with x~}, z~} for chromium and 2~}, z~? for 
nitrogen. The magnetic unit cell, together with the 
symmetry operators for space group Puma are shown 
in Fig. 6. Since the metal atoms lie on mirror planes, 
their magnetic moments must be directed along the 
normals to these planes; that is, along the y axis, which, 
in turn, corresponds to that face-diagonal of the original 
cube which is elongated by the distortion. It is thus 
seen that the spin axis bears a simple geometric relation- 
ship to the distortion. 


CALCULATIONS 


If we assume that atomic displacements are small, 
as indicated by the approximate agreement obtained 
with the cubic model, the structure factors can be 
expanded in terms of the deviation of the positional 
parameters from the values xcr-=}$, zor-=}, tn=}, 
zy= 4. Retaining only first order terms, the magnetic 
structure factors exhibit a dependence only on Ax, the 
shift in Cr position parallel to the x axis. Both the exact 
and approximate magnetic structure factors are listed 
in Table V. Excellent agreement between calculated 
and observed magnetic intensities can be obtained using 
a parameter value of 4rAx=0.16, corresponding to a 
shift of 0.073 A. This agreement is achieved without 
arbitrary adjustment of either the form factor or the 
spin direction ; the latter is fixed by symmetry and the 
former is the Mn*? experimental form factor, which 
should be very close to that of chromium and which 
has been found to work for several other chromium 
compounds. The magnitude of the chromium moment 
is obtained by internal normalization of the magnetic 
intensities with respect to the nuclear intensities and 
is found to be 2.36us. A summary of the final intensity 
calculations is given in Table VI. 

A salient feature of the neutron patterns is the 
appearance below the Néel point of the nuclear (211) 
reflection. This observation, taken together with the 
fact that the (202) reflection is absent, makes it possible 
to evaluate the shift in the nitrogen positions along the 
x axis. The first order structure factors for these re- 
flections are: 


Fo — 167 ( by rAxtcr— byAxn ), 
Foo = 16r( bc -Axc;+ by Aan). 


TABLE V. Magnetic structure fact 


hkl Zeroth 
(orthorhombix ist order order 
indexing Exact approx approx 


100 16 cos?2xrx 1 
101 16 sin?2rx sin*2x2 1 
110 16 sin?2x2 1 
111 16 cos*2xrx sin?2x2 1 
8(1 

1 


dr Ax 
+4rAx) 
+4 Ax 
4rAx 
4rAx 
+127Ax 


102 16 cos*2rx cos*4rz 
300 16 cos*6rx 





* Pom is the magnetic scattering amplitude of chromium. 
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The presence of (211) and absence of (202) indicate 
that Axy is opposite in sign to Axc, and comparable in 
size. Comparison with the (200),unic reflection, utilizing 
4rAxc,=0.16, gives 44Ary = —0.13. 

It is apparent that the foregoing analysis does not 
permit an evaluation of either Azc, or Azy. From a 
qualitative analysis of the relative intensities of the 
split components of x-ray reflections at 77°K, one may 
estimate that Azc, and Azy are small and probably not 
larger in magnitude than Ax. These variations in the 
z parameters can cause sma!l nuclear contributions to 
some of the magnetic peaks. However, more exact cal- 
culations show that these contributions are compen- 
sated by small decreases in the magnetic intensities, leav- 
ing the net calculated intensities essentially unaltered. 

The space group Puma, while the most symmetrical 
of the space groups consistent with the data, is by no 
means the only possible choice. The orthorhombic 
space groups Pna2, Pmn2, Pmc2, and P2,2;2; are also 
satisfactory. However, in the approximation of small 
displacements from the atomic positions in the_ cubic 
phase, the magnetic structure factors in these space 
groups all reduce to the expressions obtained for Pnma. 
The physical picture would thus appear to be relatively 
insensitive to the choice of space group, the precise 
determination of which must await single crystal 
studies. 

DISCUSSION 


The final magnetic model has been shown to consist, 
in cubic description, of alternating double sheets parallel 
to a [110] direction. In terms of the orthorhombic cell 
of Fig. 6, these sheets lie parallel to the yz plane. The 
motion of the metal atoms, as determined by the space 
group parameter, xor, results in the movement of these 
sheets parallel to their normal. The separation of like 
planes is increased by approximately ten percent while 
that of unlike planes is decreased in the same amount. 
These displacements are shown schematically by the 
arrows in Fig. 7. The motion of the nitrogen is given 
by the dashed arrow in the figure and is seen to be 
parallel and approximately equal in magnitude to that 
of the metal atoms in the z=} level. Above the Néel 
point, each nitrogen is surrounded by a regular octa- 
hedron of chromium neighbors. The distortions, which 
occur in the antiferromagnetic range, tend to preserve 


Taste VI. Comparison of calculated and observed 
magnetic intensities. 


hkl 


(orthorhombic indexing) Teaie* 


100 833 

101 563 

110 54 

111 86 

102 55 \101 
300 46 f 











* Computed using Mn*? form factor, spin parallel to b-axis, 
4r Ax =0.16. 
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Fic. 7. Atomic displacements in CrN. Plus and minus signs 
refer to magnetic moments (directed parallel to the y axis). The 
solid arrows indicate the motion of the Cr atoms; the dashed 
arrow indicates the displacement of the nitrogen atom at the 
z=} level. 
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the square arrangement in the plane of the octahedron 
and to destroy the symmetry along the axis at right 
angles to this plane. The nitrogen remains nearly 
symmetrically located with respect to the two pairs of 
antiferromagnetically coupled chromium atoms. 

Rundle® has recently given a new interpretation of 
the bonding in interstitial carbides, nitrides, and some 
oxides, having the composition MX. He points out that 
these compounds tend to have" the NaCl structure 
regardless of the structure of the corresponding metal 
and its crystallographic radius, and that furthermore, 
strong directional metal to nonmetal bonds are required 
to explain their structure, hardness, brittleness, high 
melting-points, and conductivity. The interstitial 
phases are regarded as electron-deficient structures in 
which the nonmetal forms more bonds than it has bond 
orbitals. Rundle proposes that the nonmetal utilizes 
two hybrid sp orbitals and two p orbitals to form six 
bonds, two of which would be ordinary covalent bonds. 
Full octahedral symmetry is then achieved by reso- 
nance. In more ionic compounds it is expected that 
three sets of p orbitals are utilized by the anion to form 
six equivalent bonds. 

In the case of the MnO-type of magnetic structure, 
three pairs of metal atoms are coupled antiferromag- 
netically through the nonmetal, utilizing, presumably, 
the three orthogonal p orbitals. In CrN one finds anti- 
ferromagnetic coupling in two of these directions and 
ferromagnetic coupling in the third. Using Rundle’s 
model of the bonding, one might tentatively associate 
the two kinds of coupling with the p and sp orbitals, 
respectively. One would have to assume, in this con- 
nection, that the postulated resonance either ceases or 
becomes anisotropic below the N éel point. 
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Tetramethylammonium-trichloro-mercurate, [N(CH3)4]-HgCls, is ferroelectric 
+-200°. Above 200° it decomposes without showing a Curie point. At room temperature the 


between 80° and 


spontaneous 


polarization is about 1.2 wcoul/cm?, the coercive field 3 kv/cm and the dielectric constant 60 


W* attempted to make the compound [N(CHs)« ]e 
-HgCl, (tetramethylammonium -tetrachloro- 
mercurate), which is reported to be isomorphous! with 
K.,BeF,. The latter is isomorphous with the known 
ferroelectric ammoniumfluoberyllate,? (NH,)2BeF,. 

The crystals obtained by slowly evaporating an 
aqueous solution containing tetramethylammonium- 
chloride [N(CHs), |Cl and mercury chloride, HgCl., in 
the molar ratio 2: 1 were indeed ferroelectric. 

A quantitative analysis for the elements Hg, N, C, 
and H showed, however, that the compound obtained 
was not [N(CHs3)« |s:HgCl, but tetramethylammonium- 
trichloro-mercurate [N(CH3;)4 JHgCl;. It forms color- 
less, needle-like crystals which are frequently deformed 
into flat, elongated plates. Conoscopic observation 
showed the crystals to be optically biaxial. Extinction 
under crossed nicols occurs at an angle of 45° with 
respect to the needle axis. X-ray data* indicate that the 
crystals are orthorhombic. (a=7.69, 6b=8.68, c 
= 15.75 A.) 

Owing to the shape of the samples dielectric measure- 
ments were only made in the direction perpendicular to 
the crystai plates. The material is ferroelectric at room 
temperature and shows a very good square loop between 
electric displacement and electric field. 

1A. Barker, J. Chem. Soc. 101, 2484 (1912). 

? R. Pepinsky and F. Jona, Phys. Rev. 105, 344 (1957). 

*J. G. White, RCA Laboratories, Princeton, New Jersey 
(private communication). 


At room temperature the spontaneous polarization 
is about 1.2 wcoul/cm?, the coercive field 3 kv/cm and 
the dielectric constant 60. Preliminary switching experi- 
ments showed that the material is slower than GASH, 
i.e., very slow as compared to barium titanate. 

Ferroelectricity is observable between —80°C (or 
lower) and +200°C. Around —80°C the coercive field 
becomes so high that the loop can no longer be observed. 
Around + 200°C the crystals decompose without show- 
ing a Curie point. The spontaneous polarization P, is 
only slightiy temperature dependent. room 
temperature and +200°C, P, increases by 15%. The 
coercive field barely varies between — 70°C and + 200°C 
but rises steeply at —80°C. The small-signal dielectric 
constant is almost temperature independent. 

The compound is to our knowledge the first ferro- 
electric containing the elements mercury and chlorine; 
it is one of the few ferroelectrics containing no oxygen. 
The rather complicated composition suggests many 
isomorphous substitutions which might lead to other 
ferroelectrics having the same structure. Substitution 
of the Cl by Br gave crystals which were also ferro- 
electric. Other replacements will be tried. 


3etween 
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A self-consistent, semiclassical treatment is given for the attenuation of a sound wave by a free-electron gas 
in a positive background which supports the sound wave. Emphasis is placed upon the kinds of magnetic-field 
dependence which can be found under a wide range of values for the magnetic field, frequency, and mean 
free path. Applications of the general formalism include propagation parallel and perpendicular to the 
magnetic field. The special phenomena studied include geometric resonances, cyclotron resonances, and 
magneto-plasma resonance. A qualitative physical interpretation of the various effects found in the detailed 


calculations is also presented. 


I. INTRODUCTION 


HE first experimental evidence that electrons in 

metals could contribute significantly to the 
attenuation of megacycle sound waves was uncovered 
by Bémmel! and MacKinnon.? The importance of the 
electronic system was indicated by the observed change 
in attenuation upon crossing the superconducting 
transition. Various theoretical discussions of the con- 
tribution of the electrons to the attenuation in normal 
metals were put forward,*?-* but the first complete 
theory was that developed by Pippard® for the free- 
electron gas. Pippard’s theory has successfully ac- 
counted for the major experimental features of the 
attenuation. 

By this time Bémmel’ had found that the attenuation 
showed nonmonotonic dependence upon magnetic field 
in tin at helium temperatures. The fluctuations in 
attenuation appeared at magnetic fields inconsistent 
with either cyclotron resonance or deHaas-van Alphen 
oscillations. Pippard* proposed that such oscillations 
could arise from a matching of the diameters of electron 
orbits in a magnetic field and the wavelength of the 
incident sound wave, an explanation which subsequent 
work (including the present) has shown to be correct 
in its essentials. Nevertheless, a detailed quantitative 
theory of the dependence of the attenuation upon 
magnetic field has been much slower in coming forward 
than was the original zero-field theory of Pippard. 
During the period of theoretical silence a number of 
experiments were performed which amply confirmed 
Bémmei’s original experiments and Pippard’s suggestion 
that the oscillations provided a new tool for studying 


* National Science Foundation Predoctoral Fellow. 
1H. E. Bommel, Phys. Rev. 96, 220 (1954). 
2 L. Mackinnon, Phys. Rev. 98, 1181 (1955). 
3 W. P. Mason, Phys. Rev. 97, 557 (1955). 
4R. W. Morse, Phys. Rev. 97, 1716 (1955). 
3c Kittle, Acta Met. 3, 295 (1955). 
* A.B. Pippard, Phil. Mag. 46, 1104 (1955). 
7H. E. Bémmel, Phys. Rev. 100, 758 (1955): W. P. 
and H. E. Bémmel, J. Acoust. Soc. Am. 28, 930 (1956). 
* A. B. Pippard, Phil. Mag. 2, 1147 (1957). 
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the Fermi surfaces of metals. The principal experi- 
mental investigations have been those of Morse and 
his collaborators on copper*” and tin" and that of 
Reneker on bismuth.” The experiments of Morse ef al., 
were carried out with the magnetic field perpendicular 
to the direction of propagation of the sound wave; 
Steinberg” and Harrison" have discussed some aspects 
of the observed behavior. Kjeldaas, on the other 
hand, has provided a theory of the attenuation for a 
magnetic field parallel to the direction of propagation, 
which is valid for currently employed experimental 
conditions. 

More recently Rodriguez'* attempted the solution of 
the problem of attenuation in a transverse magnetic 
field. His formulation of the problem was correct in 
most respects, but most of his results were invalidated 
by inadvisable physical and mathematical approxi- 
mations. In particular, he found no oscillations in the 
attenuation of the type suggested by Pippard and 
observed experimentally. The absence of oscillations 
derives from the mathematical procedures employed 
by Rodriguez, but more fundamental difficulties were 
that his treatment of the electric fields was not self- 
consistent and that the collision-drag effect'’ was not 
included adequately. A more careful treatment by 
Kjeldaas and Holstein'* has subsequently shown that 
salient features of the experiments are understandable 
in terms of the free-electron model. The work of 

*R. W. Morse, H. V. Bohm, and J. D. Gavenda, Phys. Rev. 
109, 1394 (1958). 

 R. W. Morse and J. D. Gavenda, Phys. Rev. Letters 2, 250 
(1959); J. D. Gavenda and R. W. Morse, Bull. Am. Phys. Soc. 
3, 167 (1959). 

"RR. W. Morse, H. V. Bohm, and J. D. Gavenda, Bull. Am. 
Phys. Soc. 3, 44 (1958) ; T. Olson and R. W. Morse, Bull. Am. 
Phys. Soc. 3, 167 (1959). 

2D. H. Reneker, Phys. Rev. Letters 1, 440 (1958) ; Phys. Rev. 
115, 303 (1959). 

a M.S. Steinberg, Phys. Rev. 109, 1486 (1958); ty 772 (1958). 

4 M. J. Harrison, Phys. Rev. Letters 1, 441 (19 

6 T. jeld aas, Phys. Rev. 113, 1473 (1959). 

6S. Rodriguez, Phys. Rev. 112, 80 (1958). 

7 T. Holstein, Phys. Rev. 113, 479 (1959). 

'8 T. Kjeldaas and T. Hoistein, Phys. Rev. Letters 2, 340 (1959). 
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Kjeldaas and Holstein relates primarily to the range 
of conditions embraced by the existing experiments of 
Morse and collaborators. The emphasis in their work 
has been on the numerical and analytical aspects of 
the theory. There remains the task of providing an 
overall theoretical survey of the dependence of the 
attenuation upon magnetic field under a wide range of 
experimental conditions. Such a survey is the subject 
of the present paper. 

In the following, therefore, we give a self-consistent 
semiclassical treatment of a free-electron gas in a 
positive background supporting a sound wave. In 
Sec. II we develop a general formulation of the theory 
of the attenuation. Starting from the Boltzmann 
equation we develop a constitutive equation giving the 
response of an electron gas to the electric field, the 
collision drag, and the electron density gradient which 
accompany the sound wave. From the constitutive 
equation in conjunction with Maxwell’s equations we 
derive a general formula for the attenuation. In our 
formulation, the conductivity tensor plays a central 
role and is studied in detail in Sec. III. In the sub- 
sequent sections we apply this formulation to cases of 
magnetic field perpendicular to and parallel to the 
direction of sound propagation. We consider wide 
variations in magnetic field, frequency of the sound 
wave, and electronic mean free path. In Sec. IV we 
consider the oscillations observed experimentally (which 
we term “geometric resonances”). In addition, we 
discuss the low-field limit, including a detailed quanti- 
tative theory of the cyclotron resonance first proposed 
by Mikoshiba.” Finally we discuss the behavior of the 
attenuation at very high fields. All calculations include 
high- and low-frequency limits. In Sec. V we extend 
the parallel-propagation case treated by Kjeldaas to 
higher fields and frequencies than considered by him. 
Our concluding section, Sec. VI, contains a qualitative 
physical interpretation of the various effects found in 
the detailed calculations. 


Il. FORMAL THEORY OF THE ATTENUATION 
A. The Constitutive Equation 


In place of a real metal, we consider a gas of No 
electrons per unit volume moving through a uniform 
background of positive charge of the same density. 
The discreteness of the ion cores in real metals is 
unimportant when the sound wavelength greatly 
exceeds the interatomic separation. A sound wave of 
propagation vector q and frequency w manifests itself 
as a velocity field u(r,/)« exp[i(q-r—w/)] in the 
positive background. In the present model, interactions 
between particles are replaced by interactions of 
individual particles with a self-consistent electro- 


8 This work on geometric resonances was carried out indepen- 
dently of the-work of Holstein and Kjeldaas; we are in complete 
agreement with their results wherever there is overlap 


2” N. Mikoshiba, J. Phys. Soc. Japan 13, 759 (1958). 
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magnetic field derived from Maxwell’s equations. The 
latter can be reduced to 


where & is the electric field and j the total current 
density accompanying the sound wave, and both vary 
as exp[i(q:r—w/) ]. The subscripts || and _L in (2.1) 
refer to components parallel and perpendicular to q, 
respectively, and 2, is the sound velocity. 

The total current density contains a contribution 
from the electrons, j., and one from the positive 
background, Neu, 


j=je+Neu. (2.2) 
The electronic current j, excited by the sound wave 
obeys a constitutive equation analogous to Ohm’s law, 
which has already been given correctly by Rodriguez.'® 
For completeness and convenience, we rederive the 
constitutive equation here. Because the sound wave- 
length is much longer than the electron wavelengths 
and the atomic separations, all further developments 
can be carried out in macroscopic terms. 

The electronic contribution is given by 


(2.3) 


where f(v,r,/) is the distribution function in phase space 
(u-space) for electrons of velocity v and position r. 
When no sound present, the distribution 
function reduces to the thermal equilibrium Fermi- 
Dirac function fo(v,EZr°), Er® being the Fermi energy, 
and does not depend explicitly on the static magnetic 
field Hy (Bohr-van Leewen theorem). When a sound 
wave is present, the distribution function is determined 
from Boltzmann’s equation 


r F of =) 
m1 OV al 


In (2.4), F is the Lorentz force, 


wave is 


(2.4) 


coll 


F=—el&+(v/c)XH], (2.5) 


where the magnetic field H includes a part H, associated 
with the sound wave in addition to Hp. 

For the collision term on the right-hand side of (2.4) 
we make the relaxation time ansatz 


or 
-) 


(2.6) is 


(2.6) 


The meaning of that f(r,v)/r electrons are 
scattered out of a unit volume of phase space around 
(r,v) in unit time and f,(v,r)/r are scattered in. Here 
r is the relaxation time and f, the distribution of 
electrons after scattering. When the impurities are at 
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rest, the electrons scatter into an isotropic velocity 
distribution centered about the impurity velocity, 
namely zero; f, is simply fo(v,Zr°). When the im- 
purities are moved by the sound wave, the electrons 
scatter into an isotropic velocity distribution centered 
about the impurity velocity u. Further, the scattering 
is local and cannot change the electron density. We 
therefore have 


fa(t,v,4) =fo(v—u(r,!), Er(r,1)), (2.7) 


for the distribution after scattering, where the Fermi 
energy Er(r,{) is chosen to give the correct electron 
density NV (r,t). 

The problem of deriving the constitutive equation 
for j. is now completely specified. We must solve the 
Boltzmann Eq. (2.4) with the collision term given by 
(2.6) and (2.7), and then we must substitute the 
result into (2.3). The Boltzmann equation is readily 
solved by a method due to Chambers.”' A particle 
contributes to the distribution function f(r,v,/) only if 
it is at the point (r,v) in phase space at time /. The 
particle will have been on the single trajectory T 
which passes through (r,v) since the time /’ at which it 
was scattered onto T at (r’,v’), Fig. 1. The number of 
electrons scattered onto T in dt’ is f,(r’,v’,t’)dt’/r, and 
the probability that an electron will not scatter again 
before reaching (r,v) is exp[—(¢—?’)/r]. The distribu- 
tion function is therefore given by 


t 
jlev)= f f.(r,v' Me! dt’ /r. (2.8) 
—@ 


Expanding f to first order in u and quantities propor- 
tional to u, 
f=fo(v,Er’) +fi, 


N=NotN; (2.9) 


Fic. 1. The trajectory T of an electron in phase space under 
the combined influence of the static magnetic field i. and the 
sound wave. An electron which contributes to the distribution 
function f(r,v,4) must have been scattered onto T at some previous 
time ¢’ at the corresponding point (r’,v’) and have followed T 
without scattering until it arrives at the point (r,v) at the time ¢. 


21 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952); 
A238, 344 (1957). 
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we obtain” 


Ofo : 
f [v’- (—e8’+mu’/r) 
OE - 


+ (3) Ep Ny’ /Norje“-*'dt’. (2.10) 
In (2.10) r’ and v’ now lie on the trajectory T» followed 
in the absence of the sound wave. The electric field & 
was introduced into (2.10) by expressing fo(v’,Er") 
—fo(v,Er®) in terms of the energy change along the 
trajectory and then integrating by parts. The quantities 
&’, u’, and NV,’ are all proportional to exp[i(q-r’—w1’) ] 
so that (2.10) may be rewritten in terms of &, u, and N, 


ofa mu 
fit,v,b) — “| 3) . (s- =) 
OE er 


2E, 
+- KN (2.11) 
< Nor 
where 


t 
w),Kw)= f (—ev’, 1) 


Xexp{ilq: (r’—r)—w(t’—2) ] 


—(t—t')/r}dt’. (2.12) 
By substituting (2.10) into (2.3) we obtain the 
desired constitutive equation 


j-=o@- (&—mu/er) — RNje,. (2.13) 
In (2.11), @ is the magneto-conductivity tensor for 
frequency w and wave number q, 


o= fo (—ev)J(v)(—afo/dE), (2.14) 


and as such enters all time- and position-dependent 
transport phenomena; e.g., the Azbel’-Kaner effect.” 
Collisions with moving impurities have the effect of 
adding an apparent drag mu/r in (2.13) to the forces 
acting on the electrons. The magnetic field H, associated 
with the sound wave does not enter explicitly. The 
third term in (2.13) arises from diffusion of the non- 
uniformly distributed electrons, the vector R being 


given by 
2E of 
R - f rK(v)(—)av. 
3Nor7?, OE 


2 One can see from (2.10) or (2.11) the close relation between 
Chamber’s method® and the idea of a local Fermi surface 
employed by Pippard.* The change in the radius of the Fermi 
surface Av(r,t; ir) considered by Pippard is simply the integral 
in (2.10) divided by mop. 

™G. Dresselhaus and D. Mattis, Phys. Rev. 111, 403 (1958). 


(2.15) 
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There is a relation between J and K obtained by 
integrating by parts on ¢’ in Eq. (2.12), 


iJ-q= —e{1—[(1—iwr)/7r ]K}, (2.16) 


which leads directly to an interesting and useful relation 
between o and R, 


io-q= —[3Nce*,(1--iwr)/2Ep "JR. 


In order to develop the significance of Eq. (2.17), we 
consider the generalization of (2.13) to arbitrary 
position and time dependence. The current induced by 
the electric field is 


(2.17) 


t 
je(t,t) =ecv far’ f dt’ X(r—r’, t—’)- E(r',t’). (2.18) 


Taking the Fourier transform of (2.18) leads back to 
the corresponding part of (2.13) 


jer (4,) =@(q,w)-&(q,), (2.19) 


‘but with o(q,w) expressed as 


yn 


a(q,w) -f ds X(q,s)e***, 


0 


(2.20) 


where s=/—1’. Proceeding similarly with the diffusion 
current, we start with the general relation 


t 
j-2(r,t) efar f dt’ 


XP(r—r’, (—)- 9 Nilr’,’). (2.21) 


and obtain 
jeo(G,w) = eD(q,w) -iqN1(q,e), 
D f ds P(q,s)e™*. 


The diffusion coefficient D(q,w) is directly related to R 
[see Eq. (2.13) ], 

iD (q,w)-q= — Ro,. .23) 
A mobility tensor can be defined as usual 

@(q,w) = Noep(q,w). (2.24) 


Comparison of (2.17) and (2.23) shows that (2.17) is 
equivalent to a generalization of the ordinary Einstein 
relation to hold for nonlocal, time-dependent processes 
occurring in constant magnetic fields,™ 


eD(q,w) 
B(g,0)= 
? 


2Ep®/3 


(1—twr). 
* The foregoing argument is incomplete. We can conclude from 
comparison of (2.17) and (2.23) only that 


(D— (3) Erw/e(1—iwr)]-q=0, 


D=([ (9) Er°w/e(1—iwr) ]+Dp, 
where D,-q vanishes. However, from (2.22) a term like D, cannot 
give rise to a diffusion current and may be disregarded. 


HARRISON, 


AND HARRISON 

Kubo’s generalization of the Einstein relation®® was 
limited to q=0. It is curious that (2.25) differs from 
the usual Einstein relation only through the factor 
(1—iwr) despite the finite wave number. 


B. The Attenuation Coefficient 


The sound wave feeds both kinetic and potential 
energy into the electron system as it propagates. The 
electrons dissipate this energy to the positive back- 
ground through collisions. An individual collision is a 
local event so that only kinetic and not potential 
energy is changed after a collision. By straightforward 
manipulation based on the Boltzmann equation one 
can show that the average rate of loss of electronic 
kinetic energy via collisions is (j,-&)« per unit volume. 
Not all of this kinetic energy is dissipated as heat, a 
part being coherently fed back into the sound wave. 
Because the average electron velocity (v) before collision 
in general differs from that after collision u, there is a 
net force exerted by the electrons on unit volume of 
the positive charge equal to Nom((v)—u)/r. Energy 
is fed back into the sound wave at an average rate 
(u- Nom((v)—u)/r) and the net power dissipated per 
unit volume is 


O=} Re{j.*-E—u*-Nom((v)—u)/r], (2.26) 


where we have used complex quantities as in the 
previous section for convenience. The correction to the 
j.*-& term is related to the collision drag effect con- 
sidered by Holstein.’ It is of importance for the 
attenuation primarily at high frequencies or magnetic 
fields. 

Equation (2.1) can be conveniently rewritten as 


j= —o.B-6, (2.27) 
where the tensor B has the principal components 


i(—~, 8,8) relative to axes defined by q and two trans- 
verse directions; a is the de conductivity; and 


B=we?/4araor,?, y=B(2,/c)?, (2.28) 
after the (v,/c)? in the denominator of (2.1) is neglected. 


The above expression (2.26) for Q can be transformed to 

QO=—4 Ref Noeu*- (1+ B)-&] (2.29) 
with the aid of (2.2), (2.3), and (2.27). The electric 
field & must be linearly related to u, 


&=W- Neeu/oo. (2.30) 


After (2.30) is inserted for &, (2.29) becomes 


O=No($m|ul?/r)a-S-@ (2.31) 


where 


S=—Re[{(I+B)-W], 


and @ is a unit vector in the direction of the 


(2.32) 


28 R. Kubo, Can. J. Phys. 34, 1274 (1956); J. Phys. Soc. Japan 
12, 570 (1957) 
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polarization. The three independent directions of 
polarization 4@;, i=1,2,3, form the coordinate axes in 
which B has already been expressed and in which W 
and S can also be. We choose @; along q and @; to lie 
in the plane of q and Ho, Fig. 2. For a particular 
polarization the power dissipated Q, is 


(2.33) 


so that our problem amounts to calculating a diagonal 
element of the tensor S. One would have expected the 
factor No(}m|u\|?/r) to establish the scale of Q from 
simple dimensional arguments alone, which suggests 
that S;; does not ordinarily differ from unity by more 
than a few orders of magnitude. 

The quantity of interest experimentally is the 
attenuation coefficient a, which gives the exponential 
decay of sound intensity with distance. a is the power 
density dissipated per unit energy flux, or 


a=Q/}M|ul?»,, 


where M is the atomic mass of the metal being re- 
presented by our simple model. From (2.33), we have 


(2.34) 


for a, where /=vpr is the mean free path of an electron 
and vp the Fermi velocity. Since a, by its nature, is the 
reciprocal of the mean free path L of the sound wave, 
the relation between L and / implied by (2.35) is of 
particular interest. For copper, for example, Mo,/mvp 
is about 100 so that 


L; = 1001/S% for Cu. 


Ease of measurement and the general order of magni- 
tude of background attenuation require that L be of 
the order of 1 cm or perhaps somewhat less. Thus, with 
S; of order unity, the mean free path / must be of 
order 0.1 mm or longer for readily observable attenua- 
tion by electrons. There is the additional point that 
only with long mean free paths can information about 
the details of the electronic structure be obtained rather 
than macroscopic properties. These dictate the require- 
ments of pure materials and low temperatures; e.g., 
for very pure Cu, r might be as long as 10~™ sec at 
helium temperatures and hence Le~4/S,,;. There are 
two limitations on the maximum value of Sy which 
can be tolerated. First, ZL; should not be very much 
smaller than the thickness of the thinnest specimen 
which can be conveniently studied, say ~0.1 mm, and 
hence for Cu, S,; should not be larger than 10°. Second, 
if L; becomes comparable to the wavelength, ~0.05 
mm for 60 Mc/sec, then a correction to the frequency 
or velocity of sound becomes necessary because of the 
Kramers-Kronig relations, which imposes essentially 
the same upper bound on Sx. 
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Fic. 2. The coordinate systems utilized for the expression of 
quantities like B, S, and@. The system (1,2,3) fixed to the direction 
of propagation q is most convenient for the expression of B and S. 
The system (x,y,z) fixed to the direction of the field Ho is most 
convenient for the expression of the conductivity tensor @. 


We turn now to the derivation of the tensor W and 
the explicit form of S. The equation of continuity 
relates N, to Jes; 

jer= —Nyer,. (2.36) 
The third term in (2.14) can therefore be written as 
R jer = R-j., (2.37) 
where the tensor R has the components 
Riy= Rd, (2.38) 
and from (2.17) 


—twrop? 
Ra a a. a we 


3ao(1—iwr)»,? 


(2.39) 


i= — Aga. 


We can now simplify the constitutive equation (2.13) to 
j-= oo’ - (&—mu/er) (2.40) 

by use of (2.37), where 
oe’ =(I—R}'-@/a (2.41) 


is an effective conductivity which includes diffusion 
and is measured in units of oo. Substitution of (2.27) 
and (2.41) into (2.2) leads to an expression for W, 


W=-—[e+B}'-[l—e’] (2.42) 


We are thus led to the sought-after expression for S by 
inserting (2.42) into (2.32), 


S=Re{[I+B)]-[e’+B}’-[(1+B]}-—I, (2.43) 
or, in components 
Si=Re{ (1+ By)*L (+B) 4) —1. 


Equation (2.44) together with Eq. (2.35) completes the 
formal solution of the ultrasonic attenuation problem. 
Our results are exact within the limitations of semi- 


(2.44) 
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classical transport theory and the relaxation time 
ansatz. 

Our goal is to use (2.44) as a basis for exploring the 
possible kinds of dependence on frequency and magne- 
tic field entering the attenuation through o’ and B. 
The derivation and analysis of convenient expressions 
for the conductivity components are carried out in the 
next section, and the classification of the field and 
frequency dependences entering S is deferred to Secs. 
4 and 5. However, it is possible to delimit here the 
dependences entering S primarily through B. By com- 
bining (2.27) and (2.30) we obtain 


j= B-W-Noeu 


between the 


(2.45) 


for the relation total current and the 
current of positive charge. The latter is screened by 
the electron current when j is much smaller than Noeu. 
From (2.42) the conditions for screening are that 


(a) |Bul<«1, (b) | Bul<)o,|. 


If either or both of these is violated, the screening is 
incomplete. The meaning of condition (a) is that 
screening occurs when the electric fields generated by 
the positive ion motion are strong enough to force the 
electrons to follow. This is not possible at frequencies 
sufficiently high that |B,|>>1, the high-frequency 
limit. On the other hand, (b) means that screening 
occurs when the conductivity is large; i.e., when a 
large electron current results from a given electric 
field. It is shown in the following that @ and hence o’ 
becomes small at high fields; that is, | By | > ox | in 
the high field limit, where screening is incomplete. 

For transverse waves, i=2 or 3, | B,;| is simply the 
8 of Eq. (2.28) and equals $x times the square of the 
ratio of the classical skin depth to the phonon wave- 
length. In copper, such as that used by Morse ef al.,° 
8 is 10~ at frequencies of order tens of megacycles. 
Thus condition (2) would be satisfied up to frequencies 
of order 10° megacycles, or, in high resistivity metals, 
to frequencies correspondingly lower. Inasmuch as 
ultrasonic frequencies of order 10‘ megacycles are now 
attainable,** we shall treat both the low-frequency 
limit, <1, and the high-frequency limit, 8>>1, in Secs. 
4 and 5. For longitudinal waves, however, | By,|=y 
is practically always negligible so that (2.44) may be 
simplified to 


Si Re[ (o’ +B) Ju—1. 


Similarly, the high-field limits 8>>o22’, 033’ are attainable 
for the transverse components, whereas that for the 
longitudinal component 8(2,/c)*>>on’ is both beyond 
reach and in the quantum limit. Nevertheless, we 
include the high-field limit because of the rather un- 
expected nature of the results. 


(2.46) 


*°K. N. Baranskii, 
(1957) [transalation: Soviet Phys.-Doklady 2, 237 (1957)]; 
H. E. Bmmel and K. Dransfeld, Phys. Rev. Letters 1, 234 (1958) ; 
2, 298 (1959); 3, 83 (1959). E. H. Jacobsen, Phys. Rev. Letters 
2, 249 (1959). 
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Ill. CONDUCTIVITY TENSOR 


The magnetic field dependence of the conductivity 
tensor is implicit in the integral expressions (2.13) and 
(2.15). The present task is to exhibit this dependence 
explicitly in a convenient form by evaluation of the 
integrals. We first note that for arbitrary g(v) 


. of NV 
J g\v ( ; ) ly : fa g(Vr), (3.1) 


so that J and K need only be evaluated for v>=vp. We 
choose a coordinate system having z along H, x in the 
plane of q and H and y coinciding with our previous 
axis 2, Fig. 2. The relation between (r,v) and (r’,v’) is 


a! . f (; 
UV; Vy COSL We (i 


-f) 4 ri) 1, 
+ (v,/w ¢ |-- sing}, 


. , 
Vy sin[ w t—ts 


=y—(v, aw 


aa 
¢ |—cos¢}, (3.2) 


; 


. 


v,—=v Cost, 


v,=0 sind, 
in this system, where 


eH /me (3.3) 


is the cyclotron frequency and @ and ¢ are the polar 
angles of v. Substituting this expression of the kinetics 
into (2.13), we obtain 


(J(vr),K(vr)) 
ievp/X )0/d@ 
ievp0/OX, 1 


eUp ( os# 


=exp[ —iX siné sin¢ ] 


5(X,0,¢), (3.4) 


where 
9 (X,0,¢) f ds exp{—iLX sin# sin(w.s—¢) 
0 


]20r COS) s—ws | 5 

after writing X for g.v¢/w, and replacing ‘—?’ by s. 
Note that R= p/w, is the"orbital radius of an electron 
moving perpendicular to Hy with the, Fermi velocity. 
The integral over s in (3.5) is readily performed with 
the aid of?’ 


(3.6) 


X sinO)e'"* 
wr COSA —w)T 
27 Eredelyi, Magnus, Oberhettinger, and Tricomi, Higher Tran- 
scendental Functions (McGraw-Hill Book Company, New York, 
1953), Vol. 2, p a 
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The results obtained thus far permit us to write the 
conductivity tensor @ in the form 


‘sind cos@ 
dQ isin sind pe~** sin? sing 
cos@ 


36 


o=— > 
4r 1 


(—i/X)d/d@ J ,(X sind)e 
x —id/aX == . (3.8) 
cos 1+i(nw,.—w+q.0r cosé)r 
The integration over ¢ can be carried out by repeating 
the procedures used to obtain (3.4) and (3.8), and we 


arrive at the following useful expansion of the con- 
ductivity tensor 


» 1 etl { #/X 
@=30, > - i0/0X | J,(X siné) 
nao 2 Jy cosé h 


n/X 
x & id/ ax PRS so 
L cosé 
sin6dé 


— . . (3.9) 

1+i(nw,.—w+gq.0r cosé)r 

An important property of the conductivity tensor 
is displayed by (3.9). 


o.;(H) = (- 1)*054 (H), 


where “a” is the number of times y appears among the 
indices i and 7. This interchange relation implies that 
the components of @(H) satisfy the same Onsager 
reciprocity relations for finite q and w as they do for 
vanishing q and w. The system as a whole is invariant 
to reflection in the x-z plane and simultaneous change 
in sign of H, with the consequence that** 


o4j(H) = (—1)*e4;(—H). 


Combining (3.10) and (3.11) leads to the Onsager 
relation 


(3.11) 


o.;(H)=0;(—H), (3.12) 


as stated. Equation (3.12) applies to 2,;(r—r’, i—/’) as 
well, so that we have deduced by detailed calculation 
that the Onsager relations apply to nonlocal, time- 
dependent phenomena. Kubo’s derivation of the 
Onsager relations®® was limited to the case q=0. 

Inspection of (3.9) or the earlier Eq. (2.13) shows 
that e=o,—ie; has no poles in the upper half of the 
complex frequency plane and vanishes at infinite 
frequency, from which it follows that the Kramers- 
Kronig relations 


—@2, 1(w’ dew’ 


1 a 
T _" w’—w 


(3.13) 


ad Detailed examination of (3.9) leads to the same conclusion 
as this symmetry argument. 


(3.10) 
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hold for finite q and H. Simple dispersion relations for 
the H dependence of # appear to hold only for q=0 
but w still arbitrary, when they are identical to those 
found by McClure” for q and w both zero. 


IV. PROPAGATION PERPENDICULAR TO FIELD 


It is convenient at this point to specialize to particular 
directions of propagation in order to simplify the 
pertinent expressions. @ may be written explicitly for 
q.H. In this case our two coordinate systems coincide 
with 1¢»> x, 2<+ y, and 32, 


3e0 0 (1—iwr)g,(X) 
U7 (ier 1- >= - | 
gP wo 1+i(nw.—w)T 


yr $,(X) 
I22= 309 ) — 
n=—© 1+4(nw.—w)T 


’ 


309 2 (1- iwt) gn’ (X) (4.1) 
o2=—en=— > ee 
2ql m——«© 1+-i(mo,—wr) 

D r,(X) 

033 300 > = se ’ 
n=—» 1+-i(nw.—w)T 


013= 931 = 023 = 032=0. 


{2 


gn(X) -{ J .2(X sin#) sinddé; 
0 
gn (X) = (d/dX)g,(X); 


#/2 
$,(X) -f [J ,’(X sind) ? sin*6d6 ; 


0 


r/2 
r,(X) -f J .2(X sin@) cos’é sinédé. 
0 


The expressions in the first column have been rewritten 
from the form: 


309 n’g,(X) 
ges Fy =. , a 
X? n——«@ 1+-i(mo,—w)T 
3008 wn 

oe 


2X n—=2 1+i(mw.—w)r 


which is obtained directly from (3.9). This was done 
by noting that >>...” g.(X)=1, which follows from 
the relation > ,...” J.2(X)=1. We also make use of 
the fact that g,(X)=g_,(X) and that Xw,r=ql. The 
evaluation of the functions gn, gn’, Sn, and r, is discussed 
in Appendix I. 


* J. W. McClure, Phys. Rev. 112, 715 (1958). 
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We may now write the three diagonal components of 
S [Eq. (2.44) ], in terms of the nonvanishing com- 
ponents of o’: 


O22 +18 


~ — | 
Lo'3)'099'+ (o19')? +1804,’ 


(1+78)? 


e . 
: O22 +iB+ (a 12’ )?/o 1 1’ 


—1 (4.4) 


’ 


(1+-78)? 
-|—1. (4.5) 





03 ,’ +18 


In deriving (4.3) and (4.4) we have used the fact that 
|o13'|>>y for all attainable fields and frequencies. 

We now need only evaluate the tensor @’ for any case 
of interest and substitute into the above expressions. 


A. Geometric Resonances 


We expect geometric resonances when the phonon 
wavelength is of the order of the classical orbit radius; 
i.e., when X is of order unity. In this case w, is much 
greater than w (by a factor of order vp/»,), and if in 
addition |w.r/(1—iwr)|*>>1, we need keep only the 
n=Q terms in the summations appearing in (4.1). The 


6 8 
ak 


Fic. 3. The field-dependent factor in the attenuation of a 
longitudinal wave moving perpendicular to the magnetic field. 
The abscissa is the product of the phonon wave number and the 
classical orbit radius of an electron moving perpendicular to the 
magnetic field at the Fermi velocity. gR is inversely proportional 
to the field. The attenuation is obtained by multiplying the 
relative attenuation by (Nm/pv,r)[g*?/3(1+w*r?) ]. The curve 
8<1 applies when the classical skin depth is much less than the 
wavelength; the curve 8>1, when it is much greater. In both 
cases the cyclotron frequency is taken to be much greater than 
the electron scattering frequency. 
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resulting conductivity tensors become: 


£o\ te 


3iwr (1—iwr) [1 


The appearance of the Bessel function in the integrals 
go, fo, and so leads to oscillatory dependence of the 
components of @’ on H. If the condition |w,.r/(1—iwr) |* 
>1 is not well satisfied, terms with |m| higher than 
zero enter. That these terms of higher m tend to wash 
out the oscillations can be seen from consideration of 
the relation > ,....*” J,2(z)=1 and the slow variation 
of the frequency denominator with field in the range 
where w.>w. 

With Eq. (4.6) substituted into (4.3), (4.4), and (4.5) 


we obtain the attenuation when | 8(o0/e22)|<1. 


gl 


Si - 


4.9) 


For Sy, an additional term was obtained which was 
smaller by a factor of order 1/¢/?=i/(X*wr*). For 
our approximation X ~~ 1 and w,r>>1, so this is dropped. 

The expression for S3; agrees with Eq. (50) of 
Rodriguez'® when gi>1. Rodriguez has plotted this 
attenuation for several values of gi but did not display 
the ripples which are apparent in our plot for large gl. 

These three results are plotted in Figs. 3 and 4. 
Note that the abscissa is proportional to the reciprocal 
of the magnetic field. We have plotted only the field- 
dependent factor, which is contained in brackets in the 
above expressions. These are independent of parameters 
associated with the material measured provided always 
that w,.7r>>1, gi>1, and 81. Note the strong oscilla- 
tions in S;; and So. The maxima and minima in Sy, 
occur when g» vanishes. Positions of the first few 
extrema in S;; are given in Table I. Both Sez and S3; 
drop to zero at fields sufficiently high that gR=X<1 
but not so high that the condition Bao/|o22\<<1 is 
violated. For this range of fields the 
dependent factor in S,, saturates at the value 1/5, a 
result which obtains not large. 
Combining this result with Pippard’s result for the 


same field- 


even when gi is 
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zero field attenuation,’ we see that the saturation 
value is larger than the zero field value when gi>5x/2 
and smaller when gl<5x/2. 

The parameter foo/|o22| can become greater than 
unity at fields in the geometric resonance range if the 
frequency is sufficiently high. The condition for this is 
that 8 itself be large, 8>>1. Under these circumstances 
substitution of the oe’ of (4.6) into (4.3) to (4.5) yields 


gP gi 
Su=— —_—— {=| (4.10) 
3(1-+c*s?)L1— go 


2wr 
) (4.11) 
B 


(4.12) 


z 
So 
<« 
= 
= 
we 
= 
He 
at 
w 
> 
(= 
ace 
— 
w 
a 





Fic. 4. The field-dependent factor in the attenuation of a 
transverse wave propagating perpendicular to the field, when the 
classical skin depth is much less than the wavelength and the 
cyclotron frequency is much greater than the eiectron scattering 
frequency. The abscissa is the product of phonon wave number 
and classical orbit radius. S22 corresponds to polarization per- 
pendicular to the field; S33 corresponds to polarization parallel 
to the field. The attenuation 1s obtained by multiplying S« by 
Nm /pter. 


Si, again shows oscillations, the extrema of which 
coincide with those of the low-frequency case as dis- 
played in Fig. 3. If wr can remain small while 8 becomes 
large, S22 and S33 show oscillatory behavior as displayed 
in Fig. 5. Otherwise, the field dependent terms become 
smnall, and Sy: and S33 equal one. Provided 7 is less 
than 5X10-" for a metal like copper, the conditions 
for oscillation can be met. When + has the value 
5X10-", the conditions are satisfied for w=2X10". 
As r decreases, the value of w required decreases in 
proportion. To bring w down to values such that X is 
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i — 
( 


8 10 


Fic. 5. The field-dependent factor in the attenuation of trans- 
verse waves propagating perpendicular to the magnetic fieid when 
the classical skin depth is much larger than the wavelength, but 
the frequency of the wave is much less than the electron scattering 
frequency. The cyclotron frequency is taken to be much greater 
than the electron scattering frequency. S92: corresponds to waves 
polarized perpendicular to the field; S33, to waves polarized 
parallel to it. The attenuation is obtained by multiplying by 
Nm/pr,7. 


of order unity for attainable magnetic fields (10° gauss), 
r would have to be lowered to about 107", 


B. Cyclotron Resonance and Low-Field Limit 


We expect cyclotron resonance effects when the 
phonon frequency is of the order of the cyclotron 
frequency.” In these circumstances the frequency de- 
nominators in the conductivity tensors (4.1) can become 
small, and the possibility of oscillatory behavior arises. 
Under this condition X will be very large, since 
X = (vp/vs)(w/w,). Thus it will be convenient to take 
the asymptotic form for the tensors in (4.1). In 
Appendix II it is shown that g,(X)=1/(2X)+0O(X~-), 
rn (X)Ssq(X)1/(4X)+0(X-4), and g,’(X)LO(X-4). 
These expressions are valid only for X>mn; when n 
exceeds X, the g,(X) become small. Hence, if we take 
the asymptotic form for g,(X), etc., in evaluating (16), 
we make an error of the form of the final term in the 
following equation: 


r gn(X) 1 ad 1 
ne 1+i(mw.—w)r 2X” 1+i(nw.—w)r 
e 3 2(1—iwr) 
~o|- a | 
2X wm X (1—iwr)*+n'w?7? 


TABLE I. Magnitude of X at Extrema of S,, 





Maxima Minima 


0 2.94 
4.04 6.04 
7.27 9.16 
10.45 12.28 
13.61 15.41 
16.77 18.55 
19.92 21.68 
23.07 
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The last term may be estimated by replacing the 
summation by an integration over m and the term is 
found to be of the order. of 1/g’*P? whereas the first is of 
order 1/ql. We are interested in the case wr large; 
hence, we may take gl to be very large and retain only 
the first term which may be evaluated directly, noting 
that® 


1 z 1 x 1 
» 
> 3 M4 n ; ~+22 2 i p ‘ 
n=—©1+i(nmw.—w)r 1—wrlz n=l 2°-+- "94 


z cothz 


1—wr 
where 


(4.13) 


z= (1—iwr)x/w.r= (1—iwr)eX/ql. 


Then, using (2.41), we obtain the limiting expressions 


for the o’. 
3 [rw’?* coths 
— —~— iw 
gP 2ql 


OL X-4(gl)-*]; 


— C21 
0 33\ = 39/(4ql) coths. 
In the expressions (4.3) and (4.4) for Sy, and S22, o12'021' 
will always be negligible in comparison to the terms we 
are keeping in o1:’¢22’. Noting also that the expressions 
for the transverse waves become identical, Eqs. (4.3), 
(4.4), and (4.5) for gl>1 become 


Su Re[_(1/o1:')—1 I, 


(1+78)? 
Soo= S33 R¢| — i} 
033 +18 


(4.15) 


(4.16) 


We note that as the field goes to zero, z= (1—iwr)4/w.r 
becomes infinite and cothz and tanhz approach 1. The 
above expressions then become the same as those 
derived for zero-field by Pippard® for the case gl>1. 

For the magnitudes of field of interest in cyclotron 
resonance, cothz will be of order unity. Thus we may 
drop terms of order wr(cothz)/gi and terms of order 
1/(ql cothz) in comparison to terms of order unity. 
Then (4.15) becomes 


wal 
Si Re coths. 
6 


(4.17) 


This expression is displayed in Fig. 6 for wr=10. As 
wr is decreased, the oscillations are damped out for 
lower w/w. 
Similarly, (4.16) becomes simply S22.=53;=1 unless 
8 is sufficiently small that terms of order cothz/g/8 and 
cothz/qis* become appreciable. In this case, the last 
*E. T. Whittaker and G. N. Watson, A Course of Modern 


Analysis (Cambridge University Press, Cambridge, 1950), fourth 
edition, p. 136. 
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w/¥, 


Fic. 6. The ratio of the attenuation of longitudinal waves as a 
function of magnetic field to that at zero field as a function of the 
ratio of phonon frequency to cyclotron frequency w/w is in- 
versely proportional to the magnetic field and is numerically 
equal to gR(v,/vr). The product of the phonon frequency and the 
electron scattering time, wr, is taken equal to ten. 


of these will be dominant and (4.16) becomes 


Soe S33 1 +- (39 ‘gls*) Re cothz, (4.18) 


showing resonances similar to those for longitudinal 
waves. Such a case would be obtainable in copper if 
the scattering time were sufficiently long that the 
cyclotron resonance were observable. 


C. High-Field Limit 
The conductivity components (4.1) have the limiting 
behavior 


oo(1—iwr) 


(4.19) 


(4.20) 


at fields high enough that w.r210gl. Substitution of 
(4.20) into (4.4) and (4.5) yields 


(4.21) 
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for the high-field limits of the transverse cases, a more 
precise result than that obtained above when terms of 
the order of (4.21) were omitted. The attenuation of 
longitudinal waves at very high fields is somewhat 
more complex. In the low-frequency limit #1, Sy 
first saturates at (1/15) (g/)*/[1+ (wr)*] provided that 
(wer)*>>}(ql)*/wr. Then, as (w.r) becomes comparable 
to 1/8 a term §?(w,r)? appears in Sy. In the high- 
frequency limit 8>>1, on the other hand, no saturation 
occurs, and one passes from geometric resonance 
directly to an H? dependence: Si:= (wer)?/[1+ (wr)? ]. 
In both cases, the attenuation continues to increase as 
H* for all attainable fields. However, if one imagined 
fields sufficiently large that y(w.r)? is of order unity, 
the H? dependence would pass into 


(wer)? 
Su=— eee 
4 E (+01) +4 (wer) P 





(4.22) 


Equation (4.22) shows that there is an enormous broad 
maximum in the attenuation when 


wWe= wel 1+ (w,/cq)*}', 


of width in w, comparable to the value at maximum. 
Here w, is the plasma frequency, w,?=4rN e?/m. The 
maximum value of Sy: is }(wp/w)?/[1+ (w,/cqg)*] and 
is of order 10" when 1/8>>wr. Finally, at fields beyond 
the maximum, S;; saturates again at unity. 

The high-field limits for the transverse waves occur 
at fields both experimentally attainable and at which 
the present theory applies. For the longitudinal waves, 
however, the high-field maximum just described occurs 
at unattainably high fields for ordinary metals, which 
fields are also well beyond the limits of validity of the 
semiclassical transport theory used here. A completely 
quantum mechanical treatment of the magneto-plasma 
resonance is required. Further, the attenuation is so 
enormous that from the Kramers-Kronig dispersion 
relations it follows that the elastic constants must 
depend strongly on magnetic field when 8(w,r)>>1. 
The amplitude of the maximum may decrease by 
orders of magnitude when this effect on the sound 
velocity is included. Our calculation, therefore, is quite 
unrealistic, and our purpose in reporting it is solely to 
call attention to the possibility of such effects in metals. 
Moreover, in semimetals with low effective masses and 
low carrier densities, such behavior may well occur at 
attainable fields. 


(4.23) 


V. PROPAGATION PARALLEL TO THE FIELD 


@ for this case may be obtained from (3.9) by taking 
the limit as X goes to zero. In addition, it is convenient 
to let the transverse currents and fields be circularly 
polarized in the x-y plane, following the treatment of 
Kjeldaas.'® The correspondence between the two co- 
ordinate systems is now 1¢+2, 2+ y, and 3«+ —z. 


IN METALS 


We obtain 
o,'= 04/0= (oss ion) /oo=G*, 


where 


rE sin*6d6 
0 1+i(+w.+gop cosd—w)r 





; f cos’@ sin6d@ 
0 1+i(gl cosé—wr) 





* —_cos@ sinédé 
1— (ql/wr)} f 
0 1+i(gl cosé— wr) 


The quantity G* is precisely that obtained by Kjeldaas. 
We note that |G*| <1 and that G* — 0 as the magnetic 
fields becomes infinite. 
For the transverse 
attenuation, 


rn 
ee 





wave we obtain for the 


il (5.3) 


For the case treated by Kjeldaas, for which 8 can be 
neglected, we obtain his result, 


S,=Re[(1/G*)—1] for B«K1, BK|G+|. (5.4) 


It should be noted that the condition B&|G*| will 
always break down at sufficiently high magnetic fields 
since G* can be made arbitrarily small by increasing 
the field. Thus the equation (5.4) should be supple- 
mented with a high-field limit. We take the high-field 
limit for G*, which is obtained from (5.1) by letting 
wr become large. 


G+=1/(1-iw,7). 
This may be substituted into (5.3) to obtain 


(Bu, )* 
4 ; p<X1, 


high fields. (5.5) 


= ; 
(1-F-Bw,7)?+? 


We see that after the_initial drop in attenuation dis- 
cussed by Kjeldaas, the attenuation again begins to 
rise, reaches a peak value for S, of w2r? when the field 
is sufficiently high that w,7 is equal to about 1/8 and 
then drops to a limiting value of unity. S_, on the 
other hand, asymptotically increases towards unity. 

The condition @<|G*| will also break down at 
sufficiently high frequencies; thus when wr becomes 
large, G+ becomes small, and S approaches the constant 
value unity and becomes independent of field. 

These departures from the behavior discussed by 
Kjeldaas arise from the breakdown of the screening of 
the ionic current; as H becomes very large, the elec- 
tronic current begins to lag the ionic current, causing 
a rising attenuation. Ultimately these currents drop 
to zero so the attenuation drops to the residual value 
which may be associated with the viscous drag of the 
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electron gas on the scattering centers. The high- 
frequency behavior results from the breakdown of 
screening at all fields. When 6>>1, we obtain 
S,=Re(1—G*); 6>1. (5.6) 

In this case S$ increases smoothly to unity as the field 
goes to infinity. This amounts to only a very slight 
increase in attenuation if gi is large, but as gl goes to 
zero, the zero-field attenuation (more precisely, the 
attenuation at fields such that +w,=w) goes to zero. 

It should perhaps also be noted at this point that 
the zero-field limit for transverse waves can be obtained 
directly from the above expressions. We may set 
w,=0 in the expression for G* and if we drop terms of 
order wr/gl=v,/ve, we obtain 


3 sit+¢? 
G=— ( —— arctan u-1), 
2(qlP?\ @P 


and (5.4) and (5.6) lead to the corresponding expressions 
(23) and (26) of Pippard.* These also agree with our 
expressions (4.17) and (4.18) for the zero-field limit. 
In addition, we have the high-frequency limit of unity 
for S when wr<1, in agreement with Pippard. 

Finally we consider the case of a longitudinal wave 
propagating parallel to the magnetic field. In this case 
the field does not enter, and we reproduce the results of 
Pippard.* From equation (2.46) we find that 


Su Ref (1/o33')— 1}. 


We then obtain, in agreement with Pippard, the 
attenuation 


(5.7) 


¢F arctangl 
> | . 


Si ~ (5.8) 


3 
gl —arctangl 


for all values of 8. 


VI. DISCUSSION 


An effort will be made in this section to present a 
coherent physical picture in terms of which the many 
diverse cases which have been treated may be under- 
stood. For the sake of clarity, this picture has been 
somewhat oversimplified; in particular, complications 
associated with the relative phase of currents, fields, and 
lattice velocities are largely overlooked, except where 
they become of primary importance. Furthermore, the 
intricacies of the screening problem will be discussed 
in a grosser fashion than is really warranted. Thus the 
picture presented should be regarded as an interpreta- 
tion of the results of a careful calculation rather than 
an explanation of the phenomena in question. It would 
have been quite difficult to develop such a picture in 
the absence of the detailed calculations which appear 
in the preceding sections. 

The physical effects associated with propagation 
parallel to the magnetic field have been covered in 
some detail by Kjeldaas'® and in Sec. V, and will 
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not be discussed further here. We restrict attention to 
waves propagating perpendicular to the magnetic field. 
Before considering the oscillatory phenomena in 
detail, we should perhaps indicate again the origin of 
each. The geometric resonances in the attenuation are 
associated with the Bessel functions in the conductivity 
tensor. These have to do with the strength of the 
interaction between the: particular orbits and the 
electric field rather than with resonant absorption of 
energy. In quantum-mechanical language geometric 
resonances correspond to variation in the matrix 
elements rather than in the resonance denominators 
also appearing in the conductivity tensor. It is the 
cyclotron resonance which corresponds to the variation 
of resonance i.e., to the resonant 
absorption of energy from the sound wave. A third 
oscillatory phenomenon, the de Haas-van Alphen 
oscillation, is associated with variations in the density 
of electron states at the Fermi surface. It is precisely 
the same phenomenon as the more familiar oscillations 
in magnetic susceptibility and has nothing to do 
directly with the interaction between the electrons 
and the lattice wave. This corresponds to the fact that 
it is the one oscillatory phenomenon which does not 
scale with frequency. Although Reneker has observed 
de Haas-van Alphen oscillations in ultrasonic attenu- 


denominators; 


ation,"? we do not discuss the phenomenon here because 
it lies beyond the reach of semiclassical transport theory. 

The geometric resonances can be understood in quite 
simple physical terms at least for the transverse waves 
polarized perpendicular to the field at low frequencies. 
The attenuation is given schematically by 


a= (Nm/pv,7) Rel (o0/aen)—1], 


(6.1) 


where oe stands for the appropriate combination of 
components of the conductivity tensor. The important 
point is, of course, that the conductivity appears in the 
denominator. This is because with nearly complete 
screening, we have a constant current system rather 
than a constant vollage system, the electron current 
being forced to equal Noeu. Let us now consider two 
values of magnetic field corresponding to (a) orbit 
diameters equal to a half wavelength (or an odd 
number of half wavelengths) and (b) orbit diameters 
equal to an integral number of whole wavelengths. 
These illustrated in Fig. 7, where the vertical 
arrows correspond to the self-consistent electric field 
associated with the 


are 


lattice wave. Since the wave fre- 
quency is much less than the cyclotron frequency, 
w= (v,/vp)w., we may regard the wave as fixed. 

In case (a), the component of field in the direction 
of electron motion is always positive, and therefore the 
electron speed increases with each passage. On the 
other hand, the speed of an electron following an orbit 
displaced by a half wavelength In both 
cases, there is a significant increase in the current in 
phase with the field. This corresponds to a large 
current response, a large conductivity, and hence a low 


decreases. 
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Fic. 7. Schematic representation of a transverse wave moving 
perpendicular to a magnetic field pointing into the plane of the 
paper. The polarization of the wave is also perpendicualr to the 
field. The case (a) represents an electron orbit corresponding to 
high conductivity (low attenuation); the case (b), an electron 
orbit corresponding to low conductivity (high attenuation). 


attenuation. In case (b), the electron is alternately 
accelerated and decelerated and has no net increase in 
speed per cycle. This corresponds to a small current 
response, a low conductivity and a high attenuation. 
A geometric analysis like the present one was first 
proposed by Pippard,* who inferred from it, however, 
an erroneous resonance condition. 

Now all electrons at the Fermi surface contribute to 
the attenuation, but electrons moving nearly perpen- 
ducular to the magnetic field and hence having large 
orbital diameter are heavily weighted. Over half the 
electrons, in fact, have orbit diameters within 13% of 
the maximum. Thus the oscillations in the attenuation 
through minima and maxima correspond to variations 
of the field which take the maximum orbit diameter 
alternately through the conditions (a) and (b) above. 

When a transverse wave is polarized parallel to the 
field, on the other hand, the electrons with maximum 
orbit diameter move perpendicular to the electric fields 
and cannot contribute to the conductivity. Thus a 
much wider range of orbit diameters become important, 
and the oscillations tend to wash out. 

An argument such as that given above applied to 
longitudinal waves gives no speeding or slowing of any 
electrons around an orbit when only the longitudinal 
component of the field is considered, since they all 
move in a conservative field. In this approximation 
the conductivity is zero, and it becomes essential to 
include the transverse electric fields self consistent'y. 
A study of the orbits then shows a nonvanishing current, 
but one which is out of phase with the electric fields 
and gives zero attenuation. It therefore becomes es- 
sential to include the effects of scattering as well, which 
is indicated by the appearance of the ¢? factor in the 
attenuation of longitudinal waves. The physical picture 
is complicated considerably by the inclusion of scatter- 
ing and will not be attempted here. 

The curve for 61 in Fig. 3 and the curves in Fig. 4 
show these geometric resonances for the usual situation 
of nearly complete screening. The location of the first 
few maxima are seen not to occur precisely at the 
values of gR=nm indicated by the simple picture, but 
the change in gR between maxima is seen to approach 
® quite rapidly (see also Table I). 
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The fact that these curves are limited to the case in 
which the cyclotron frequency is much greater than 
the electron scattering frequency must be kept in mind 
when these curves are compared with experimental 
curves. This condition will always break down at 
sufficiently low fields; that is, at sufficiently large gR. 
At gR larger than this break-down value, the curves 
should depart from the calculated curves and go to a 
constant equal to the zero-field attenuation. This is 
illustrated by the earliest experimental curves given 
by Morse, Bohm, and Gavenda® for which the break- 
down occurs at gR of the order of 2. In these curves 
only traces of the oscillatory behavior remain, and 
agreement with the theoretical curves is obtained only 
at the highest fields. More recent data on longitudinal 
waves in copper by Morse and Gavenda™ show very 
good qualitative agreement with the curve in Fig. 3. 
Seven maxima are discernable, and the drop in at- 
tenuation with increasing gR is apparent at the high 
fields. It should be mentioned, however, that the 
period of the oscillations they observe yields smaller 
orbit radii than are consistent either with a free- 
electron sphere or the Fermi surface proposed by 
Pippard." The source of this difficulty has not been 
determined. The effect of the breakdown of the condi- 
tion w.r>>1 is also nicely illustrated by the calculations 
of Kjeldaas and Holstein,* who have calculated the 
attenuation for the same free-electron model but for 
intermediate scattering times. 

There is another feature of the earlier work by 
Morse, Bohm, and Gavenda* which is anomalous with 
respect to what has been found here. This is a prominent 
peak in the attenuation for the case S43. It is difficult 
to reconcile this peak with our calculation. Further 
experimental work is needed to see if this peak is 
associated with a geometric resonance or whether it 
arises in some other way. 

The curves associated with very large 8 are also of 
interest, although, as has been indicated earlier, they 
correspond to experimental conditions which have not 
yet been achieved. In the qualitative discussion above, 
it has been assumed that the ion currents are almost 
completely screened. This is always true for longi- 
tudinal waves except at the highest magnetic fields. 
(Note that the only appreciable differences between 
the 6>>1 and the 6<1 curves in Fig. 3 occurs at very 
small gR.) This “quasi-neutrality” (almost complete 
screening) can break down for transverse waves, on 
the other hand, in three distinct ways: (1) At sufficiently 
high frequencies 8 becomes large and the electric fields 
drop to a low value simply because the wavelength 
becomes short, and ion currents moving in opposite 
directions become quite close together; (2) wr can 
become large, and the relevant conductivity tensors 
become small. These two points were first made by 
Pippard®; (3) At sufficiently high fields the conductivity 


* A. B. Pippard, Phil. Trans. Roy. Soc. A250, 325 (1957). 
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tensors become small. The third condition is related to 
the only condition under which quasi-neutrality is 
violated in the case of longitudinal waves. Under any 
of these three circumstances the transverse electron 
current tends to drop to a low value, and the attenua- 
tion becomes small. The high-field limit will be discussed 
later; we consider now the conditions (1) and (2), 
appropriate to transverse waves. 

Both 8 and wr become large as the frequency is 
increased ; their relative magnitude depends primarily 
upon the scattering time. Consider first the case in 
which the scattering time is sufficiently short that 8 
becomes large while wr remains small. The electric 
field then drops to a low value, and the only observed 
attenuation may be associated with a viscous drag on the 
scattering centers by the stationary electron gas. This 
tends to give an attenuation independent of field, but 
with suitable orbit-wavelength matching it is still pos- 
sible for the scattering alone to bring the electrons along 
with the lattice. This partially restores quasi-neutrality 
even though the electric field is negligible and hence 
reduces the attenuation associated with the viscous 
drag and gives rise to the rather weak oscillations seen 
in Fig. 5. 

If, on the other hand, the scattering time is sufficiently 
long that wr>1, while again 6>>1, the scattering 
becomes ineffective in restoring quasi-neutrality, and 
the attenuation is simply a constant. The final case 
which must be considered is that appropriate to a good 
metal in which wr becomes large before 8 does. This is 
of particular interest with regard to cyclotron resonance 
and will, therefore, be discussed in that connection. 

In this case of cyclotron resonances, as we have 
indicated, variations of the interaction between the 
electrons and the lattice become unimportant, and we 
focus attention upon the energy denominator. These 
resonances will be observable only when wr is large, so 
we consider only that case. For longitudinal waves, a 
prominent resonance absorption is found as indicated 
in Fig. 4. The peak absorption occurs at resonance as 
expected physically; the constant-current arguments 
which have been used in discussing the geometric 
resonances are not relevant, since the large currents 
generated are out of phase with the ionic current in 
resonance absorption. For transverse waves no cyclo- 
tron resonance is observed if 8 is ‘large, since the 
relevant components of the conductivity tensor have 
become so small that any effect is swamped by the 
constant attenuation associated with viscous drag on 
the scattering centers. If, however, 8 remains sufficiently 
small, the electric fields remain large enough that an 
observable resonant absorption is superimposed on the 
viscous term. 

We turn finally to the high field behavior of the 
attenuation in transverse fields. At fields such that 
gR<K1, the electric field associated with the sound 
wave is effectively constant over an electron orbit. 
Thus for o33 where the electric and magnetic fields are 
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parallel, the conductivity takes on a value appropriate 
to a uniform-electric field in the absence of a magnetic 
field, Eq. (4.19). For the remaining components on, 
012, 721, and og, the situation is that of crossed, uniform 
electric and magnetic fields. The electrons drift in a 
direction perpendicular to both at a rate proportional 
to 1/H. Thus om and oy are proportional to 1/H, 
whereas o;; and o¢: fall off more rapidly; i.e., as 1/H?. 

The electronic currents are small at high fields because 
the components of the conductivity tensor are, and 
hence S22 and S;; have a small limiting value, Eq. (4.29), 
according to Eq. (2.26). For longitudinal waves, the 
longitudinal electric field produced by the ion cores is 
enormous, and the tendency towards complete screening 
is very strong. The component of j, in phase with & is 
correspondingly small. As the components of the 
conductivity tensor decrease with field at high fields, 
the magnitude of j, decreases from Noeu, but the com- 
ponent of j, in phase with & increases enormously. 
Finally the magnitude of j, decreases to the point 
where the attenuation is again small. 

The maximum in S;, at high fields can be better 
understood in terms of the magnetoplasma oscillations 
of the electron gas. The conditions under which (4.22) 
holds are such that diffusion is negligible, that oo.’ is 
also negligible, and that relaxation effects may be 
treated as perturbations. A Drude-Lorentz type of 
treatment is therefore indicated. We consider the elec- 
trons in a magnetic field, but without the sound wave. 
Their equation of motion is 


mdv /di= —e(&+ (v/« )<H), (6.2) 


where & now arises solely from the electronic current 
— Noev via Eq. (2.1). We now suppose there to be a 
density fluctuation of wave number q perpendicular to H 
and solve Eq. (6.2) to find its natural frequency. The 
result for the frequency of this magnetoplasma oscilla- 
tion, w,, Is 


) 


2—,,) 1+, 2 
Wy = Wp We 


[1 T (Wp cq)? |. (6.3) 


The longitudinal electric field generated by the sound 
wave excites this magnetoplasma oscillation. The 
electronic current excited is proportional to [w,?—w* [' 
but out of phase with the electric field. When relaxation 
effects are included, an in phase component and 
hence an attenuation occurs; one expects a result for 
Sy, much like (4.22). This upon 
rewriting 51; as 


becomes obvious 


(6.4) 


Thus the maximum in S,, at high fields is associated 
with the field dependence of the low-frequency tail of 
the magneto-plasma resonance, w*{((w,?. 

In passing from the free electron gas to a real metal, 
modifications may be expected to arise from a deforma- 
tion potential which need not be the same for all 
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electrons and from the averaging over orbits on a non- 
spherical Fermi surface. As has been shown in the 
discussion of S;; the averaging over orbits has a 
profound effect on the strength of the geometric 
resonances. The kinetic arguments are similar, however, 
and a generalization of the present work should be 
possible along the lines of Blount’s general theory of 
the zero field attenuation.” 
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APPENDIX I 


The numerical evaluation of the functions, g,(X), 
S,(X), and r,(X) can be greatly simplified by making 
use of a few mathematical identities. 

First, using the relation® 


w/2 1 oo 
f J (2 sin8) sin6d6@=- >° Joy42m41(22), 


Zz m=O 


we may write 
1 « 
gn(X) =— LD J omy2n41(2X). 
m—) 


4 


(Al) 


This expression may readily be evaluated using tables 
of Bessel functions.“ Furthermore, using the familiar 
Bessel function identity, 2J,/=J,1—J,41, we find 


gn (X)= (1/X)[Jan(2X)—gn(X) ]. (A2) 
Now . 


r,(X)= f J,2(X sin@) cos’é sinédé. 


0 


We differentiate this with respect to X and perform a 
partial integration to obtain 


Or,(X) 1 3 
— =—g,(X)——47,(X) 
OX zx X 
from which 
. 


X*7,(X)= f x°g,(x)dx. 
0 


(Al) is used to expand g,(X) in the integrand; we 
integrate term by term by parts and obtain finally: 


x 
x? Jon(2x)dx. 


#2 E. I. Blount, Phys. Rev. 114, 418 (1959). 

*% See reference 27, p. 91 and errata. 

4 T. Kjeldaas has pointed out that, noting the form for ¢g,(X) 
given in (A3), we may find Xg,(X) tabulated directly, at least 
for n=0. 
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Taare UL. Values of go(X), 4g0'(X), so(X), and ro(X) for X < 12. 








Zz i <) ( X) So (X ) 

1 0 
0.9197 —0.1545 0.0315 
0.7129 —0.2445 0.1073 
0.4625 — 0.2409 0.1822 
0.2562 — 0.1634 0.2142 
0.1431 — 0.0641 0.1891 
0.1177 +0,0055 0.1266 
0.1364 +-0.0234 0.0642 
0.1531 +0.0026 0.0312 
0.1391 0.0255 0.0330 
0.1067 0.0353 0.0522 
0.0763 — 0.0225 0.0653 
0.0645 —0.0014 0.0604 
0.0703 +-0.0105 0.0421 
0.0800 +-0.0065 0.0250 
0.0803 — 0.0063 0.0203 
0.0688 —0.0152 0.0274 
0.0537 —0.0132 0.0366 
0.0452 0.0033 0.0386 
0.04668 +0.00526 0.03128 
0.05291 +-0.00571 0.02102 
0.05566 0.00091 0.01568 
0.05102 0.00780 0.01806 
0.04206 — (0.00889 0.02419 
0.03536 0.00382 0.02754 


ro(X) 


0.3333 
0.3171 
0.2734 
0.2148 
0.1567 
0.1107 
0.0815 
0.0669 
0.0608 
0.0573 
0.0529 
0.0472 
0.0416 
0.0374 
0.0350 
0.0335 
0.0320 
0.0301 
0.0279 
0.0260 
0.02464 
0.02378 
0.02302 
0.02208 
0.02097 


| 


~ 

> 
= 
> 


Oo wn _ w to = ‘ 
incon NAM wun ue uw 


~ 


+ 





The integral may be evaluated by substituting in 
Bessel’s differential equation and integrating twice by 
parts. We obtain 


gn(X) 1 ie 
r,(X)=——— J on(2X)+ 
5) 


8X? 8X dX 


_ (1—4n*) f* 
XJ on(2X)+ ah f J on(2x)dx. 
8x? 0 


But from (A1) we may obtain* the relation, 


1 ¢* 
gn(X) f J on(2x)dx, 
X ¥, 


) 
so we have finally 


gn(X) 1-4? 1 
r,(X)= + gn(X)— J an(2X) 
2 8X? 8X? 


i £ 
+— —Jo,(2X). (A4) 
8X dX 
In order to obtain s,(X), we differentiate the integral 
expression for g,(X) given in (4.2) twice with respect 
to X and use Bessel’s differential equation. 


gn’ (X)=2s,(X)— (1/X) gn’ (X) —2[¢n(X)—710(X) ] 
+ (2n?/X*)g,(X). 
We then evaluate g,’’(X) from (A2) and solve for s,(X) 
s,(X)=3r,(X)—(1—m?/X)g,(X). (AS) 


35 We also need a relation given in reference 27, p. 45, Eq. (3). 
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The numerical values for go, 4go’, ro, and so which 
have been calculated by these procedures are collected 
in Table II. 


APPENDIX II 


The asymptotic formulas for g,,(X), s,(X), and r,(X) 
may be determined from relations given in Appendix I. 
(A3) may be rewritten® in the form 


0 


gn(X)=(1/2X)—-(1 x) f J on(2x)dx. 
x 


If X is somewhat greater than m, we may use the 


asymptotic form*®’ for J2,(2x) so the integral is of the 


46 See reference 27, p. 92, Eq. (30) 


37 See reference 27, p. 85, Eq. (3). 
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order of 


and 
(A6) 


It follows also that 


gn (X)O(X-4). (A7) 


Further, from (A4), (A5) and (A6) we obtain 


r,(X)=s,(X)=(1/4X)+0(X-9, (A8) 


for X greater than n. 

If n is somewhat larger than X the Bessel functions 
become small, and g,(X), gn (X), rn(X), and s,(X) go 
to zero. It is certainly possible to derive these expres- 
sions in terms of the Weber and Lommel functions 
used by Kjeldaas and Holstein.'* The foregoing method, 
however, has been found convenient. 
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Electrical resistivity measurements on europium and ytterbium metals from 1.3° to 300°K are reported. 
Europium exhibits a sharp peak in its resistivity at 90°K which must correspond to its magnetic ordering 
temperature. The shape of the peak indicates antiferromagnetic ordering below 90°K. Ytterbium has no 


sharp anomalies in its resistivity. 





INTRODUCTION 


OW-TEMPERATURE electrical resistivity meas- 
urements on a number of rare-earth metals have 
been reported by James ef al.,’ Legvold ef al.,? and 
Colvin.* Room temperature resistivities for all the rare 
earths except europium and terbium have been reported 
by Bridgman.‘ The electrical resistivities from 1.5°K to 
room temperature for europium and ytterbium are re- 
ported here. 

Eu and Yb are apparently divalent metals with much 
lower densities than the other rare-earth metals. Eu is 
bec with a lattice constant of 4.5820 A at room temper- 
ature and its density® is 5.245 g/cm’, as compared with 
7.9 g/cm® for its neighbors. Paramagnetic data of 
Klemm and Bommer® show 8.3 Bohr magnetons per 
atom and similar data of Henry la Blanchetais and 
Trombe’ show 7.9 Bohr magnetons per atom. In the 
case of Yb, the crystal structure at room temperature is 
fcc with a9=5.49 A, and the density is 6.959 g/cm* as 
reported by Spedding et al.* Lock® has reported magnetic 
susceptibility studies of Yb and states that the atoms 
have zero magnetic moment and that the 4/ shell is 
completely full. 


PROCEDURE AND RESULTS 


The experimental apparatus used in this study con- 
sisted of a heat leak chamber for temperature control 
and is described elsewhere.* No corrections for changes 
in sample size due to contraction have been made in the 
determination of the resistivities reported here. 


* Contribution No. 791. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1N. R. James, S. Legvold, and F. H. Spedding, Phys. Rev. 88, 
1092 (1952). ' 

2S. Legvold, F. H. Spedding, F. Barson, and J. Elliott, Revs. 
Modern Phys. 25, 129 (1953). 

*R. V. Colvin, M. S. thesis, Iowa State University Library, 
Ames, Iowa, (unpublished). 

*P. W. Bridgman, Proc. Am. Acad. Arts Sci. $3, 1-22 (1954). 

°F. H. Spedding, J. J. Hanak, and A. H. Daane, Trans. Am. 
Inst. Mining Met. Engrs. 211, 239 (1958). 

*W. Klemm and 4. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 

7 C. Henry la Blanchetais and M. F. Trombe, Compt. rend. 243, 
707 (1956). 

* F. H. Spedding, S. Legvold, A. H. Daane, and L. D. Jennings, 
Progress in Low-Temperature Physics (North-Holland Publishing 
Company, Amsterdam, 1957), Vol. II. 

* J. M. Lock, Proc. Phys. Soc. (London) B70, 476 (1957). 


The results of spectrographic analyses for metallic 
impurities are as follows. Europium: trace impurities of 
Ca and Mg. Ytterbium: trace impurities of Ag, Cr, Mg, 
Mn, Pb, Si, Ti, and Y; minor impurities of Al, Ca, Cu, 
Fe, and Ta. All other metal impurities not listed were 
not detected by this method. The samples were not 
analyzed for nonmetallic impurities because reliable 
analytical methods have not been perfected. However, 
the metals were redistilled and the amount of these 
impurities should be small. 

Europium metal was prepared by heating Eu,O; with 
La metal in a vacuum and then distilling the metal at 
1500°K. A wire of the metal was extruded to an average 
diameter of 0.037 inch. The results of the resistivity 
measurements on Eu are displayed in Fig. 1. At 145°K 
a minimum appears in the curve and seems to corre- 
spond to the point at which the 1/x vs T plot departs 
from a Curie-Weiss law as reported by Henry la 
Blanchetais and Trombe.’ They found a paramagnetic 
Curie point at 108°K and a field dependence of the 
magnetic susceptibility below 104°K. A sharp peak in 
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Fic. 1. Electrical resistivity of europium vs temperature. 
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Fic. 2. Electrical resistivity of ytterbium vs temperature. 


the resistivity of Fig. 1 occurs at 90°+0.3°K, which 
must be the magnetic ordering temperature for europium 
metal. Below this temperature the resistivity drops 
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rapidly. The shape of the peak in the resistivity is like 
that for holmium’ at the Néel point and this suggests 
that europium is antiferromagnetic below 90°K. A 
residual resistivity of 0.5 10-* ohm-cm indicates a very 
low total impurity content for the sample used in these 
measurements. 

The ytterbium sample studied was a polycrystalline 
rod approximately two inches in length and ;’, inch in 
diameter. Figure 2 shows that the resistivity of Yb did 
not follow a linear relationship with temperature below 
room temperature. No magnetic anomalies were seen 
as was expected from the fact that the 4/ shell is full 
for Yb. Room-temperature resistivity was found to be 
lower than for any of the other rare earths. The result is 
in good agreement with Spedding e/ al.5 who reported 
an ice temperature resistivity of 27 10~* ohm cm, and 
with Bridgman’s‘ room-temperature value of 30 10~-* 
ohm cm. In measurements on Yb it was noted that the 
resistivity was dependent on the previous thermal 
history of the sample. 
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A phenomenological description of electron spin relaxation in 
ferromagnetic insulators is developed using the rate of energy 
transfer between the uniform precession, the spin waves, and the 
lattice. This leads to an equation of motion containing Tj, the 
relaxation time of the uniform precession to the lattice; Tx, the 
relaxation time of the uniform precession to the kth spin wave; 
and Tx, the relaxation time of the kth spin wave to the lattice. 
Experimental measurements at 6200 Mc/sec are made on single 
crystal spheres of yttrium iron garnet to determine these times. 
In addition to measurements of resonance line width and high 
power saturation, these measurements include a frequency 


I. INTRODUCTION 


HE purpose of this paper is to obtain a phe- 
nomenonlogical description of the electron spin 
relaxation in ferromagnetic insulators and to present 
experimental data from which, using this description, 
fundamental relaxation parameters may be determined. 
In our description we will follow the general procedure 
of Bloembergen and Wang! by using the rate of transfer 
of energy between the main precession, the spin waves, 
and the lattice, but will modify their formulation in 
the light of the conceptions of Clogston ef al. of 
coupling to spin waves by means of inhomogeneities in 
the magnetization, in a manner similar to that used by 
Callen.* We depart from the treatment of Bloembergen 
and Wang by treating each spin wave state separately, 
not necessarily in equilibrium with other spin wave 
states, nor with the uniform precession, nor with the 
lattice. 

The experimental data were obtained on single 
crystal spheres of yttrium iron garnet (YIG) because of 
its high state of magnetic order and because the 
relaxation could be readily altered by varying the 
roughness of the surface.‘ Measurements were made of 
(1) the ferromagnetic resonance line width, (2) the 
critical rf magnetic field for saturation of the resonance, 
(3) the transverse relaxation time, and (4) the longi- 
tudinal relaxation time. The quantities (1)-(3) were 
obtained using modifications of existing techniques. 
Measurement of the longitudinal relaxation time, 
however, required the development of a rather refined 
modulation scheme in order to obtain sufficient sensi- 
tivity and accuracy. 


Il. DERIVATION OF EQUATIONS OF MOTION 

To describe the relaxation of the magnetization it 
is convenient to consider the rate of transfer of energy as 

'N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1953). 

2 A. M. Clogston, H. Suhl, L. R. Walker, and P. W. Anderson, 
J. Phys. Chem. Solids 1, 129 (1956). 

7H. B. Callen, J. Phys. Chem. Solids 4, 256 (1958). 

*R. C. LeCraw, E. G. Spencer, and C. S. Porter, Phys. Rev. 
110, 1311 (1958). 


modulation method for measuring relaxation times. The theory 
provides an excellent fit to the experimental data over a range of 
surface roughness which varies the line width by a factor of 7.5. 
This enables the volume property, T\x, to be determined experi- 
mentally in the presence of large surface scattering. The other 
volume property, Tio, is deterrained on the smoothest surface and 
is found to constitute the lower limit for reducing the line width 
in the present materials at room temperature. The theory and 
techniques described should facilitate a better understanding of 
the basic relaxation mechanisms. 


depicted in Fig. 1. Here, we divide up the total energy 
W into the amounts in each of the independent modes 
of the system. Wo is the energy of the principal mode 
directly excited by the rf field while W, is the energy of 
the kth spin mode. The term spin mode will be used 
for magnetostatic modes, influenced by sample shape, 
as well as for shorter wavelength modes, influenced by 
exchange forces. We use spin mode rather than spin 
wave to emphasize that we are dealing here with a 
normal mode of the system rather than just acomponent 
in the Fourier expansion of the magnetization. The 
former will contain a component of the magnetization 
along the magnetic field whose average is nonvanishing 
even for high order spin modes, while the latter does not. 

The principle assumptions we will make are as 
follows: (1) We assume that the level of excitation of 
the spin system is low enough that the equations of 
motion can be linearized. The concept of describing 
the total motion of the system in terms of the super- 
position of spin modes is applicable only for such low 
levels of excitation. (2) We assume that the rf field 
couples to only one mode of the sample. For our experi- 
ments this mode will be the uniform precession. How- 
ever the resultant equations should be equally applicable 
to the direct excitation of magnetostatic spin modes by 


oe OER 
[| P | PRINCIPAL 
R. F. reo MODE 
Serf 


—— 


\ 


Woy 
Tio 


ra = 
| LATTICE 
| 


Fic. 1. Schematic diagram of the transfer of energy between the 
uniform precession, the spin modes, and the lattice. 
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nonuniform rf fields such as observed by White and 
Solt,® and by Dillon,® and by the type of spin wave 
“pinning” discussed by Kittel.’ (3) We assume that 
the spin modes, once excited, do not react back on the 
principal mode. This back reaction is a second-order 
effect and becomes important only at high levels of 
excitation where saturation effects set it. 

Consistent with the first assumption we can introduce 
characteristic coupling times. Thus T1» is the relaxation 
of the principal mode directly to the lattice, and 72, is 
the coupling time from the principal mode to the kth 
spin mode. The subscripts one and two are used because 
of the close relation of these times to the 7; and T, 
appearing in Bloch’s equations describing paramagnetic 
relaxation.* Similarly the time Ty, is the net time for 
the kth spin mode to relax to the lattice. It may do this 
either by relaxing directly, or by coupling into other 
spin modes which can in turn relax to the lattice. If P 
is defined as the net power per unit volume absorbed 
by the sample, the energy transfer equations described 
by the above assumptions and definitions and depicted 
in Fig. 1 are given by 


dW Wo 


Wo 
nicotine 


dl T 10 ‘F Tis. 
dW, 


Wo Ws. 
dl Tox Tir 
From these, the equation for the total energy, 


W=Wotdi Wi, 
is given by 

dw Wo Wi 
p- ->—. (4) 

dt T 10 k Ty 
Although these equations have exact solutions for 
many transient problems of interest (e.g., sinusoidal 
drive or free decay), further simplification results for 
the physical situations in which Ty is reasonably 
constant for those spin waves which are excited (those 
with small 72,). Under these circumstances, Eq. (4) 


reduces to 
dWw 1 1 W 
p- wel ‘ )- : (5) 
dl Tio Tur Tix 


In the remainder of the paper when 7, appears without 
a Dx before it, this implies that the above assumption 
has been used. 

In order to relate these energy equations to the 
equations of motion of the magnetization, it is ex- 
peditious to make three additional assumptions: (4) 
We assume the principal mode, which is to be excited 

®R. L. White and I. H. Solt, Phys. Rev. 104, 56 (1956). 

* J. F. Dillon, Jr., Bull. Am. Phys. Soc. 1, 125 (1956). 

7C. Kittel, Phys. Rev. 110, 1295 (1958). 

® F. Bloch, Phys. Rev. 70, 460 (1946). 
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directly, is the uniform precession. (5) We assume that 
the uniform precession couples to the spin waves by a 
process which conserves M, and the total energy. This 
assumption will be valid for the type of coupling 
treated by Clogston et al.,? but will be invalid for the 
type of thermal scattering of spin waves considered by 
Kasuya.’ This assumption can be shown to be equiv- 
alent to assuming only those spin modes are excited 
which have the same frequency as the main precession. 
(6) We assume the sample to be a spheroid so that 
N,=N,. This last assumption is necessary to be 
consistent with the fifth since otherwise M, is not 
constant for the motion of the uniform precession. 

The total energy is given by 


W = (H—N,M,)(M.—M,)+4N,(M.—M,) 
+4N.M2+4N,MZ+D: (Lit D,), © 


where H is the dc magnetic field applied in the z- 
direction along the axis of revolution of the spheroid, 
M, is the saturation magnetization, M,, M,, M, are the 
components of the magnetization averaged over the 
sample, V., N,, N, are the demagnetizing factors, and 
E, and D, are the exchange and demagnetization 
energies, respectively, of the kth spin mode. The 
departure of M, from its lowest energy value, M,, we 
will call —AM,. This will be « omposed of the sum of all 
the longitudinal magnetizations, —AM,,, associated 
with the spin modes, together with the uniform pre- 
cession, —AM,o: 


AM,=M,—M,=AMwtdi 4M. (7) 


The energy of the uniform precession is thus given by 


Wo= (H—N,M.)AM + 43N,(AM wo)? 
+431N,M2+43N,M,2. (8) 


Since for each mode of the system the magnitude of 
the magnetization at each point is equal to M,, we find 
for the uniform precession 


(M,—AM »Y+M2Z4+M/Z=M-, (9) 
which for small excitations reduces to 


M?Z7+M,7=2M AM 2. (10) 


With this relation, Eq. (8) can be written in either of 
the alternative forms 


Wo=(H+(Nr—N,)M.](M2+M,2)/2M,, (11) 


Wo=(H+(Nr—N,)M, )AMoo. (12) 


The part of AM, associated with each spin mode, 
AM ,,, can be found from the requirement that M, is 
conserved as main precession energy is converted to 
spin mode energy. Thus, consider in Eq. (6), that 
E,.+D, for a particular spin mode develop from a 


’. Kasuya, Progr. Theoret. Phys. (Kyoto) 12, 802 (1954). 
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change in M?+M,? keeping W and M, constant: 
Ei.t+D,y= —4N16(M24+M,7) 


=—N7M 6AM o=NrM AM, (13) 


AM i= (1/NrM,)(Ex.+D,). (14) 


Thus the total energy associated with the &th spin 
mode, i.e., the sum of magnetic, exchange, and de- 
magnetizing energies, is 


W.= (H—N.M,)(4Mu)+EitD,, (15) 


which with Eq. (13) reduces to 


W.=(H+(Nr—N,)M, (OM 2). (16) 


The total energy of the sample from Eqs. (12) and 
(16) is 


W=(H+(Nr—N,)M,](M.—M,). (17) 


Thus we have an energy equation which does not 
explicitly contain spin mode parameters. Physically, 
this means that when energy is coupled from the main 
precession to the spin waves, transverse demagneti- 
zation energy due to M?+M,? is converted into ex- 
change energy and spin mode demagnetization energy. 
By expressing these latter as a particular fraction of the 
potential energy in the external field, we obtain an 
expression not involving E, and D,. 

With the relations (11) and (17), the equations of 
motion (1) and (5) become 


d 2M,P 
—(M3+M,)=—— 
dt H+(Nr—N,)M, 


i 1 
~My (— +>¥- -), 


10 k Tx 
d P 
—(M,—M,)= —_—__—— 
dt H+(Nr—-N,.)M 
M?+M, 7 1 1 ) M,—M, 

2M, Tio Ti Tu ; 
In the absence of relaxation the torque equation is 

dM 


—=-—7(MXH,), (20) 
dt 

where H, is the effective magnetic field at the sample 

and ¥ is the absolute value of the gyromagnetic ratio 

for electrons. Making this consistent with Eqs. (18) and 

(19) yields the basic equations of motion: 


dM, 
—" —¥( MxXH.,).., 


Miaf 1 ee 
. —+£—), (21) 
2 To tk Tx 


di 


FER 
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(M2+M,3) 
its —— 


1 1 (M,—M,) 
x(—-—)-——. 
T 10 Tie Tir 


Relation to Other Equations of Motion 


d(M,—M,) 


dl 


(22) 


(a) The Bloch Equations 


The Bloch equations, introduced as a phenomeno- 
logical description of paramagnetic relaxation, have 
been used also in ferromagnetic relaxation.' Equation 
(21) is exactly Bloch’s equation for transverse relaxation 


providing that 
yrs 1 
1 iptee dy 
T2 2\Ti *& Tx 


Equation (22) differs in general from the Bloch equation 
for longitudinal relaxation because of the presence of 
the second term on the right-hand side. In the event that 
Tio=Tu, both our equations become identical with 
the Bloch equations. 

It is interesting to note that even when Tj and 7% 
are not equal, that the Bloch equations give a descrip- 
tion of the motion of the system which has most of the 
essential features provided we find the appropriate 
expression for 7;. This expression is most easily found 
by examining the steady-state expression for the total 
energy, W**. From Eqs. (4) and (1), 


1+} (Tu/Tx) 
W720 as Prerancmenet 


(1/Tw)+ de (1/T x) 


(23) 


(24) 


By equating this with the steady-state energy PT, 
given by the Bloch equations and using Eq. (23), we 
find that 


(25) 


When 7, is constant and equal to Ty» this expression 
reduces to T;=T 9 as was noted before. We have 
examined the time varying solutions of (21) and (22) 
for a sinusoidally varying P and for a free decay. For 
both these conditions the Bloch equations give a 
reasonable approximation using the relation (25) pro- 
viding first, that T., has a minimum over which Ty, is 
relatively constant and second, that the condition 


TwKDi (1/Tn)K<T (26) 


does not apply. The latter condition is exceptional and 
probably not met in physical situations normally 
encountered. 

It should be noted in Eq. (25) that in the absence of 
spin-spin coupling, 7; increases to 27; and not to 7; 
as has often been assumed. The factor of two is required 
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in order to conserve M. It is also interesting to note that 
T,~2T, even in the presence of spin-spin coupling 
for the special case >>: (Tu/Tx)<<1. This is the 
condition in which the spin modes decay more rapidly 
than they are excited, which also conserves M. 


(b) Callen’s Dynamical Fquation 


A dynamical equation obtained from quantizing the 
spin waves into magnons and treating the problem 
quantum mechanically has been presented by Callen.’ 
His equation is given in the form 


dM/di=aM—y(MXH)—\Mx (Mx H) 


where a, y, and \ are complicated scalar functions of M 
and H. Although the quantum mechanical approach 
used by Callen is different from the present paper, the 
underlying physical assumptions are the same. We 
would therefore expect to arrive at the same equation of 
motion. In his derivation, by using the magnon concept, 
Callen restricts the range of applicability to low levels 
of excitation in the same way as the present treatment. 
In this limit Callen’s equation can be reduced to the 
form of Eqs. (21) and (22). It is believed that the 
energy balance approach in the present treatment has 
the advantages of conceptual clarity and simplicity 
which have led to an increased usefulness in interpreting 
experimental! data 


(27) 


(c) The Landau-Lifshitz Equation 


The Landau-Lifshitz equation of motion" and its 


modificatior by Gilbert" have been used extensively to 
describe ferromagnetic relaxation. These both have 
the property of conserving the magnitude of the 
magnetization during relaxation. Experimental data 
will be presented on samples in which the spatially 
averaged magnetization is definitely not conserved. 
These equations would then be inapplicable. This is 
true even though microscopically the exchange forces 
keep adjacent spins very nearly aligned, so that locally 
the magnetization is conserved. Thus the Landau- 
Lifshitz equation may be a reasonable approximation 
on a microscopic scale, although inapplicable to the 
average magnetization. 


Ill. THE MODULATION METHOD 


The most difficult quantity to measure has been the 
relaxation of the component of magnetization along the 
magnetic field.“ Our first efforts to measure this 
quantity were by a pulsed decay scheme similar to that 


“LL. Landau and E 
(1935). 
uT. A. 


reports). 


Lifshitz, Physik. Z. Sowjetunion 8, 153 


Gilbert, Armour Research Institute (unpublished 

'2 Measurements of the relaxation of the transverse component 
by modulation techniques have been described previously, E. G. 
Spencer and R. C. LeCraw, Bull. Am. Phys. Soc. 3, 145 (1958). 
See also J. I. Masters and R. W. Roberts, Jr., Suppl. J. Appl. 


Phys. 30, 179S (1959). 
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and Wang,' Damon,” and 


angle of opening of the 


described by Bloembergen 
Farrar." 
uniform precession becomes smaller, as it must to 
avoid saturation effects in narrow line width materials, 
the signal due to the relaxation of the longitudinal 
magnetization decreases rapidly (as the square of the 
precession angle The ratio in the 
wideband detector used to detect pulse decay thus 
becomes prohibitively small in materials such as single 
crystal YIG. In order to obtain data in these materials a 
method for reducing the bandwidth is desirable. To 
achieve this a modulation scheme was devised. 

The method consists of adjusting the applied dec 
magnetic field to resonance and sinusoidally modulating 
the microwave frequency at a low angular frequency Q. 
We wish to examine the second harmonic components 
of the total energy W, proportional to the longitudinal 
and Wo, proportional to 


However, as the 


signal-to-noise 


magnetization [Eq. (17 
M?7+M,;? (Eq. (11) }. Let 
(W o)2ea= Ao Ccos( (28) 


(W a { cos' (29) 


By inserting these into Eqs. (1) 
definition of T, in Eq. (23 
the ratio of amplitudes: 


‘* ) [1+ (27/72) — (T/T) P+ (22T u)? 
Ao 1+(22T 1)? 


and (5) and using the 
, we can eliminate P to find 


(30) 


When 


frequency, we obtain 


normalized in terms of their values at zero 


A(2Q)/A(0) 


Ao(2Q) A,(0) 


(31) 
1+ (207 ,) 


The quantity in brackets on the left will be denoted by 
R. The and denominator of R are the 
normalized amplitudes of the second harmonic com- 
ponents of AM, and M7’, respectively. They are directly 
measurable. Since JT, can be determined from the line 
width, the unknown quantities are 7, and Tyo. If 
Ti0= Tix, Eq. (31) has the simple form 


numerator 


1+ (QT 
R 
1+ (20T 
where R approaches 72/27 jo for large Q. 

It is also useful to obtain an expression for M?+M,? 
in terms of 27, for rf field 
of constant amplitude. In this case the absorbed power 
P does not drop out. By an expansion of the driving 


# R. W. Damon, Revs. Modern Ph 
4 R. T. Farrar, J. Appl. Phy , 425 
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Fic. 2. Schematic diagram of the experimental apparatus 


field in a Fourier series, in the limit of. vanishingly 
small modulation amplitude Aw (the peak frequency 
deviation), Eq. (21) yields the expansion for the second 
harmonic of M7*=M/7+M,?: 


20T 2 1 


Xcos( 204—sin —— 
[1+(227T,)?}! 


Spee 
OT, 
)| (33) 


[1+ (Q7,)*}! 
small 


where B=2M,T:;(Aw)*P/H. At vanishingly 
modulation frequencies, Eq. (33) yields 


(M 7*)29-0= — BT? cos2Q. 


xcos( 20 —2 sin“ 


The normalized ratio of amplitudes of (M7*)so from 
Eqs. (33) and (34) can be used in a modulation-type 
measurement of 7; which should agree with T, 


i as 
determined from line width measurements. 


2 


IV. EXPERIMENTAL PROCEDURE 


The apparatus shown schematically in Fig. 2 is used 
for all measurements. A low Q klystron operating at a 
center frequency of 6200 Mc/sec is frequency modulated 
at a frequency F=Q/2x by applying a sinusoidal 
voltage to the repeller. The frequency deviation of the 
klystron closely approximates a linear function of the 


(34) 


repeller voltage up to maximum frequency deviations 
as large as 10 Mec/sec. The maximum frequency 
deviation used for any of the data is 8.5 Mc/sec. 

The klystron output is fed through isolators and a 
precision attenuator into the H-plane arm of a matched 
hybrid junction (magic T). Between the first isolator 
and precision attenuator there is a directional coupler 
for monitoring the power which is not shown in Fig. 2. 
Half the input power is incident on the sample, which 
is mounted on the narrow side wall of the waveguide, 
with about 0.08 in. of dielectric material between it and 
the wall. The other half is attenuated, phased properly, 
and reflected to null out the residual signal in the 
E-plane arm of the T when the dec field is off resonance 
and the klystron is unmodulated. Thus only the power 
reflected from the sample in the vicinity of the resonance 
line is detected, this being proportional to M7’. 

When the dc field is on resonance and the klystron 
is frequency modulated at frequency F, the signal 
reflected from the sample and hence incident on the 
detector is amplitude modulated with its principal 
component at 2/. The signal at the detector is of course 
also frequency modulated at frequency F. However, 
the crystal mount is broadband and sensitive only to 
the amplitude modulation. 

The detector output is fed to a narrowband vacuum 
tube voltmeter (VTVM). The bandwidth of the VTVM 
for measurements of M7’ is 5 kc/sec at all modulation 
frequencies. The crystal is carefully selected and biased 
to be square law to within better than one percent, 
hence the detected signal is proportional to power or 


vw 
y 
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M7’. From Eq. (11) it is seen that Wo« M7’, hence the 
2k component of M,’* is proportional to Ao. This 
component is measured as a function of 2/, yielding the 
quantity Ao(22)/Ao(0) in Eq. (31). 

e» Lhe quantity A(2Q)/A (0) is obtained as follows: the 
spherical sample is wedged into a thin quartz tube with 
a wall thickness approximately six-tenths the radius of 
the sphere. The tube is then mounted on a small 
polystyrene slab 0.065 in. thick which in turn is mounted 
on the narrow side wall of the waveguide. The inside 
dimensions of the waveguide are 1.590.795 in. A one 
turn coil of one mil enameled wire is wound about the 
quartz tube with the plane of the coil perpendicular 
to the dc field, as shown in Fig. 2. One end of the coil is 
soldered to the waveguide and the other goes through 
a short piece of coaxial cable to a low noise preamplifier. 
The exact geometry of the coil is important and was 
experimentally optimized to produce minimum inter- 
action with the sample as far as Mr is concerned and 
yet have sufficient pickup of AM,. Excessive interaction 
with Mr results in broadening of the resonance line. 
The optimum diameter of the coil is about 1.6 times 
that of the sphere. The coil should be kept in the plane 
perpendicular to the dc field and should be centered 
about the equator of the sphere. 

The design of the low noise preamplifier is also 
important. Two stages of wideband transformers are 
used before the first cathode follower tube to insure that 
the noise voltage of the resistance in the pickup coil 
circuit (~0.5 ohm) is dominant. Another wideband 
transformer is used between the cathode follower and 
the VI'VM, again to insure that the noise of the input 
circuit containing the sample is dominant. The band- 
width of the VTVM for AM, measurements is 500 cps 
from 0.1 Mc/sec to 1 Mc/sec, and 5 kc/sec above 1 
Mc/sec. Since the AM, signal has a factor which varies 
directly as the modulation frequency, the 500 cps 
bandwidth was above 1 Mc/sec. The 
minimum signal-to-noise ratios were encountered at 
2F=0.1 Mc/sec and were about 10 to 1. To obtain these 
good ratios, the peak deviations of the klystron from 
its center frequency were approximately yAf in 
Mc/sec, the widest deviation being use for the widest 


unnecessary 


TABLE I. Surface treatment, diameter, line width and relaxation data on single cry 
along the [111] axis. Surfaces 0-3 are for the same sample. Surface 4 is on a ditferent sample from the same bat« 
the reproducibility of samples from the same batch. An estimated error on Tj is not given for f 
the data to Eq. (31) was not done. The numbers in parentheses were determined for surface 3 and assumed to 


Surface Diameter 


Inch 


Mean pit 
treatment size (u 


Surface 


Number AH (oe 


Linde A .3 
2/0 emory 10 
4/0 emor) aa 
Linde 1 0.3 
Linde A 0.3 


0.036 
0.032 
0.028 
0.027 


0.014 


0.44+0.01 
3.56+0.05 
2.07+0.04 
0.47+0.01 
0.49+0.01 


16H. Suhl, J. Phys. Chem. Solids 1, 209 (1957). 
16H. Suhl, J. Appl. Phys. (to be published). 
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line width. The VITVM used was a selective micro- 
voltmeter made by the Rhode and Schwarz Company, 
with bandwidth settings of 500 cps and 5 kc/sec. 

From Eq. (17) it is seen that W«AM,, hence the 
2F component of AM, is proportional to A. This 
component is measured as a function of 2F, yielding the 
quantity A(2Q2)/A(0) in Eq. (31) 

The third directly measurable quantity, T2, appearing 
in Eq. (31) is obtained as follows. It is well known that 
the line width AH between the points of half maximum 
absorption is related to T2, as given in Eq. (23), by 


Assuming a circularly polarized applied rf field, it is 
easy to show that M7’, and hence the power reflected, 
varies with the dc field in the same manner as the 
absorbed power. It is worth noting here that although 
the rf field applied to the sample is linearly and not 
circularly polarized, it can be considered as the super- 
position of positive and negative circularly polarized 
fields, with the interaction of the negative circularly 
polarized field being negligible. 

Thus 7: is determined from the dc field between the 
points of half maximum reflected power, keepting the 
incident power constant. No frequency modulation is 
applied during the measurement. A number of points 
other than the half-maximum points were measured to 
check the line shape. It was found to fit Eq. (21), which 
is Lorentzian, very closely. To complete the relaxation 
measurements, 7. was also obtained using the modu- 
lation scheme by fitting measured values of (M7*)29 to 
Eq. (33). e. 

The critical rf field A..;, for onset of saturation 
effects can also be measured with the apparatus shown 
in Fig. 2. The original form used to determine AH, is 
given by'® 

A erin = AH (AH, 


lrM .)}, (36) 


where AH; is the “‘line width” of a z-directed spin wave, 
which we may write as 1/y7y, to conform to our 
present nomenclature, and H..;, was presumed to be 
the value of rf field for the first observed decrease in 
x’. Suh! recently has shown"* that the presence of line 


iron garnet at 6200 Mc/sec 
h, measured to indicate 
e complete curve fitting of 
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broadening due to inhomogeneity or impurity scattering 
alters the picture somewhat, and H. no longer 
coincides with the first observed decrease of x”. It is 
necessary to curve fit the fall off of x” vs applied rf 
power to a set of curves for different ratios of intrinsic 
to scattered line width, and thus obtain a more correct 
value of Hix. Only for an infinite ratio of intrinsic to 
scattered line width does Hai, in the new approach 
coincide with the point of first observed decrease in x”. 

A plot of x”’ vs applied power is obtained as follows. 
It has been pointed out previously that the absorbed 
power (proportional to x”) varies as My’, which is 
proportional to the power reflected from the sample. 
With the dec field on resonance and the modulation 
turned off, a reference level is set for the detector 
output. The two precision attenuators are then varied 
simultaneously in one db steps, with one decreasing 
and the other increasing in attenuation. (See Fig. 2.) 
Since the detector is accurately square law, its output 
at each pair of attenuator settings “plots” out x” vs 
the applied rf power. The absolute values of rf magnetic 
field in the waveguide are readily calculable. The two 
attenuators are of identical design and are calibrated 
both separately and against each other. 

The effects of radiation damping on the observed 
line width and hence on 7; should be considered in 
measurements on narrow line width materials.’ For 
the size samples used, the effect is negligible for all but 
the most highly polished surface state. Here the error 
was only 4% (surface 3) and was determined experi- 
mentally by measuring the ratio of the reflected to 
incident power on resonance with no modulation. This 
ratio, when converted to fields, indicated a 4% reduc- 
tion in the rf magnetic field applied to the sample 
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Fic. 3. The normalized second harmonic (2F) components of 
AM, and Mr’, when the incident microwave power is frequency 
modulated at frequency F, for surface 1 with mean pit size of 10 
microns. 


‘7 R. F. Trambarulo and E. H. Turner (private communication). 
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Fic. 4. Same measurements and sample as Fig. 3, for surface 2 
with mean pit size of 3 microns. 


compared with the incident field, and hence a corre- 
sponding error in line width. This correction has been 
applied to the data in Table I. 


V. EXPERIMENTAL PROCEDURE 


In order to obtain maximum correlation between 
data corresponding to different surface states, all 
measurements were made on the same sample of single 
crystal YIG (except for one additional sample from 
the same batch included to study sample reproduci- 
bility). Also it should be noted that for all data except 
H rit, the applied rf field was maintained at least 3 db 
below the point of first evidence of sa*uration effects. 

Initially the sample was ground and polished by the 
air-jet, tumbling technique to the smoothest polish 
available (Linde A) to be certain of the intrinsic 
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Fic. 5. Same measurements and sample as Fig. 3, for surface 3 
with mean pit size of 0.3 micron. 





962 FLETCHER, 
quality. The line width was 0.44 oe at 6200 Mc/sec, at 
room temperature, and along the [111] axis (at which 
all subsequent measurements have been made). The 
sphere was then placed back in rougher grinders and 
ground successively to three different states of surface 
roughness as enumerated in Table I. The reduction in 
diameter at each stage was sufficient to make certain 
that the surface was covered uniformly with pits 
characteristic of the particular grit size. 

After each grinding stage line width, relaxation, and 
saturation measurements were made. The line widths 
shown in Table I vary by about a factor of 7.5. The 
normalized amplitudes of the second harmonic (2F) 
components of AM, and M7’ are shown as a function 
of 2F in Figs. 3, 4, and 5 for the successive surface 
conditions. For these curves the modulation amplitude 
(peak frequency deviation) was adjusted to approxi- 
mately yAH in Mc/sec. It is apparent from these curves 
that the character of the AM, fall off is much different 
from M7’, particularly for the roughest surface (Fig. 
3), demonstrating the inadequacy of a damping equation 
which conserves the average magnetization, such as the 
Landau-Lifshitz equation. As the polishing proceeds, 
it is seen that conservation of M is more nearly ap- 
proached (Fig. 5). 

Experimentally determined values of the quantity R? 
in Eq. (31), corresponding to Figs. 3-5, are plotted as 
the points in Fig. 6. Theoretical curves, calculated 
from Eq. (31), are shown by the solid curves in Fig. 6. 
The theoretical curves have used the value of T» 
determined from the line width, and values of Ty, and 
Tio to fit the points. A summary of these constants is 
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Fic. 6. Comparison of theory and experiment for the square of 
the normahzed ratio (R) of the second harmonic components of 
AM, and M7’ for surfaces 1-3, with mean pit sizes of 10, 3, and 
0.3 microns, respectively. The open circles are the experimental 
data on surface 1, the triangles are surface 2, and the solid circles 
are surface 3. The solid curves are theoretical curves calculated 
from Eq. (31). The dashed curve is Eq. (31) for surface 3, with 
To assumed to be infinite and 7,4 adjusted to fit at 4 Mc/sec. 
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AND SPENCER 
shown in Table I. For the two roughest surfaces, the 
theoretical curves are insensitive to the chosen value of 
Tio since most of the spin-lattice relaxation is occurring 
through the higher spin modes (7,270). Thus to fit 
the point R?=0.24 on surface 1, the value of Ty, varies 
only one percent as Ty varies from Typ= T% to Tip= ©. 
For the No. 3, however, the 
situation is different. The dashed curve in Fig. 6 is a 
theoretical curve calculated with the assumption that 
T= ©, and 7, adjusted to fit at the highest frequency 
point measured, 4 Mc/sec. A much superior fit is given 
for T19= 71, shown by the uppermost solid curve. The 
accuracy indicated in Table I reflects the estimated 
departures which could be tolerated in the curve 
fitting. The value of 719 determined for surface 3 is 
assumed for the other surface states since T x0 is pre- 


smoothest surface, 


sumably independent of surface roughness. 
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1d experiment for the normalized 
second harmonic components of M,7* for small modulation ampli- 
tudes (~0.1yAH in Mc/sec) for surfaces 1-3, with mean pit sizes 
of 10, 3, and 0.3 microns, 
theoretical curves calculated 
half amplitude points 


‘1G. 7. Comparison of theory ar 


The solid curves are 
and fitted at the one- 
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irom Eq 33 


An additional check on the modulation method is 
provided by observation of the second harmonic 
component of My’ at small modulation amplitudes 
(~0.1y4H Mc/sec). The measured, normalized ampli- 
tudes of (M7r*)oo are the points in Fig. 7. Theoretical 
curves calculated from Eq. (33) are shown by the solid 
curves. These contain one adjustable parameter, 7%, 
Table I. The good fit to the theoretical 
curves and the agreement with the line width determi- 
nation of JZ» lend the modulation 
measurements. 

Saturation measurements were made only for the 
most highly polished surface, No. 3, because of heating 
difficulties. The plot of x” vs applied rf power fits 
Suhl’s theoretical curve"® for [Tio 3> (1/T2) }°'=7 and 
Heit=0.015 oe for a reduction in x” of 15%. This gives 


as listed in 


confidence to 





SPIN RELAXATION IN 


a AH, of 1.65 oe or a relaxation time for the z-directed 
spin wave, Ti,2, of 35 mysec.!* 


VI. DISCUSSION 


The excellent fit of the theoretical curves to the 
experimental curves in Figs. 6 and 7 indicate the 
adequacy of the present description. For surfaces 1 and 
2, the scattering of the uniform precession into spin 
modes is considerably greater than the “equivalent 
scattering” of the uniform precession due to Tyo. If the 
assumption is made that the surface pits of surface 1 and 
2 excite spin modes with wavelengths comparable to the 
pit size, a relatively unambiguous interpretation of 
Ty is obtained for these two surfaces. For surface 3 
the scattering into spin modes has been greatly reduced, 
so that only about 10% of the uniform precession 
energy relaxes to the lattice via the spin waves. Since 
this surface is so highly polished, it is likely that the 
small residual scattering is volume scattering caused 
by a small number of voids of the order of 25 microns 
known to be present in the sample. Thus the residual 
scattering for surface 3 is probably into modes with 
wavelengths greater than the surface pits of surfaces 
1 and 2. 

With this interpretation we see that Ty, varies 
comparatively slowly with surface roughness, but there 
is a trend for 7, to decrease with decreasing wave- 
length. The points are shown in Fig. 8. The values of 
k for the two middle points were determined using the 
reciprocal of the mean pit size. The trend in 7, with 
increasing k number is maintained in the determination 
of Tix, for a z-directed spin wave. However the 7, 
obtained by fitting Suhl’s curves is probably too small. 
Suhl assumed that all of the inhomogeneity scattering 
into spin waves goes into the spin wave which is 
unstable at the lowest power. In addition he assumed 
that the nonlinear coupling term was independent of 
k. Further calculations by the authors indicate that 
these assumptions cause T4, in Table I to be approxi- 
mately 25% low. The solid curve of Fig. 8 is drawn 
through the experimental points. However, it is possible 
that there is a minimum in the curve at k=10X10* 
cm, as would be predicted by an extension of the 
analysis of Kittel." Because of the gap between the 
experimental points, the existence of such a minimum 
is not tested. 

It is worth noting that 7, obtained even on the 


18 The AH; of 1.65 oe obtained by curve fitting may be compared 
with the AH, of 0.1 oe reported on YIG from the same batch, 
using the point of first observed decrease in x” to determine 
Aerie. R. C. LeCraw and E. G. Spencer, Suppl. J. Appl. Phys. 30, 
185S (1959). 

9% C. Kittel, Phys. Rev. 110, 836 (1958). 
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Fic. 8. The spin-lattice relaxation time of spin waves of wave 
number &, vs. k. The point corresponding to aes 3 is not plotted 
for reasons explained in Sec. VI. The & scale is changed by a factor 
10 at the point indicated. 


roughest sample, represents information characteristic 
primarily of the bulk properties of the material. Thus 
T\, obtained on a relatively unpolished sample is a 
considerably better indication of the intriasic quality 
of the material than is AH or T», which depend strongly 
upon the surface. The value of Ty, and Ty» measure- 
ments increases as the intrinsic line width of available 
materials becomes narrower, because of the increasing 
difficulty of obtaining a surface polish sufficiently 
fine to cause negligible line broadening. 


VII. CONCLUSIONS 


The successful combination of theory and experiment 
here indicates that this approach can be used to separate 
and evaluate the various surface and volume properties 
entering into the ferromagnetic relaxation process. 
Thus it should be possible to study the physical 
mechanisms giving rise to the bulk properties, 7, and 
T\o, as a function of temperature, frequency, and rare 
earth” and other impurity content even though the 
line width still contains some broadening due to surface 
and volume imperfections. 
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The configuration coordinate model for KCI:T1 has been modified recently to include the effect of the 
crystalline field on spin-orbit interaction. We have now re-examined the spectral data on KCI:TI and 
related phosphors and propose a simplified configuration coordinate model which also includes this effect 
In the simplified model the two excited states are approximately parallel, the upper state being predomi- 
nately singlet ; the lower, triplet. In contrast to the earlier model, the pure 'P® and *P® spin states do not 
cross, and thereby we avoid spin-dependent crystalline interactions which vary rapidly with configuration 
coordinate. The effects of crystalline interactions on the energy separation of the spin states and on the 
spin-orbit coupling constants are estimated theoretically. In the quantitative application of the one di- 
mensional model to absorption and emission spectra neglecting configuration interaction with other crystal 


states 


, spin-orbit coupling constants which are smaller than the free ion values are used. The application 


of the model to other alkali halide phosphors and the origin of spectra not readily explained with the sim- 


plified model are discussed. 


I. INTRODUCTION 


N a recent publication’ the 1960 A and 2470 A 

absorption bands and the 3050 A and 4750 A 
emission bands of thallium-activated potassium chlo- 
ride were interpreted on the basis of a configuration 
coordinate model including the effect of the crystalline 
field on spin-orbit interaction. In this model crossing 
of the *P® and 'P* pure spin states of the 6s6p configu- 
ration of TI* is removed by spin-orbit interaction, and 
a third emission band in the region of the 2470 A 
absorption was predicted. The discovery of the new 
band tends to confirm the model. In addition, the 
model is in accord with a large variety of experimental 
results to within the accuracy to be expected of a single 
coordinate model. 

It is difficult, however, to justify theoretically the 
strong dependence of the difference in energies of the 
pure spin states on the configuration coordinate. The 
extension of the Born-Mayer analysis* used for the '§ 
and *P* states of Tl* in KCI to 'P* TI* is not consistent 
with this strong dependence. In fact, the simple theory 
predicts approximately parallel excited states with, 
however, too great an energy separation compared to 
the observed spectra. In addition, the model does not 
explain the selective excitation** of the 4750 A emis- 
sion band by 2575 A radiation. 

These difficulties plus the existence of the 2470 A 
emission, which was unknown at the time the original 
configuration coordinate model was proposed,’ suggest 
that the identification of the transitions responsible for 
the absorption and emission be re-examined. In the 
present paper this is done. We first estimate theoreti- 


+ Presented at the Meeting of the American Physical Society in 
Cambridge, March 30, 1959 [ Bull. Am. Phys. Soc. Ser. II, 4, 147 
(1959)}. 

1F. E. Williams and P. D. Johnson, Phys. Rev 

?F. E. Williams, J hem. Phys. 19, 457 (1951 

*P. D. Johnson and F. E. Williams, J. Che Phys. 20, 124 
(1952 


113, 97 (1959). 


, J. Electrochem. So 
Patterson and C. C. Klick, 


103, 508 


Phys. Rev 


1956 


105, 401 (1957). 


cally the energy separation of the pure spin states and 
the departure of the spin-orbit coupling constants from 
their free ion values. We then propose a simpler con- 
figuration coordinate model which is consistent with 
these theoretical parameters and accounts for most of 
the experimental data on KCI: TI. Data on other alkali 
halides, including a new emission band in KI:TI, are 
discussed. The theoretical basis for the configuration 
coordinate model and the background of its application 
to KCI: Tl have been reviewed elsewhere! and therefore 


will not be duplicated here. 


II. THEORETICAL CONSIDERATION OF SPIN-ORBIT 
INTERACTION PARAMETERS 


The principal effect of crystalline interactions on the 
spin-orbit interaction of the */® and '/* states of TI* 
in KCl is on the energy separation 2G, of the pure spin 
states. The parameter 2G, involves a term for the 
P*® and 'P* TI* with the 
crystal plus a term for the exchange interaction of the 
6s and 6p electrons of the TI*. 


> Pi 
2G.= 2AG;+4e 


difference in interaction of the 


2)P. 


"2 
xf riPs, 1 Ps, 1dr, (1) 


where Ps, and Ps, are radial wave functions. Since the 
exchange 
interactions are not expected to contribute strongly 


ions surrounding the Tl* have closed shells, 


to 2AG;. Using approximate free ion wave functions 


the Coulomb overlap it ction with the nearest- 


neighbor Cl- has been found to contribute —0.4 ev to 
AG,.® 


108, 
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SIMPLIFIED 


The second term of Eq. (1) is the same form as for 
the free ion,’ and in the approximation of unperturbed 
free ion wave functions is unaffected by crystalline 
interactions. Actually, the states of Tl* are perturbed 
upwards by crystalline interactions and the radial wave 
function Ps, becomes more diffuse. The perturbation 
of the 6s6p states of Ti+ in KCI:Tl to more diffuse 
charge distributions was discussed qualitatively in the 
earliest theoretical work*® on this phosphor, however, 
the only quantitative theoretical work*:** has involved 
free ion wave functions. In the present analysis we 
depart from free ion functions and estimate Ps, for the 
TI* in the crystal in order to determine the exchange 
integral of Eq. (1). The ionization energies ¢« of the 
‘P* and 'P* states of Tl* have been estimated to be 
reduced by crystalline interactions from 11 and 13 to 
roughly 4 ev." Since for free ion functions only 0.3% 
of the exchange integral originates inside the last node 
of Ps, at ro and since Ps, beyond ro for the crystal 
functions can be estimated from e, the change in 2G 
arising from crystalline interactions perturbing the Tl* 
can be determined approximately. The radial function 
P¢, beyond ry can be approximated by a function of 
the form®: 


Pop=Nr(r—10) expl— (e)'r], (2) 


where J is a normalization constant. In Fig. 1 are shown 
the radial charge densities Ps,” for r>ro for the free 
ion and for the crystal as approximated by Eq. (2). 
The points are the Hartree solution for the free ion” 
and indicate the validity of Eq. (2). The exchange 
integral of Eq. (1) was computed for the Ps, functions 
of Fig. 1 and found to be a factor of two smaller for the 
crystal compared to the free ion. In the limit of the 
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Fic. 1. Approximate radial charge densities for Tl: P,, free ion 
function; and P,., crystal function. Points and dashed line are 
Hartree solutions for free ion. 

7E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 177 

* F. Seitz, J. Chem. Phys. 6, 150 (1938). 

*R.S. Knox and D. L. Dexter, Phys. Rev. 104, 1245 (1956 

” P. D. Johnson and F. E. Williams, J. Chem. Phys. 21, 125 
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" F. E. Williams, J. Opt. Soc. Am. 47, 869 (1957) 

2A. S. Douglas, D. R. Hartree, and W. A. Runciman, Proc. 
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effective mass approximation in which the excited 
electron interacts Coulombically with the TI** core 
in accordance with the macroscopic dielectric constants 
of KCl, 2G, of course, becomes zero. This is a suitable 
approximation for the Z,; center,” in which an electron 
is bound to a divalent cation such as Ca** at a K* site 
in KCl. 

In the final estimate of 2G, for the *P® and '/* states 
of Ti* in KCI: Tl we reduce the exchange integral for 
the free ion, which equals the energy separation of the 
pure spin states of the free ion, by a factor of two and 
substitute the value of AG; obtained with free ion wave 
functions into Eq. (1). The experimental value of 2G 
for the free ion is 2.1 ev. The value of AG; of —0.4 ev 
obtained with free ion functions is not expected to be 
seriously in error since with the more diffuse crystal 
functions the overlap with the nearest-neighbor Cl~ is 
greater but the difference in overlap between the *?° 
and '/* states tends to decrease because the radial 
charge densities for the two states are more nearly the 
same. From these considerations, real and positive 
values of 2G, of the order of several tenths of an 
electron volt are expected theoretically. 

In addition to the effect of crystalline interactions 
on 2G, the effect on the spin-orbit coupling constants 
¢ and A¢ must be considered. These constants depend 
on the potential V and on /’¢, as follows: 


eh? - 10V 
: f Poy" -— }dr, (3) 
ame Jo r or 


and \ takes account of the difference in Ps, for the 'P* 
and */* states. Since essentially all contributions to ¢ 
originate from within a radius of 1/20 A, these pa- 
rameters have previously been approximated by their 
free ion values.':* Only 0.015% of the free ion values 
of ¢ and df arises from Ps, beyond its last node at 7» so 
that the direct effect of the crystalline perturbation of 
Ps, beyond ro on ¢ and Xf is insignificant. However, 
the renormalization of the inner core region after 
matching wave functions and their derivatives at ro 
produces an appreciable reduction in ¢ and Xf from 
their free ion values.“ In fact, a Hartree solution for 
Pe, obtained with the field beyond ro modified by an 
effective dielectric constant consistent with an eigen- 
value of 4 ev is found to yield a ¢ approximately one- 
half of the free ion value. Since the P¢,’s are expected 
to be more nearly the same for the 'P* and *P* crystal 
states, \ itself is probably increased from its free ion 


p “ F. Seitz, Phys. Rev. 83, 134 (1951). 

“ Our conclusion that the spin-orbit coupling constants for the 
crystal are less than the free ion values is at variance with the 
conclusion of R. S. Knox, Phys. Rev. 115, 1095 (1959). His 
calculation is based on Léwdin-type functions. These do not 
approach the atomic functions in the inner core region as the 
crystal functions should [S. Raimes, Proc. Phys. Soc. (London) 


A67, 52 (1954) }. In the same report Knox independently suggests 
a model which has some features similar to the model described 
in this paper. 
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value of 0.87 to more nearly unity. The analysis of 
Owen!® of the spectra of transition metal ions in solids 
and solutions indicates spin-orbit coupling constants 
70-85% of the free ion values. Configuration interaction 
of the 'P* and */® states with other crystal states may 
alter the apparent spin-orbit coupling constants. Knox"® 
has most recently considered configuration interaction 
with electron transfer states. 


Ill. SIMPLIFIED CONFIGURATION 
COORDINATE MODEL 


The simplified configuration coordinate as applied 
to KCI:TI is shown in Fig. 2. Including spin-orbit 
interaction the upper state is predominantly singlet 
and the lower excited state is predominantly triplet. 
As in the model of reference 1, 2470 A absorption is 
attributed to the 'So— *P,° transition, 1960 A absorp- 
tion to \Sy»— 'P;° and 3050 A emission to *P,° — 4Sp. 
However, the 2470 A emission in the present model 
involves an excited state with a greater singlet character 
than in the model of reference 1. In contrast to the 
earlier model, the energy separation of the pure spin 
states, 2G., and consequently the mixing by spin-orbit 
interaction is not strongly dependent on the con- 
figuration coordinate. The energies of the *P» and *P,° 
states as a function of the configuration coordinate lie 
parallel to and displaced —f{ and +{/2, respectively, 
from the pure */* spin state. The *P¢° and *P,° states 
are not shown on Fig. 2 since we are not concerned in 
this paper with transitions and trapping phenomena 
associated with these states. 

In the quantitative application of the model the 
energy of each spin state as a function of configuration 
coordinate is adjusted so that after the application of 
spin-orbit interaction, using parameters consistent with 
the theoretical estimates of Sec. II, the experimental 


Fic. 2. Configuration co- 
ordinate model for KCI:TI. 
Dashed lines are the pure 
spin states. Solid lines are 
the states with spin-orbit 
coupling. 
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Fic. 3. Energy separatio 
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, versus energy 
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spectra are reproduced. Also the ratio of oscillator 
strengths for the absorption transitions are in reasonable 
agreement with experiment. In 
different values of ¢ the 
separation of the states in 


is shown for 
dependence of G. on the 
uding spin-orbit interaction. 
ilue of 1.014 ev, G. must be 
for the experimentally 
he absorption configuration 
ynfiguration for the 
1.25 ev and there is no point on 


to 1.014 ev « 


1 
} 


Fig. 3 


For ¢£ equal to its free ion v 
negative in order to account 
observed AEF, of 1.30 ev at 
for KCI:Tl. At the « 
experimental AL, is 
the curve for ¢ equ 
value of Al 
halides such 


emission 


orre sponding to this 


For other thallium-activated alkali 


as KI:TI the free ion value of ¢ is un- 


acceptable for both absorption and emission. 

In accordance with the theoretical considerations of 
Sec. II we therefore reduce ¢ to 0.8 ev'™ and G, becomes 
real and positive for the experimental values of AE, for 
both absorption and emission in KCI:Tl. Figure 2 is 
based on this value of ¢. In Figs. 2 and 3 \ is maintained 
at its free ion value. If X is increased, 
Sec. Il, ¢ must be decreased by an approximately 
equivalent amount in order to maintain the same AE,. 
For KI: Tl a decrease in ¢ below 0.8 ev is necessary to 
avoid imaginary values of G, even with the free ion 
value of \. The larger radial extension of the I 
function, as compared to CI-, is expected to result in a 
free ion ‘I function 
which through renormalization yields a greater decrease 
in ¢ and Xf. Configuration interaction with other crystal 


as suggested in 


wave 


greater perturbation of the wave 


168 Nolte added in proof —H.Kamimura and S. Sugano [J. Phys. 
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states is also expected to be greater for KI: T] than for 
KCI:Tl and thereby to lead to a greater apparent 
decrease in the spin-orbit coupling constants. In addi- 
tion, it is evident from the structure in the absorption 
spectrum of KI:Tl at low temperatures’ that the 
activator system does not behave precisely according 
to the single coordinate model. 

In general the one dimensional configuration co- 
ordinate model is inadequate to account quantitatively 
for all phenomena involving impurity systems. As was 
realized in developing the earlier model the transition 
energies may depend on more than one independent 
coordinate. If, as in the analysis based on the previous 
model, we allow the transition energies of KCI:TI to 
depart as much as 5% from the experimental values, 
a greater AF, is obtained and with £ equal to its free 
ion value, G, becomes real and positive for all con- 
figurations. Thus, the experimental spectra, except for 
the 4750 A emission, are accounted for as accurately 
by the present model as by the previous model, avoiding 
in both cases an adjustment of ¢ from its free ion value. 
The limitations of the one dimensional configuration 
coordinate model have been recently discussed by 
Maeda.'® 


IV. DISCUSSION OF SPECTRA 


In view of the considerable accumulation of data on 
the spectra of KCI: Tl since the single coordinate model 
was first applied quantitatively to this phosphor, it is 
desirable to reconsider the nature of the impurities 
responsible for some of these spectra and the detailed 
assignment of the transitions involved. From the work 
of Seitz* it is clear that the 1960 A and 2470 A absorp- 
tion are characteristic of isolated TI* in KCl. The con- 
centration dependence of emission intensity of the 
3050 A band". is in accord with the idea that this 
band arises from isolated Tl*. In view of its selective 
excitation by radiation in the 1960 A absorption band,! 
the 2470 A emission is also attributable to isolated TI*. 

It should be pointed out that a recent recalibration” 
of the spectrophotometer used for the emission spectra 
of reference 3 results in the conclusion that the output 
of 3050 A emission in KCI:Tl with 1960 A excitation 
can be almost entirely accounted for by self-absorption 
of the emitted 2470 A radiation. In arriving at this 
conclusion it is necessary to consider in detail the 
geometry of excitation and observation. The 3050 A 
emission is excited in the region of the crystal observed 
by the spectrophotometer not only by the 2470 A 


‘7 P. H. Yuster and C. J. Delbecq, J. Chem. Phys. 21, 892 
(1953). 

‘8K. Maeda, J. Phys. Chem. Solids 9, 335 (1959). 

% P. D. Johnson and F. E. Williams, J. Chem. Phys. 18, 1477 
(1950). 

*” J. H. Schulman, E. W. Claffy, and R. J. Potter, Phys. Rev. 
108, 1398 (1957). 

* Recalibration of the response of the spectrophotometer used 
to obtain the emission spectra of reference 3 indicates that the 
4750A band is less intense by a factor of approximately 2.4 relative 
to the 3050A band than the figures of that reference indicate. 
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radiation originating in the observed volume but also 
by 2470 A radiation originating in parts of the crystal 
outside the volume of observation. 

The energy-configuration coordinate diagram of Fig. 
2 explains the 2470 A and 1960 A absorption and 2470 A 
and 3050 A emission. However, there remains the 
problem of the 4750 A emission and an excitation peak 
at 2575 A which preferentially leads to this emission. 
The problem is first to ascertain the physical identity 
of the center responsible for this emission. On the basis 
of an apparent thermal equilibrium between the two 
emitting states and excitation of 4750 A emission by 
1960 A excitation we were led to a model which emerged 
in its most fully developed form as the energy configura- 
tion coordinate curves of reference 1. 

From excitation spectra Patterson and Klick® sug- 
gested that 4750 A emission arises from clusters of Tl* 
ions or of TI* ions associated with other crystalline 
imperfections. As shown in Fig. 4 excitation at 2450 A 
results in practically no 4750 A emission whereas 
excitation at 2537 A yields both bands. It should be 
pointed out that the temperature dependence of the 
ratio of the two bands given in reference 3 was obtained 
using 2537 A excitation. The temperature dependence 
of the relative absorption intensity at 2537 A of the 
2470 A and 2575 A bands accounts for the variation of 
relative intensity of the two emission bands with 
temperature. 

The significance of differences in spectra such as 
shown in Fig. 4 depends on activator concentration 
and such geometric effects as particie size, if powders 
are used, or crystal dimensions, if single crystals are 
used. The ratio of absorption A,/ Az in the crystal at 
two different wavelengths A, and As by two different 
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centers with concentrations c; and co and molar ex- 
tinction coefficients a; and az is: 


1— € acl 


(4) 


where / is the thickness of the crystal, or the mean path 
length in a powder.” When acyl, a2cd<K1, excitation 
spectra accurately coincide with absorption spectra. 
However, when ai¢j/, aece>>1, then A;/A2— 1. Thus 
with thick crystals, large particles or high concen- 
trations there is no way of distinguishing between 
significant and minor effects. The data given in Fig. 4 
more nearly conform to the first of these two conditions. 
The fact that excitation at 2450 A results in no ap- 
preciable 4750 A emission is not in accord with the 
suggestion in reference 3 that the two emission bands 
result from excitation to the same state or that there 
is a high probability of transfer of energy between the 
two emitting states. 

Emission at approximately 3200 A due to the 
‘P+ 'So transition might be expected if the AJ 
selection rule were violated. In any case, the 4750 A 
emission cannot be explained by this transition for the 
same center and configuration coordinate of Fig. 2. 

However, it cannot be concluded that a different 
center is involved in 4750 A emission. The introduction 
of vacancies by introduction of various divalent ions* 
does not affect the intensities of 3050 A and 4750 A 
emission under 2537 A excitation, thereby ruling out 
TI* associated with vacancies as the origin of 4750 A 
emission. When cadmium is added, a new emission 
band appears, and at moderately low TI* concen- 
trations the 3050 A and 4750 A bands are both depressed 
to the same extent.’ It would seem fortuitous if the same 


Ki. 0.0005 TI 


77°K 
2360A EXCITATION 


~ @ wo 
o o o 


a 
oOo 


Fic. 5. Emission 
spectrum of KI:TIl 
with 2360 A excita- 
tion 


WORMALIZED EMISSION INTENSITY 
Oo 


"3000-3500 «4000 +«=«4500~=«*S 000 
WAVELENGTH (A) 


#P. D. Johnson, J. Opt. Soc. Am. 42, 978 (1952). 


AnD ¥. FB. 


WILLIAMS 


————=- 2100A EXCITATION 
—--= 2600A EXCITATION 


RELATIVE ENERGY 
[S.J g 
o o 


s 





3000 3500 
WAVELENGTH A 


Emission spectrum of KBr: T] 
2600 A excitation 


Fic. 6 with 2100 A and 


normalized at 3100 A). 


fraction of two structurally different centers were 
destroyed by the addition of Cd**. 

From the TI* concentration dependence of intensity 
of the 3050 A and 4750 A bands under 2537 A excitation 
it was deduced” that both emission bands arise from 
isolated Tl* surrounded only by the KC! lattice. There 
is some dependence of the ratio of 4750 A to 3050 A 
emission on concentration at lower concentration due 
to low absorption of the incident 2537 excitation giving 
rise to selective absorption in the 2470 and 2575 A 
bands according to the geometric considerations out- 
lined above. 

There is other evidence which indicates that TI* 
associated with another defect is not responsible for 
4750 A emission. First, quenching or annealing of 
otherwise identical samples after heating for 6 hours at 
temperatures ranging from 470° to 670°C resulted in 
no variation in the ratio of intensities of the 3050 A 
and 4750 A emission. Quenching from various tem- 
peratures or annealing would be expected to affect the 
degree of association of defects with Tl*. In addition, 
Compton and Klick” observed no polarization of 
luminescence in the 4750 A band with polarized 
excitation. A permanently asymmetric center would be 
expected to exhibit polarized emission with polarized 
excitation. The elimination of other possibilities leads 
to the suggestion that the 4750 A emission originates 


*W. D. Compton and C. ( 


>. Klick, J 
170 (1958). 


Phys. Chem. Solids 7, 
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from isolated substitutional thallium but that either a 
different state of ionization or a different configuration 
coordinate must be involved. 


V. OTHER ALKALI HALIDE PHOSPHORS 


The similarity of the absorption spectra of various 
alkali halide phosphors activated with Ti* or Int 
indicates the desirability of attempting to apply the 
model of this paper or of reference 1 to these other 
phosphors. Either model predicts that with excitation 
in the shorter wavelength absorption band a short 
wavelength emission band might be observed. In Fig. 
5 it is seen that in the case of KI: T! this emission does 
in fact exist. Under 2360 A excitation the usually 
observed emission peak at 4300 is accompanied by a 
shorter wavelength peak at 3080 A. This peak is, we 
believe, by analogy with KC1:TI, due to the 'P;° — 'Spo 
transition. Only at temperatures above that of liquid 
nitrogen or at high activator concentrations is self- 
absorption sufficient to depress the short wavelength 
side of the 3080 A emission band. Self-absorption may 
still be sufficient to account for the observed intensity 
of the 3080 A band however, The emission bands at 
3080 A and 4300 A can be correlated with the absorption 
bands at 2360 A and 2870 A, respectively, on the basis 
of the simple model with the *P,° and 'P;° states nearly 
parallel as a function of the configuration coordinate, 
whereas, a correlation on the basis of the model of 
reference 1 requires, as for KCI:Tl, a complicated 
interaction of the pure spin states. 

Under 2300 A excitation at 77°K, KCl: In shows no 
emission at wavelengths shorter than the 4200 A band. 
It is possible that the broad multiplet structure in 
absorption®™ results in complete self-absorption of any 
such emission even at 77°K. 

The absorption spectrum of KBr:Tl with peaks at 
2100 and 2600 A is similar to those of the other alkali 
halide phosphorus and is intermediate to KC]:T1 and 
KI:Tl. The emission of KBr:T1 consists of a single 
broad flat-topped peak centered at 3250 A at room 
temperature which separates into two well-resolved 


*N. E. Lushchik, Trudy Inst. Fiz. i. Astron. Akad. Nauk 
Eston. S.S.R. 6, 149 (1957). 
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bands at 3100 A and 3600 A at 77°K.** No emission at 
wavelengths shorter than the band at 3100 A was 
found at 77°K or 300°K. Excitation at 2100 A results 
in the 3600 A band being more intense relative to the 
3100 A emission than is the case with 2600 A excitation. 
This is seen in Fig. 6. Because of this fact, the model 
of this paper is not in accord with the 3100 A and 3600 A 
emission being due to the 'P;°—+'S») and *P,°—>'S» 
transitions, respectively. The absence of emission at 
wavelengths shorter than the 3100 A band does not, 
however, rule out the possibility that the present model 
may be valid with 3100 A emission being the *P,° — 'So 
transition. As was suggested for KCI: In shorter wave- 
length emission may be completely self-absorbed. 


VI. CONCLUSIONS 


It is possible to account for the most prominent 
features of the absorption and emission spectra of 
KCI:Tl by a simple one-dimensional configuration 
coordinate model in which the excited pure spin states 
do not cross. The theoretical estimates of the values of 
the parameters which govern spin-orbit interaction are 
in accord with the values which are required in order 
to fit the experimental spectra on the basis of the simple 
model. The characteristics of the 4750 A emission and 
the polarization of the 3050 A emission suggest that 
additional coordinates of the same center are required 
to explain these properties. Many features of the spectra 
of KCl:In, KBr, Tl and KI:Ti are consistent with the 
simple model. 
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Threshold Measurements and the Production of Radiation Damage 
in the Noble Metals* 
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We have measured the electrical resistivity changes induced by bombarding Cu, Ag, and Au at ~10°K 


with 1.5-Mev electrons. It is inferred that the threshold energy 7, for radiation damage production in Cu 


’ 


Ag, and Au is 22, 30, and 2 40 ev, respectively. The fact that the 7, values are not the same for this homolog- 
ous series of metals requires reconsideration of the comparison of deuteron radiation damage theory and 


experiment. This shows that even beyond the different Tz values, the damage proc: 


materials are not identical. 


parameters in these 





W* report here measurements of the electron 
irradiation induced changes in the electrical 
resistivity of Cu, Ag, and Au samples cooled with 
liquid He. The results indicate that the threshold 
energy for damage production increases with atomic 
number. 

The experimental apparatus has been previously 
described.':? We estimate that the sample temperatures 
were <10°K. The average energy of the bombarding 
electrons was inferred by heating measurements and 
theory to be 1.41+0.05 Mev. The most probable 
energy was 1.51 Mev. The samples were one-mil thick 
strips made from the following materials: Cu— 
American Smelting and Refining Company, 99.999% 
purity; Ag—Handy-Harmon, Inc., 99.9*%; Au— 
Sigmund Cohn, 99.99%. 

The following resistivity changes, Ap,, were ob- 
served: Cu—8.3X10-77, Ag—5.3X10-?7, and Au— 

2.5X10-*—in units of ohm cm per elec/cm?. The 
total dose was 2.210" elec/cm’. The change in Au 
is too small to be significant.’ The recovery of the 
damage in Cu is consistent with that previously 
published. The Ag recovery is similar to that observed 
after deuteron bombardment by Magnuson, Palmer, 
and Koehler.‘ 

The resistivity change is given by Ap.=a-Apy, 
where o is the damage cross section and Ap, is the 
resistivity per atomic concentration of defects (assumed 
Frenkel pairs). At a fixed bombarding energy the o’s 
are functions of the threshold. If the atoms are in a 
square well potential® of height, Tz, Seitz and Koehler® 
give an explicit relationship between o and Ty. We 

* The research reported in this paper has been sponsored by the 
Electronics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command. 

1]. W. Corbett, J. M. Denny, M. D. Fiske, and R. M. Walker, 
Phys. Rev. 108, 954 (1957 

2 J. W. Corbett, R. B. Smith, and R. M. Walker, Phys. Rev 
114, 1452, 1460 (1959 

* We have previously been informed by J. Brinkman of Atomics 
International, Canoga Park, California, that this group’s measure- 
ments at 80°K showed no damage produced in Au. 

4G. D. Magnuson, W. Palmer, and! J. S. Koehler, Phys. Rev. 
109, 1990 (1958) 

5 Considering more realistic potentials does not alter the 
substance of the ensuing discussion. 

6 F, Seitz and J. S. Koehler, in Solid State Physics (Academic 
Press, Inc., New York, 1956), Vol. 2, pp. 307-442. 
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have previously measured 7,= 22 ev in Cu by varying 
the energy of the bombarding electrons. Using this in 
the cross-section relationship and making an assumption 
about the ratio of the Ap;, we can infer threshold values 
for Ag and Au. Only a lower limit can be set in Au. 

The resistivity, Ap;, can be written as the product 
of the lattice parameter, ap, and a function of phase 
shifts, V (6,). It can be shown,’ that when the defect is 
replaced by a square well potential with a radius equal 
to the atomic cell volume and a depth adjusted to give 
appropriate screening, the function V(6,) is constant 
(Born approximation). We therefore expect Ap; ao 
as a first approximation. The detailed calculations of 
Abelés* and Jongenburger® bear this out. On this basis 
we find T7,=30 ev in Ag and >40 ev in Au. Using a 
constant Ap; as given by Dexter" does not alter the 
results substantially. 

In a study of the deuteron induced damage in the 
noble metals, Cooper, Koehler, and Marx" showed that 
the measured 
closely predic ted if the 


resistivity changes were 


ratio of the 
following quantities were 
threshold energies, (b) the 
resistivity of Frenkel pairs per unit volume, and (c) 3, 


assumed equal: (a) th 


TABLE I. Ratios of the resistivity change in Ag and Au relative 
to that in Cu for a given deuteron bombardment. Various assump- 
tions are made concerning the resistivity of Frenkel pairs per 
atomic concentration, Ap,, and 74, the threshold energy. mo is the 
number of atoms/cm”. ap is the lattice constant. C is an arbitrary 
constant 


*® See reference 11 

b >, the average numt 
constant. 

¢ Variation of > wit! 


t, assumed 


be nicatior 
* F. Abelés, Compt. rend. 237, 796 (1953 
® P. Jongenburger, Appl. Sci. Research B3 
10 PD. L. Dexter, Phys. Rev. 87, 768 (1952 
4 Cooper, Koehler, and Marx, Phys. Rev 


7 W. A. Harrison (private « 
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the average number of secondaries per primary dis- 
placement. The observed agreement was interpreted 
by Cooper, Koehler, and Marx as an indication that 
both the basic theory and the specific assumptions 
outlined above were essentially correct. In view of the 
present work, we feel that these conclusions need to be 
modified. 

The present situation is summarized in Table I 
where the predicted ratios are tabulated for several 
different assumptions on the thresholds and resistivities. 
Following Seitz and Koehler the resistivity change per 
incident deuteron is taken proportional to #Z?-Ap;/T4M 
where Z and M are, respectively, the atomic number 
and atomic weight of the bombarded metal. If assump- 
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tions (b) and (c) above are retained, the present 
thresholds predict values in substantial disagreement 
with experiment. However, if instead of (b) we assume 
either Apy=C or Aps=CAo, agreement is to some 
extent restored. While the agreement is satisfactory 
for Ag, the situation for Au is much worse. We therefore 
conclude that while the basic theory predicts the proper 
general trend, the noble metals are not identical as 
regards the damage process. It is necessary to consider 
each metal separately. 
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Electrical Resistivity of Dysprosium Single Crystals* 
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Resistivity measurements are reported on two single crystals of hcp dysprosium metal in the temperature 
range 1.3°K to 400°K. The two magnetic transitions at 90°K and 175°K are very evident in the resistivity. 
Significant anisotropy is observed only above 175°K, which is the paramagnetic range; at 400°K, pi/pu=1.5. 
A prediction for the resistivity of polycrystalline dysprosium based on these measurements is seen to be in 
good agreement with the resistivity of a polycrystalline sample. 


INTRODUCTION 


HE electrical resistivity of a hexagonal single 
crystal sample, in which the current flows at an 
angle @ with the c axis, is given bv' 
p(¢) =p cos*o+p, sin’. (1) 
One can estimate the resistivity of a polycrystalline 
sample by averaging p(@) over-all solid angies. The 
result is 
b= (2e.+pu)/3. (2) 
Now for dysprosium, we assume the additivity of 
three contributions to the resistivity, 
P= Preat Ppht+Pmag- (3) 
This assumption has been made by Kasuya?* and by de 
Gennes and Friedel,’ and has been verified by Anderson 
and Legvold* and Kondorsky et al.* The first term in 
* Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 
'W. Boas and J. K. Mackenzie, Progr. in Metal Phys. 2, 90 
(1950). 
? T. Kasuya, Progr. Theoret. Phys. Kyoto 16, 58 (1956). 
+P. G. de Gennes and J. Friedel, J. Phys. Chem. Solids 4, 71 
(1958). 
*G. S. Anderson and S. Legvold, Phys. Rev. Letters 1, 322 
(1958). 
* E. Kondorsky, O. S. Galkina, and L. A. Tchernikova, J. Appl. 
Phys. 29, 243 (1958). 


Eq. (3) is assumed temperature independent. It is the 
resistivity extrapolated to 0°K. The second term is due 
to phonon scattering and theoretically is essentially 
linear in temperature when T>0.50, where @ is the 
Debye temperature. The third term is due to magnetic, 
or “magnon” scattering. It increases with the magnetic 
entropy, which is temperature independent above the 
highest magnetic ordering temperature. 

Part ot the interest in dysprosium (and in many of 
the other rare earths) is due to its three magnetic states.® 
Below 90°K (the Curie point), it is ferromagnetic. Be- 
tween 90°K and 175°K it is antiferromagnetic, and 
above 175°K (the Néel point), it is paramagnetic. How- 
ever, it is felt that in the region 90-175°K the applica- 
tion of a magnetic field can cause a spin flip from 
antiferromagnetic to ferromagnetic alignment. Also, it 
has been found that dysprosium is magnetically very 
anisotropic in all three magnetic states, the hard direc- 
tion being the c axis. Below 110°K there is anisotropy 
in the basal plane also, it being easier to magnetize along 
an a axis than along a direction 30° away from an a axis 
and in the basal plane. It was of interest, then, to see 
what anisotropy would occur in the magnetic resistivity, 
and how it would change as the sample goes from one 
magnetic state to another. 


*D. R. Behrendt, S. Legvold, and F. H. Spedding, Phys. Rev. 
109, 1544 (1958). 
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EXPERIMENTAL 


Two crystals were grown under argon pressure in a 
slightly modified Bridgman technique such as that used 
by Behrendt, e/ al.* A few grams of redistilled dyspro- 
sium were melted in a 16 cm long, 3-mm diameter 
tantalum crucible, which was then steadily lowered out 
the bottom of the heated portion of a furnace at one cm 
an hour. Two crystals were grown in this manner. They 
were shaped into rods with rectangular cross sections 
and dimensions (in mm) of 2.0 2.3 20.3 and 1.5X2.1 
x 14.9. 

The resistivities of these samples were measured from 
1.3°K to 400°K in a cryostat built by Colvin of this 
laboratory.’ A four-probe system was used to measure 
the resistivity, the potential contacts being 9.9 mm 
apart for the longer sample, and 6.8 mm for the shorter 
one. Also measured was a rod of polycrystalline dys- 
prosium, cast from the same batch of metal as were the 
single crystals. The rod was 4.8 mm in diameter and 5.1 
cm long, and its potential contacts were 2.5 cm apart. 
Some measurements were made in a transverse magnetic 
field also, but the effect of a magnetic field was de- 
tectable only in the antiferromagnetic range, so these 
measurements were made only between 81°K and 
181°K. 

The probable errors are estimated to be 0.1 microhm- 
cm at very low temperatures, and 1.5% of the resistivity 
at room temperature. The temperature was controlled 
and measured to within one half of one degree at all 
times. The estimated purity from spectrographic analy- 
sis was 98.7%, the major contaminant being about 1% 
of tantalum, which was dissolved from the crucible in 
growing the crystals. The remaining impurities were 
mainly Og, C, and Ne, the amounts reported being 130, 
100, and 150 ppm, respectively. Metallic impurities (in- 
cluding other rare earths) were not detected spectro- 
graphically. 
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Fic. 1. Electrical resistivity of dysprosium. The lowest curve 
represents the crystal oriented 18.2° from the ¢ axis. The next 
lowest is for a crystal 42.0° from the ¢ axis. The squares are the 
measured resistivity of a polycrystalline sample. The dashed line 
is a prediction for the basal plane resistivity. 

7R. Colvin, thesis, lowa State University, Ames, Iowa, 1958 
(unpublished). 
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AND SPEDDING 


RESULTS 


The residual resistivities were 2.4, 3.1, and 5.1 
microhm-cm for the polycrystalline sample, the crystal 
oriented 18.2° from the c axis, and the crystal oriented 
42.0° from the ¢ axis, respectively. These residual 
resistivities were subtracted from all the data to obtain 
the results shown in Fig. 1. The circles are the experi- 
mental points for the 18.2° sample. The triangles repre- 
sent the 42.0° sample, and the squares correspond to the 
polycrystalline sample. The dashes are a prediction for 
pi. They represent an average of two predictions, one 
using Eq. (1) and the data from the two crystals, the 
other using Eqs. (1) and (2), the polycrystalline data 
and the 18.2° crystal data. For purposes of clarity, all 
but two of the curves have been omitted below 160°K; 
below 90°K, only the 18.2° crystal data are shown, 
because all the curves would be nearly identical. Table I 
is a list of all the measured and predicted resistivities at 
300°K. The predicted polycrystalline curve and the 
calculated c-axis curve have been omitted from Fig. 1, 
but the table will show where these curves come in the 
paramagnetic region. 

TABLE I. Resistivities of dysprosium samples. 
300°K (microhm-cm, residual subtracted) 


. 42.0° crystal 
. 18.2° crystal 
Predicted polycrystalline from 1 and 2 
Measured polycrystalline 
Predicted py from 1 and 2 
Predicted p, from 2 and 4 


. Average p; from 5 and 6 
Calculated py; from 2 and 4 


The curves show clearly the three regions of magnetic 
behavior. At about 89°K there is an abrupt increase in 
the resistivity with increasing temperature, marking the 
transition from ferromagnetic to antiferromagnetic 
ordering. An unusual feature of the data is the anoma- 
lous behavior associated with the Néel point. The effect 
is particularly pronounced in the case of the 18° crystal, 
whose resistivity decreases by 11% when the tempera- 
ture is raised from 167°K to 193°K. Above 200°K, the 
resistivity is essentially linear with temperature, as 
would be expected for a paramagnetic metal. It is to be 
noted that the only really significant anisotropy is in the 
paramagnetic region. Also, it should be noted that the 
curves are practically parallel in this region. If they are 
extrapolated to 0°K, they do not meet each other, as 
might be expected if the anisotropy were due to the 
phonon part of the resistivity. 

Figure 2 is merely an expanded view of the region near 
the Curie point. It gives an idea of the sharpness of the 
transition and of the amount of scatter in the data. Also, 
it shows that the Curie point is slightly different for each 
of the three samples. This could very well be due to 
differences in the impurities in the samples, since the 
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sample with the lowest Curie point had the highest 
residual resistivity, and vice versa. Thoburn ef al.* have 
shown that it does not take much nonmagnetic impurity 
to lower the Curie point. Also shown on Fig. 2 (closed 
circles) is the resistivity of the 18.2° crystal with a con- 
stant transverse external magnetic field of 18.9 kilogauss, 
showing how the anomaly can be completely removed. 
The magnetoresistance effect thus produced exhibited a 
behavior much like that of the magnetic susceptibility 
in that it took a certain critical field to get any effect, 
after which the resistivity decreased essentially linearly 
with the field, until (when the transition was complete) 
the effect became saturated. The temperature depend- 
ence of the magnetoresistance was also similar to that of 
the magnetic susceptibility in the region from 90° 
to 180°K. 


DISCUSSION 


The abrupt increase in the resistivity as the sample 
is moved from the ferromagnetic region into the anti- 
ferromagnetic region must be due to an increase in the 
magnetic scattering, and, it is believed, an increase in 
the magnetic entropy. This would mean that the mag- 
netic transition is a first order transition. Now the 
specific heat data® show a peak at the Curie point, but it 
is not a delta function, as would be expected for a first 
order transition. It is approximately symmetrical, but 
about four degrees wide at the half height. However, if 
there were a statistical spread of Curie points due to 
inhomogeneities, then the result would be a spread out 
first-order transition such as is observed. The shift in 
entropy associated with the area under the specific heat 
peak at this point is about 0.1 cal (g atom)~'(°K)~', or 
about 5% of the total magnetic entropy at this point. 
In the polycrystalline sample, a shift of about 8% is 
observed in the resistivity. It is felt, then, that the 
change from ferromagnetic to antiferromagnetic ordering 
causes a decrease in the magnetic order, which must 
mean a decrease in the sublattice magnetization. How- 
ever, this order is completely regained when the critical 
magnetic field is applied. It is also felt that the increased 
entropy stays with the sample until the neighborhood 
of the Néel point is reached, because the shift in re- 
sistivity is observed all the way up to 175°K. It is felt 
that with sufficiently high magnetic fields, the peak 
could be completely eliminated, and the curve wou!d 


®* W. C. Thoburn, S. Legveld, and F. H. Spedding, Phys. Rev. 
110, 1298 (1958). 

* M. Griffel, R. E. Skotchdopole, and F. H. Spedding, J. Chem. 
Phys. 25, 75 (1956). 
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Fic. 2. Electrical resistivity of dysprosium near the Curie point. 
The open circles are the 18.2° crystal. The squares are the meas- 
ured polycrystalline sample. The lowest curve is the 18.2° sample 
with a magnetic field applied, and the triangles correspond to the 
42.0° crystal. 


look like an ordinary ferromagnetic resistivity curve. 
This is not surprising, since then there would be only the 
two magnetic states possible, the ferromagnetic and the 
paramagnetic. 

It still remains to account for the anisotropy observed. 
It is known® that the magnetic susceptibility is aniso- 
tropic above the Néel point. In fact, the Curie plots of 
the paramagnetic susceptibility for the c axis and basal 
plane are parallel, but have different paramagnetic 
Curie points. @, is 121°K for the parallel, and 169°K for 
the perpendicular susceptibility. This was explained by 
Behrendt® on the basis of anisotropic crystalline fields 
which would act, in effect, like an “anisotropic” ex- 
change integral. And Kasuya? has shown that the mag- 
netic part of the resistivity in the paramagnetic range 
should be proportional to the square of the effective ex- 
change integral. If we apply this to an anisotropic ex- 
change energy, we might expect the magnetic resistivity 
in the different directions to be proportional to the 
square of the paramagnetic Curie temperature. That is, 


Pi \/ ps = (Bes 1/1). (4) 


In fact, the right-hand side of Eq. (4) is 0.52, while the 
left-hand side is about 0.8. This is not very good 
agreement, but at least it is in the right direction, which 
is all one could expect from so naive an approach. 
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The theory of Bardeen for the electron shielding of the perturbation potential arising from lattice vibra 
tions is extended to cover exchange and correlation effects. The method is to set up a self-consistent set of 
one-electron equations, and calculate the effect of the perturbation in the charge densities. The exchange 
term is corrected to conform to the results of the Bohm-Pines theory, but the plasma wave function is 
assumed not to be disturbed by the lattice. With this approximate model, a solution to the problem can be 
obtained. For small-angle scattering, the results do not return to the original Bardeen values. The interaction 
potential matrix element depends on the initial electron wave vector k as well as on the difference between 
initial and final state wave vectors. Hence, to use the results an average over k must be made, and we make 
an average over the Fermi surface. The general effect of the exchange hole is to increase the scattering. 


I. INTRODUCTION 


HE problem of the scattering of electrons by lattice 
vibrations in a solid is complicated by the fact 
that both the ions and the particle electrons are shielded 
by electron clouds. If the electron cloud around an ion 
vibrated rigidly with the ion, we would have complete 
shielding of the perturbation outside the cell. If the hole 
around an electron moved rigidly with the electron, and 
did not tend to pick up some of the lattice motion itself, 
we would have no exchange and correlation effects other 
than the effect on the equilibrium properties such as the 
unperturbed energy functions. The shielding around an 
ion was treated by Bardeen,' and a discussion of the ex- 
change and correlation problem was given by Bardeen 
and Pines.” 

The purpose of this paper is to extend the Bardeen! 
method to take account of exchange and correlation 
effects. Bardeen and Pines treated the same problem by 
taking the complete system of phonons and electrons, 
the latter interacting with the phonons as well as among 
themselves, and making canonical transformations which 
were designed to produce a Hamiltonian in which appear 
“new electrons’ which do not interact with each other, 
“new phonons,” and a plasma which is roughly inde- 
pendent of the “new electrons” and ‘new phonons.” 
They demand also a certain kind of self-consistency re- 
quirement, which then yields a new effective electron- 
phonon interaction matrix element. This method is 
rigorous. But at the end of their transformations [see 
Eqs. (4.5) and (4.7) of reference 2] the electrons are 
still interacting by means of the short-range term in the 
Hamiltonian (their H,.,.). It is only by assuming that 
this remaining interaction is negligible that these 
authors conclude that their present result confirms the 
1937 Bardeen result for the long-wave modes.* The 


* This work was done partly also at the Naval Research Labo- 
ratories, Washington, D. C., and at the National Research Council, 
Ottawa, Canada. 

‘J. Bardeen, Phys. Rev. 52, 688 (1937). 

? J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 

* The author is profoundly grateful to Professor Bardeen for a 
conversation in which this was pointed out. See however footnote 7. 
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short-range term will affect, however, not just the 
matrix elements for large k—k’ (where k is the initial 
state wave vector and k’ the final state wave vector for 
the electron in the interaction) but rather the matrix 
elements for all k—k’. In the present paper we separate 
out the effect of H,.,. and calculate its consequence on 
the matrix element. We do not find the 1937 Bardeen 
result even in the limit k—k’ — 0. 

In Sec. ITT, we treat ex< hange in the Hartree-Fock 
equation, and show that the matrix element is not inde- 
pendent of the initial electron wave vector k, even when 
free-electron wave functions are used, and even when 
the ion part is treated as independent of k. In Sec. IV, 
we modify the exchange term of the potential in the 
Hartree-Fock equation to conform to the general results 
of the Bohm-Pines‘ theory and thereby construct an 
approximate one-electron equation incorporating ex- 
change and correlation effects. The basic approximation 
involved is that the lattice does not affect the plasma 
part of the electron system wave function. The solution 
then follows exactly the plan of Sec. III, and the effect 
of the short-range electron interaction is thereby 
calculated. 

It should be mentioned that the exchange and correla- 
tion effects are quite different from the Coulomb effect. 
(We term the Coulomb effect that which gives the 
Bardeen result.) The Coulomb effect is a shielding of the 
positive ion, the exchange and correlation effect is 
shielding of the negative electron, the two screening 
clouds having different charge sign. When the electron 
cloud around an ion picks up the lattice motion from the 
ion, it tends to shield the ion vibrations, whereas the 
hole around an electron, when i 
motion from the ion, will tend 
more. We find in addition that 


t picks up the lattice 
to scatter the electron 
the effect of including 
exchange in the unperturbed energy functions is also to 
increase the scattering. 

‘ D. Pines, Phys. Rev. 92, 626 (1953). Reference is also made to 


D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). These articles 
are abbreviated as PIV and BPIII, respectively 
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ELECTRON-PHONON SCATTERING 


Il. THE METHOD OF BARDEEN 


Starting from a one-electron equation 
(p:2/2m+ V ion t V etec)¥(k,1) es E(k)y(k,1), 


where V jon is the potential from the quiet lattice, and 
Vere iS the electron-electron interaction potential (in 
general an integral operator), if we add to the Hamil- 
tonian a perturbation 4V jon of the bare lattice potential 
(6V ion representing the lattice vibrations), then there 
will be an associated perturbation 6Vee Of Voice. 
Bardeen! thus considered the matrix element of the total 
perturbation 


o(k,s)= fvicts, 1)*6Vy(k,1)dr, (1) 
as the sum of two terms Djon(R,s) and etec(k,5) : 


Vion (k,s) = fviets, 1)*6 V ion (k,1 \drj, 


tawlks)= f v(k+s, 1)*6V ctecW(k,1)dry, 


where ?jon(k,s) is the matrix element of the bare lattice 
vibrations and is assumed known and independent of 
the initial electron wave vector k, and where t.ieo(k,s) is 
the associated effect of the electron-electron interaction 
and is considered unknown. The point of the calculation 
is to obtain tiee(k,s). The notation is as follows: s is the 
change in electron wave vector in a scattering process. 
In a normal process s=@, where @ is the phonon wave 
vector, and in an umklapp process, s= #+ K, where K is 
a reciprocal lattice vector. ¥(k,1) is the wave function 
for an electron in the kth state when the position 
coordinate is r;. We shall frequently use just “1” to 
indicate “‘r,’”’ in the argument of a function. 

Bardeen used the Hartree potential for Verve 80 that 


, 8pcoui (2) (k,1 ) ‘ 
BVV(k,1) =8V nad (kyt)—e f — ——dt2, (3) 
| fi— fo} 
where the effect in Veiee has been conceived as a per- 
turbation in the charge density pcou: 


bpcoui(2) = —é[e a |W(k’,2) i (4) 
koce’ 


and where 6V io, is the perturbation in the potential 
caused by the rigid ion motion neglecting any shielding 
effects. By first order perturbation theory we get 
by (k,1)=>,, [b(k,s,)¥ (k+s,, 1) 

+b(k, —s,)y(k—s,,1)], (5) 


b(k,s,,) = (k,s,.) (E(k) — E(k+s,) }°. (6) 


Here s,=o+K,, and the sum over n is a sum over 
reciprocal lattice vectors, given #. Bardeen’s result is 
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then obtained by substituting (4), (5), and (6) into (3), 
multiplying by ¥(k+s, 1)* and integrating. 
o(k,s) =vjon(k,s)+ >> ¥ [b(k’s,)Ai1+0(k’, —s,) Ao 
Koco’ 1” 
+b(k’,s,,)*A;+0(k’, —8,)*Ag], 


where 
A= 2¢ ff arar, ry — re Wi k+s, 1)*¥(k,1),, 


P; =wW(k’ +S8n, 2)v(k’,2)*, 
b,=y(k’—s,, 2)v(k’,2)*, 
b,=y(k’+s,, 2)*y(k’,2), 
D,=y(k’—s,, 2)*y(k’,2), 
and where the 2 in A, is from spin. If plane wave 
electron functions are used to compute the integrals, we 
get 

A = A4=56n oAre/As?=rEo(S)bn,0, 

A,=A;=0, (9a) 
where the delta function 5,,9 means zero unless K,= K, 
and where 

Eo(s)=h's?/2m, 


\=4re*/ As’ Ey(s). (9b) 


Here A is the crystal volume. Equation (8) can be 
rewritten 


v(k,s)=?ion(s)—A’A > ([a,’(k,k’)v(k’,s) 
rah 


+b,’ (kk, k’)o(k’, —s)*], 
a,’ (k,k’) = —2Eo(s)[E(k’) — E(k’+s) }", 
b,’ (k,k’) = — 2Eo(s)L E(k’) — E(k’—s) }". 


(10) 
(10a) 
(10b) 


Further, tion is imaginary, and jo,(—8)=—ion(8), 
whence it can be concluded that 20(—k, —s)= —»v(k,s). 
(We shall prove this later under more general circum- 
stances.) Thus treating the imaginary parts only, of the 
equation, we get 


v(k,8)=Pion(s)—A > a,(k,k’)v(k’,s), 


Koco’ 


a,(k,k’) = —4Eo(s)[E(k’)— E(k’+s8) }", 


(11a) 


(11b) 


where the imaginary part of »(k,s) is meant. Now since 
the a(k,k’) are independent of k, it follows that the v’s 
also are independent of k, and we get Bardeen’s solution 


1 
(8) =Vion(S8) P 
1+ ¥ a,(k,k’) 


koee’ 


(12) 
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Ill. THE EFFECT OF EXCHANGE 


In treating the effect of exchange, we revise equations 
(3)-(6) and combine them to form an equation analo- 
gous to (7). We may leave (5) and (6) as above if we 
understand »(k,s) and E(k) to contain the exchange 
effects. (3) and (4) become on the Hartree-Fock model: 


5pcoui(2)W(k,1) 
5Vy(k,1) 5V wad (kyt) —e f dr _ 


| ti— Fe! 


5pex(2,1)¥(k,2) 
ef ar, — ’ 
ye re | 


Spex(2,1)=—dfe Sl w(k’,1)y(k’,2)*). 


Substituting (5) and (6) into (13) and (14), we get 
v(k,8) =%ion(k,s)+ >> >} [b(k’,s,)(A1+B;) 


koce’ 1 
+b(k’, —s,)(Ao+ B.)+0(k’,s,)*(A;+B;) 
+-b(k’, —s,)*(Ag+B,)], (15) 


where the A’s were defined in (7) and evaluated in (9), 
and where 


ine ff dear ri— ro] “"W(k-+s, 1) *¥(k,2)@/, 


},’=y(k’+s,, 1)y(k’,2)*, 
@,'=y(k’—s,, 1)v(k’,2)*, 
},’=y(k’+s,, 2)*¥(k’1), 
®,/ = (k’—s,, 2)*¥(k’,1). 
Using free electron wave functions, we get 
B,- Abn,oS*Eo(s) | k—k’| 2A - 
B,= B,=0, (17) 
B, Nb n,057Eo(s) k+k’+s| 2A 1, 
The integrals which are zero are so because they are 
proportional to the delta function 6(20+K—K,,), which 
is zero except for the insignificant states of zero o or 
some few o’s on the surface of the Brillouin zone. The 
delta function 6,9 means zero unless K= K,. 
Equation (15) may be written in a more compact 
form as 
v(k,s)=vjn(k,s)—vA > 


Rose’ 
one spin 


+b,’ (k,k’)o(k’, —s)*], 


[ a,’ (k,k’)o(k’,s) 


Eo(s) s* 
a, (k,k’) = ——_ (2- - - ), 
E(k’)— E(k’+s) k+k’+s/? 


Eo(s) 
b,’ (k,k’) = — -- (2 
E(k’)— E(k’—s) 


To solve (18), we shall separate into real and imaginary 
parts. Further, we need write down only the imaginary 
equation, for Che imaginary part 
of v then the following equation [obtained 
from (18) | 


pure imaginary 


Satishes 


v(k,s)=v..(s)—-A > [a,’(k,k’)o(k’,s 


bos’ 
in 


b,’ (k,k’)o(k’, —s)], (21) 
where strictly speaking we should have a superscript 
“im” on v to indicate ‘imaginary part of.”’ We shall 
omit this cumbersome notation and mean from here on 
“the imaginary part of v”’ by ‘“‘v’”’ itself. It can be seen 
that »(—k, —s (k,s). This follows from the fact 
(not proved here) that vion(—s) Vion(S). For then 


the equation for »o(—k, —s 


k, —s 


‘(kk’ k’, s) |, 
making use of the fact that a_,(—k, —k’)=a,(k,k’), 
b_.(—k, —k’)=0,(k,k’) and that for every k in the sum 
there is a —k. Now (22) is the same equation for the 
v(—k, —s) that (21) is for the o(k,s) except that there 
is a minus sign before the ?ion. Since the solutions are 
linear in ion, they must then be the negative of each 
other: 


(22) 


k, —s (k,s), 


show. Use of this in (21) 


(23) 


which is what we wished to 
simplifies that equation to 


v(k,s)=vion(s)—A >> a,(k,k’)v(k’,s), (24) 


where 


a,\ kk’) 


| (25) 
k—k’|? 


The solutions to (24) can be obtained from the theory 
of linear integral equations (see Courant and Hilbert).§ 
However, it must be remarked that the one point k= k’ 
strictly speaking does not enter the Hartree-Fock sums, 


(4 : 
‘ k+k’+s/? 


and it should be ruled out in (23). A glance at (25) 


shows that a(k,k) actually explodes. If we rule out, as 

5 R. Courant and D. Hilbert, Methods of Mathematical Physics 
(Interscience Publishers, Inc., New York, 1953), Vol. 1, Secs. III 
7 and 9. 
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we should, the points k’=k, then it is equivalent to 
defining the diagonal elements of a(k,k’) as zero. Now if 
the term did not actually explode, the contribution to 
the sum of one term would be relatively very small since 
\ is proportional to A~', where A is the crystal volume. 
(Such is the case for the Coulomb contribution.) The 
difficulty may be overcome if we do not seek to find the 
rigorous solution to the set of Eqs. (24). There is a 
question anyway about whether in our case the numera- 
tor and denominator determinants in the solutions in the 
reference cited will converge rapidly, for although A is 
small, the density of k states is compensatingly large. 

The transport coefficients into which our matrix 
element ultimately goes are quite complicated things, 
and it is almost beyond question to attempt to use 
detailed information on the dependence of »v(k,s) on k 
[see, however (31) ]. Thus in (24), we use an iteration 
procedure for solving, trying for the zero order trial 
solution a constant vo(s). If we integrate Eq. (24) over 
all &, then we can solve for v» in terms of 


(a,)=[(4e skort? ff akan a(kk’), (26) 
and the result is 


, 4 i 
Vo(8) = Vion(S)——-, 
1+Ao(as) 


4reé* 
=N\A=- =| 12 
Aos*Eo(s) 


9r\'y Fr 
pT 

4 
where r, is the Wigner-Seitz cell radius, and u= | k—k’| / 
2ko is Bardeen’s wu. a, is the Bohr radius. Ao= A/N is the 
atomic volume. 

We arrive then for a zeroth approximation at a form 
identical to (12) but containing an exchange term as 
well as the Coulomb term, the divergence no longer 
appearing because the integrals involved smooth it over. 
As a first iteration, we may substitute (27) into the 
right hand side of (24), and get 


1+)o((a,)—(a,(k))) 


0;(k,8) = Dion (8) 3 
1+)d(a,) 


3 
(a,(k))=———_ } dk’ a, (k,k’). 
4rk,} 


We may then hope that the correction term in the 
numerator of (29) is small. We may further refine 
the result by averaging (29) over the ’s on the Fermi 
surface. Denoting such an average by 


1 
f dS (a,(k)), 
4nk? F.s. 


1+Ao((a.)—[(a.(k)) rs.) 
(1(k,8) }r.6.=2ica(s)——__—— ; 
1+ 0(a,) 


[(a,(k)) ]y.s.= (31) 
we find 


(32) 
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for our first iteration. It should be noted that there are 
no Coulomb contributions to any of the corrections 
introduced by the iterations, since for the Coulomb part, 
the a(k,k’) do not depend on k, so that averaging one 
way or another over k will have no effect 


IV. EFFECT OF EXCHANGE, CORRECTED 


According to the work of Bohm and Pines,‘ if the 
Coulomb interaction between electrons in a solid is 
Fourier analyzed into two parts 


ce fi—Te 1 = dare? A!( b 3 (h’’)eth’’ (e189) 
k 


tt < he 


4 = (Rk!) ete’ Cert) 


k’'>ke 


(33) 


where the parameter &, is 


k.= Bko=0.353(r,/an) ko, (34) 


then the exchange energy should be modified to include 
only the second term in (34). This is their conclusion, 
and one obtains the one-electron energies taking ex- 
change and correlation into account by calculating® 


We 149re 
E(k) =——+ -> J fecnevew2) 
2m* 2 A kee’ 


x (ket! 0 (Ie! 1)(k,2)dride, 
k’'’>ke 
WR? we? 


=--- + ——— y 


| k’—k|-, 
2m* A 


(35) 
rm 
|’ —Ke’| > he 


the 4 entering so as not to count interactions twice. 
This corresponds to a simple modification of the ex- 
change hole around the electron, the modification not 
altering the role of the wave functions, i.e., of the 
exchange charge density 


LO (k’,1)*y(k’,2), 


hore’ spins 


Pex(2,1)= —e (36) 


but altering only the Coulombic nature of the interaction 
law. We conclude that the corrected exchange potential 
is then given by 


VexW(kk,1)=eA far Pex (2,1) 


xr 


ki’ >k 


4ar(k’’)~*e*”’ (tit (k2), (37) 


and that this is superposed on the potential of a uniform 
smear of electrons, i.e., on the Hartree potential so that 


* The periodic part of the lattice potential could be handled by 
transforming a la Hubbard (reference 12), but we shall suppose 
that this part of the potential may be taken care of by use of an 
effective mass (see footnote 15 of reference 2). Hubbard derives an 
alteration in the exchange term also, but we neglect this. See the 
paragraph at the end of Sec. V below. 
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we may construct a new one-electron equation by 
writing 


hi? PCou1(2) 
V*v(k,1) -ef v(k,1)dr, 
* 


2m | fi— Fe 


ted fats pe 2,1) > 49(k"’)etk’’ (e182 
kl’ > ke 


<W(k,2)= Ew(k,1). (38) 

We are here not deriving but constructing by a 
plausibility argument an equation which will have the 
correct physical interpretation (in the sense that an ex- 
change hole superposed on a uniform smear is a good 
model), which will reproduce the correct one-electron 
energies (in the sense that the article of Pines‘ provides 
the correct expression), and the set of which, for all the 
electrons, is self-consistent (in the sense that the set of 
Hartree-Fock equations is self-consistent). To (38) we 
must add the electron-lattice interaction. The correct 
way is to add the total electron-lattice interaction to the 
system Hamiltonian, and work from there. What we do 
here amounts to neglecting the influence of the electron- 
lattice interaction on the plasma part of the total elec- 
tron system wave function and vice versa. We thus are 
isolating and then calculating the influence of the short- 
range exchange-correlation term. We can describe our 
model in more physical terms, as follows. The long-range 
correlations, described by the plasma (in its lowest 
state) provide a “correlation hole” around each particle 
electron in addition to the “exchange hole”’ which is the 
interpretation of the short-range or exchange term in the 
Hamiltonian. Our approximation is that the ‘“correla- 
tion hole”’ does not tend to pick up the lattice vibrations 
in contrast to the exchange hole, which does. We call 
this the “rigid correlation hole approximation.” 

We may now perturb the Coulomb and exchange 
charge densities. We get an equation like (15) except 
that 


B,; fre’ A ff PB eik’’- ri—r2) 


x (k"")*W(k+s, 1)*Y(k,2)®,’dridr,. (39) 


The remainder of the derivation is the same as in Sec. ITI 
and yields the same Eq. (24) except that 


E,(s) 
E(W)—E(k’+8) 

k+s+k’|?---|k+s+k’|>&, 

0---|k+s+k’| <k, | 


ds \ k.k’) 


k—k’|?---|k—k’| >&, 
| (40) 
0---|k—k’| <k, 
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Now we return to the solution given by (27) and (29) 
and calculate the average a’s. Let 


x= k’+s. (41) 


Then 


tor Eo(s) 
(a,) ( hs) fae 
3 . | E(k’)— E(k’+s) 
bor s? 
dC) Lo 
3 «+k! >ke x+k 3 


17 : s? 
bs) f dk |\. (42) 
3 k —k’| >ke k—k’|? 


Using the notation of Pines* (Appendix I) 


we have 


(44) 


W (k). Our W’s differ 


from Pines‘ only in that k may be as large as 3ko. The 


where we have used W(—k) 


two regions that Pines distinguishes, 0<«<ko—k, and 
ko—k.<x<ky may have the second extended to ky—k, 
<x<kot+k,.. The third region kp +k.<x< 


duce causes no difficulty at all, for in that region there 


3ko we intro- 


is no restriction on the sum, and we get a Bardeen type 
5 » 


expression. We summarize the results. Let += k/ho. 


Then 


f(x)=3+ 
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Thus 


3 
(a,)=——— fo—- 
4rk,? E(k’)— E(k’+s) 


{eel oI] 


Similarly we find 

3 Eo( S$) 
— fw — 
4rk,? E(k’)— E(k’+s) 


k’ k’+s 
x12 0 (—) +H | 
ky ko 


1 |i+x 
pet id 
6x li—x 
h' (x)= 


[(a.(k)) Jes, an 


) 


1 +8<x<3, 


where 
+ :0<x<1-—8, 


1+x 
-+-1—B<4<14-8. 


The rest of the calculation is in Appendix A. Figure 2 
shows xh(x) and xh’ (x) for r,=4a,. (46) and (47) are to 
be substituted into (32), which is the basic form of our 
solution. 


V. DISCUSSION AND SUMMARY’ 


We have presented a calculation of the exchange and 
correlation effects on the scattering of electrons in a 
normal metal. Our model supposes that the electron- 


7 Note added in proof. Dr. D. Pines (private communication) has 
shown how the Bardeen-Pines paper (reference 2) can be reconciled 
with the preceding paper. In effect our approximations correspond 
to the adiabatic approximation which in Bardeen and Pines’ 
terminology (which we use in this Note) is characterized by 
setting their g(k,K) =0, and letting w, =0. Then to define vx, x, let 


f(k,K) =o, x(Ex—Ex-ert+Wx-Wr_x}", 


where £; is the free electron kinetic energy and W x is the exchange 
energy [(B5) of footnote 2]. Then Eq. (B4) is identical with our 
results, for the exchange effects. 

Furthermore, Pines and Bardeen have shown that our results 
for the “modified exchange” problem can be obtained by using a 
different canonical transformation from the one used in reference 2 
Starting with their Hamiltonian (4.5) neglecting electron-plasmon, 
phonon-plasmon, and phonon recoil terms, one employs the trans 
formation generated by 

S=i = f(k,K)qxCx*Cx_x, 
Kk 


such that 
i S,H)=— >» (ve —iM.U ec} Quen — 2 Ue ePk, 
&>k, k>k, 


where 
H=ZExCx*Cx+4 2 Meox*ox. 
K k>k, 


In the [S,H] commutator, one keeps the exchange terms as in 
Appendix B of reference 2. It then follows from the above equa- 
tions and from the definition of uz from the self-consistency re- 
quirement that one obtains our screened Hartree-Fock expression 
for Ve’ K- 

The. author is grateful for Dr. Pines’ permission to include this 
note. 


SCATTERING 


IN NORMAL METALS 





2.5r 


| 
| 


€ bd +. 18867«2 - hi) + 300 


| 
25x" - .0045«°+.040 





r i 1 4 
1.0 1.5 2.0 2.5 3.0 


i—_ 








Fic. 1. Approximate energy functions. ¢ is defined from 
E = (Wk /2m) (r,/an) pe. The full curve is the accurate expression, 
the dashed curve is the approximation used for calculations, and 
given by (B1). The dot-dashed curve shows the nearest that a 
parabolic form would achieve. All this is for r,/a,=4. 


plasma oscillations are not altered by the lattice vibra- 
tions, but form a “rigid correlation hole’ about each 
particle electron, which hole does not pick up the lattice 
motion. However, there is a modified exchange hole 
about the electrons (the modification being a deviation 
from the Hartree-Fock term, and in Pines’ terminology* 
constituting a “correlation effect”), and this hole does 
pick up the lattice motion, and will help scatter the 
electrons. 

With this as starting point, we have extended the 
1937 Bardeen method, which is applicable since we still 
have a set of self-consistent one-electron equations for 
the electrons. The results are expressed in terms of 
integrals involving the usual energy denominators 
E(k) — E(k+-s) but we must use the one-electron ener- 
gies including exchange and correlation effects. This 
makes the integrals quite formidable, although still 
straightforward in principle. To gain numbers, we have 
approximated the proper E(k) by a curve of the form 
given in Eq. (A1) of Appendix A. Figure 1 shows how 
such a curve fits the true function for r,=4a,, corre- 
sponding to sodium. From there on, the details are 
carried out in Appendix A, where for future reference, 
some of the recurring integrals are tabulated. Computa- 
tions for a one-electron energy function with different 
coefficients p and g can easily be made from the tables. 

The results are conveniently described in terms of the 
shielding factor S, where o(k,s) = Svion(8). S is written 
out in (32) and at the end of Appendix A and is of the 
form Snum/Sden, Where the numerator differs from 1 
only through the fact that the matrix element depends 
on k, and where the demoninator corresponds to the old 
Bardeen term, but which now includes the exchange 
correction. 


*D. Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. I, bottom 
of p. 373. 
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Our first general result, as emphasized before, is that 
the matrix element is not independent of the initial 
electron state wave-vector k. The effect is to decrease the 
matrix element (i.¢., Snum is less than 1). The effect 
fortunately is already quite small in the first iteration. 
This can be seen from Fig. 2, where if A(x) and h’(x) 
were the same, we would have S,um=1. It is evident 
from the figure that the curves do not differ tremen- 
dously. The numerical values can be seen in Table III. 
In the limit u«—»+0, this effect does not vanish (see 
Appendix A). Our second result is that in the limit of 
vanishing u, we do not get the 1937 Bardeen result, both 
because S,um does not approach 1 and because the 
energy denominator in Sa, reflects the exchange term. 
Otherwise we would indeed get the old result, for in the 
limit as “ approaches zero, the exchange terms in (44) 
go to zero faster than the Coulomb term. (See Appendix 
A for the limit u — 0.) 

The effect of the exchange correction is to make Sden 
much smaller than previously, and thus to increase the 
matrix element. And this arises not only from the fact 
that the exchange hole perturbation unites with the ion 
vibration to help scatter the electron, but also because 
the one-electron energies including exchange decrease 
the magnitude of the Coulomb term itself. This can be 
seen from Table III, for the quantity F(u) there 
corresponds to the free-electron f(u), and is always 
smaller than f(mu). It is to be noted that by itself the 


effect of the exchange hole is to give ‘“‘antishielding,” as 
has beer mentioned several times before. There seems 
to be nothing preventing this effect being larger than the 
shielding of the ions. What it would mean is that the 
electron is scattered more by the hole around it than it 


ee) 














Fic. 2. xh(x) and xh'(x), defined by (50) and (53). In the calcu- 
lations for xh’(x), the regions x>1+8 and x<1—8 give some 
errors. At x= 1+, the error was to continue the x >1+ 8 type of 
region down always to x=1.6. At x=1—8, the error was to 
extrapolate the curve from the x >1—8 region down to x=0. Both 
these errors were estimated and found to give corrections in the 
third significant figure of G(u,h’) and were therefore neglected. 
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Fic. 3. The shielding factor S. The 
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is shielded from the ion by the cloud around the latter. 
We find in fact that for r,=3a,, and u=1, there is 
“‘antishielding,”’ but of such a small amount that it is 
within the calculational error. 

The results are shown graphically in Fig. 3, where the 
subscripts 3, 4, 5, refer to r,/a,=3, 4, 5. The comparison 
with the Bardeen! theory is shown in Fig. 4. We see that 
as anticipated in the Introduction, the new curves 
augment the matrix element significantly. The matrix 
element always appears squared in the transport coeffi- 
cients, and we find, for example, that v(s)* for r,/a,=4, 
and u= 1 is 1.7 times the Bardeen value. The balance of 
the umklapp region with the nonumklapp region 
has far-reaching consequences in the thermoelectric 
power.*-” 

We have used plane-wave wave functions to obtain 
the selection rules in the A’s and B’s in (15) and (39). 
Brooks" has shown how to extend the calculation to the 
case of modulated plane waves, and his approach, 
slightly modified, can be applied to the present formula- 
tion of the problem, including exchange effects. We have 
not sought to see what alteration this makes, but we 
take the opportunity here to mention that the theory is 
not restricted to plane wave functions. The mathe- 
matical complications that ensue may be summed up by 

*M. Bailyn, Phys. Rev. 112, 1587 (1958). 

%”M. Bailyn (to be published). This is a detailed calculation of 
the thermoelectric power based on the expression derived in (7). 


“' H. Brooks (private communication). Professor Brooks in 
forms me that these correctic em to be rather large 
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Fic. 4. Comparison with the Bardeen result (B,) and the result 
of this paper (A,) for r,/a,=4. The figure, owing to the scale, gives 
the impression that as « approaches zero, the curves join. This is 
not so. See the discussion at the end of Sec. V. 


saying that instead of (24), which represents m equations 
in m unknowns, »(k,s), k=k,---k,, we would get nm 
equations in mm unknowns, 0(k+K,s), k=k,---k,, 
K=K, -- -K,,, where the K’s represent reciprocal lattice 
vectors. By restricting the K’s to nearest or next- 
nearest neighbors, one can get a manageable result. 
However, if one were to make corrections of this sort, 
one would do better to treat the unperturbed lattice 
more rigorously than we have done, and to start from 
perhaps the Hubbard” formulation of the problem. 
Finally a word about a consistent taking account of 
exchange and correlation effects in the calculation of the 
transport coefficients. The simplest consistent calcula- 
tion is to neglect exchange effects and to use an effective 
mass approximation for the energies. The “first order” 
exchange and correlation correction would then consist 
of two parts: (1) the correction as originally conceived 
by Blatt" and most recently calculated by Fletcher and 
Larson" which reflects the first order change in the 
energy function and (2) the corrected matrix element as 
described in the present paper. A “second order” correc- 
tion would use the second order energy correction of 
Fletcher and Larson, and would require the use of this 
same corrected energy function in the matrix element 


2 J. Hubbard, Proc. Phys. Soc. (London) A67, 1058 (1954). See 
in particular Eq. (50). 
8 J. G. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 
See references cited there. 
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calculation presented above. Thus if Fletcher and 
Larson’s second order energy could be approximated by 
the form in (Al), we would merely have to change the 
numbers of some of our coefficients in calculating the 
new matrix element." 


ACKNOWLEDGMENTS 


The author is indebted to Professor Harvey Brooks 
for many discussions and communications on the 
shielding problem, and for letting him see some notes 
before publication, to Professor J. Bardeen for a dis- 
cussion in which many points were clarified, and to 
Professor D. Pines for his comments which have been 
quoted in reference 7. He would also like to thank Dr. J. 
Kaplan for patiently listening and suggesting. 


APPENDIX A. CALCULATION OF THE AVERAGE a's 


We seek here to finish evaluating the integrals in (46) 
and (47). We shall use an energy function of the general 
form 

E(k’) = const-++ (A*ke?/2m) (px*— pgx*), 


x=k'/k, (Al) 


where pand g are numbers chosen to make a good fit to 
the true energy function. An example of the fit we 
obtain is given in Fig. 1 for r,=ra,. The values of p and 
g are given in Table I for various r,. 

The energy denominators become with (A1) 


Eo(s) (s/ko)? 1 


E(k)—E'+s) 89 Av+BetC 
u=k’-s, 
A=2x%, 
B=(—(1/2q)+2°+4u* ux, 
C=[—(1/2q)+22+2u? hd, 
(B°-4AC)'= auf (1/29) —2*]. 


(A3) 


There are two types of integrals in (46) and (47), one 
where (A2) is multiplied by a function of k’, and for 


Taste I. Quantities from (B1), (B21), and (B22). 





q U; U; U; Us Wo 


1.800 0.0377 0.380 —0.136 0 —0.003 
—0,.060 —0.025 





0 
1.325 0.0180 0.300 
1.200 0.0069 0.192 0 0 


0 0 
—0.0105 0.013 


Ws U2’ U,’ Uy’ W,! 


Ww {’ 
0.423 
0.420 
0.420 


0.0100 
—0.0133 
0.0170 


0.107 
0.115 
0.120 


0.097 
0.070 
0.050 


0.30 
0.3600 
0.322 


0.027 
—0.027 
— 0.027 


Note added in proof. A detailed calculation of the transport 


properties of the alkali metals including these corrections will be 
published soon. 
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which the k’ integral is written 


1 1 
fu ans f stds f du, 
0 1 


the other where (A2) is multiplied by a function of 
|k’+-s|. The latter is performed by changing to the 
variable «= |k’+s|/ko. In terms of x, the energy 
denominator becomes 


(A4) 


Eo(s) (s/Ro)* 1 
, (A5) 
E(k’)— E(k’+s) 8pqg Ap?—But+C 


and the x integral becomes 


fa 2rky’® 


, 1—2u l 


f stds f du 
. 1 
1+2u I 
+f stds f in|: --u<0.5 
1—2u Me 
2utl l 
= aks f stds f du, «---u>0.5, 
2u—1 


where yu, is the cosine of the angle at which, for a given 
x magnitude, the radial vector x cuts the surface of the 
sphere of radius 1 about «= s/o as center. It is given by 


(A6) 


+40? —1 
(A7) 
du 


F(u)= 


f(u)+ 


p p 


3u 
Glut; h)= 


2p 


1 ‘ i— 
4u 


where 
1—2u---u<0.5 


lo. --u>0O.5, 


|x+-u| 
in| -—— 
le— 1 
O(x,u) = < 


|4u(xt)| [te:-#<1) 


in|— ; 
"| i-x a 


(Sux---x< | 2u—1 


R(x,u) = 


—1+40+4ux+2°- 


1 : lx+-u 
f dx { (1+ 29x") In 

2up Yo : 2% 

j}1+-u| 

}1—1| 


f dx xh(x)[ (1+ 29x*)Q(x, 
ro 


---¢>1) 
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The results are 
(@s)coul 12u*F (x), 
—12WvG(u;h), 


44) Exch 
where 
1 


F(u 


tp 


1 
~ f 
pv 
‘{f 
ple 


' 

? 1—2¢9 
3 

G(u; h) lx xh(a 
2 1 
3 

dx xh(a 
2 ] 


(A11) 


-u>0.5 


dx 


whe re 


1] 
+, (A13) 
-x>1} 


e(+ ) = 22°+- 417+ 4x. (A114) 


The quantity g is rather small, and we have expanded 
to first order in g to make the calculations: 


+ 8qux | 


Wea 2u—1 


, +x >|2u-1 


(A419) 
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The integrals can be performed once and for all for 
the various r, values if we can expand A(x) and h(x)’. 
We could of course trace # back to the energy expansion 
in (A1), but this is a misleading simplification, since as 
x gets large, the energy becomes insensitive to h(x), so 
that great variations in h(x) may be altogether neglected 
in the energy expression fer large x. In fact, A(x) is 
rather difficult to expand, and we have been forced to 
use two regions. The expansions are of the form 


xh(x) = Uyxt Ue + U tt U ga? : - x < 1.6 
=W_ww+Wo, ---x>1.6, 

xh! (x)= Uo +U xt Ug 22+ + x <1.6 
=Wo'+W_y'x", ---x>1.6, 


(A20) 


(A21) 


where the U’s are constants appropriate to region 1, and 
the W’s to region 2. See Table I for the values. From 
Fig. 2, we see that for x<1—8, and for x~1+-8, there 
are errors, in h’(x). We have calculated the effect of 
these errors and found them to be negligible. With these 
expansions, the G’s become 


G(u,h) = (3u/(2p))[U 51 + U2S29 + US 
FU Ss +WoS0?+W_S_1” 
+29(U S39 + US O+US+W Sy” 
+W_1S)™)+q(UO:T%+U2T2 + UT 
+UsTS°+WoT®+WaiT_™)], (A22) 


G(u,h’) = (3u/(2p)) [Us So +U SO 4+U YS 
+Wo'So®+W_1'S_1 + 2q(Us'S™ 
+U/SyP4+U YS O+W'S® 
+W_1'S,%+q(Ud To +U Ty" 

+U2'T2%+Wo'To®+W_'T_,”) ], (A23) 


TABLE II. Quantities from (B23) and (B24). Sy 
by graphical interpolation. 


was obtained 





Sm S® Sm £m S&S, 


0.802 0.826 
1.543 1.611 
2.214 1.950 1.863 1.918 (2.130) 
2.139 1.814 1.767 1.832 (2.075) 
1.743 1.423 1.390 1.442 (1.618) 
So 5, S, To T 1) T; 1) 
0 0 0 —0.064 —0.110 
0.023 0.044 0.067 0.119 —0.126 
0.122 0.226 0.369 0.681 0.076 
0.228 0.426 0.789 1.563 0.644 
0.300 0.585 1.238 2.623 1.464 


0.818 
1.609 


(0.865) 
(1.735) 


0.797 
1.452 0.026 
0.063 
0.113 


0.140 





—0.160 
— (0.637 
— 0.649 
—0.193 
+0.640 


—0.136 
0.253 
1.228 
2.407 
3.590 


Ty 
0 
+0.087 
~0.168 

0.540 
— 0.920 
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Taste III. Quantities from (B8), (B9), and (B27). The 
subscripts 3, 4, 5 refer to r,/a,=3, 4, 5. The Ss are the corre- 
sponding quantities on the Bardeen* theory. The accuracy is at 
most to two significant figures. 





SS 


0.076 
0.254 
0.454 
0.633 
0.800 


Si) 


0.058 
0.204 
0.385 
0.564 
0.752 


Sf» 


G;(u,h’) S; 


0.117 
0.384 
0.695 


FP; Gy(u,A) 


0.035 
0.159 
0.351 
0.456 
0.485 


0.591 
0.569 
0.528 
0.462 
0.320 


0.029 
0.119 
0.253 
0.316 0.887 
0.342 1.012 


G,(u,h’) Ss 


0.032 
0.127 
0.268 
0.360 
0.386 


Glu 


0.040 
0.148 
0.319 
0.415 
0.432 


u“ F, 


0.066 
0.264 
0.540 
0.795 
0.987 


Gs(u,h’) Ss 


0.051 
0.208 
0.455 
0.713 
0.948 


0.2 0.773 
0.4 0.741 

0.686 
0.8 0.593 
1.0 0.404 


u“ Fy 


0.2 0.834 
0.4 0.800 
0.6 0.737 
0.8 0.636 0.388 0.343 
1.0 0.428 0.426 0.366 


Gs5(u,h 


0.031 
0.121 
0.256 


0.036 
0.136 
0.288 


0.047 
0.170 
0.333 
0.508 
0.707 





* See reference 1 


where 
1.6 


dx x"Q(x,u), 


si0= f 


rt 
l 
x 


) 


l 


S,2 = f dx x"Q(x,u), 
6 


1.6 


T," f dx x"R(x,u), 


4 


2u+l 
T,@ -f dx x"R(x,u). 
1.6 


The S’s and 7’s are given in Table II. 
The combined results in first iteration from (32) give 
0; (k,s) - Vion(S)S= Vion(Snum/Sden), (A25) 
where 
Saum= 1 son [ (9/4) tx } “i (r, /an) 
X[G(u,h) —G(uf’) Vv, 
Saen= 1+[ (9/4) ir} (r,/an) 
XCF (u)—G(u,h) //e. 
The numerical results for the G’s and the S are given in 
Table ITI. 


The limiting case u=0 is always of interest. Starting 
from (A10), we find 


L F(u)=(1/p)(14+-249), 


uv 


(A26) 


L G(u-h) 


uO 


(1/p)(1+-29)[6h(1) }é, 


L G(u; h’)= (1/p)(14+2q) [6h (1) Vee’. 
“ 
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Thus We see that the exchange effect does not drop out for 
two reasons: (1), the numerator retains a value not 
equal to 1 reflecting the dependence of the matrix 
element on k, and (2), the denominator, although 
allowing G to be negligible compared to F, has an effect 
arising from the use of one-electron energy functions 
differing from the free electron one through the use of 
p¥1 and g¥0 


1—[(99/4) 4 }'(r,/an) p (14+ 29)6[A(1) —h' (1) J 
L S= ene tS PR 
1+[(94/4)te }“'(r,/an)p*(1+2q)u* 


an p 
-u|(n/A)h - 
r, 1+2q 


2 
-|3a-30"—in-| | (A28) 
B 
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Thermoelectricity and Resistivity in Metal Alloys at Low Temperatures 


C. A. Domenrcaut 
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(Received April 27, 1959; revised manuscript received October 19, 1959) 


A simple model is proposed for the “resonant scattering” of electrons from foreign atoms in a crystal 
lattice. The model assumes the existence of highly selective scattering mechanisms characterized by widths 
of the order of 10~ electron volts and larger; in this sense it is similar to the model of Korringa and Gerritsen 
(1953), although the present model makes use of only the general analytical characteristics of the relaxation 
time and does not specify the details of the scattering mechanism. Mott's well-known approximation for- 
mula S = (x*k*7'/3e)[d Ino(E)/dE]#=2r for the absolute thermoelectric power of a metal alloy is strictly 
valid and physically meaningful only at temperatures k7<a, where 2a is the width of the resonance. At 
temperatures k7>><a the formula leads to useful and valuable information on the thermoelectric properties 
of alloys, but the formula in this temperature region has only a rather artificial physical meaning. In the 
intermediate temperature region where kT is comparable to a, the Mott formula is entirely invalid. But it is 
in precisely this intermediate temperature range that the resistance and thermoelectric anomalies occur, 
so that Mott’s approximation cannot be used for the treatment of these anomalies. The model satisfactorily 
explains many of the details of this anomalous behavior. It is suggested that the solvent metals used in the 
experimental studies of these effects will have to be much purer than those presently available before we 
shall be able to specify unambiguously the effects of a given kind of impurity 


1. INTRODUCTION attempts to connect the electrical with the magnetic 


HERE is an increasing interest nowadays in the 
electric and magnetic properties of noble metals 

and their alloys.' Among the many interesting and un- 
solved problems in this field_is that of understanding the 
nature of the electron scattering which causes certain 
well-known anomalies’ or departures from the “simple” 
behavior exemplified, for example, by Matthiessen’s 
rule. That these problems are by no means simple is 
demonstrated by the fact that it has been found ex- 
tremely difficult to explain even the sign of the absolute 
thermoelectric power of the pure metals at room tem- 
perature.’ Schmitt and Yosida® have attempted to ex- 
plain the low-temperature “resistivity maximum” in 
CuMn alloys on the basis of a spin-dependent inter- 
action between the scattered electron and the d elec- 
trons of the impurity ion; their work not only supplies 
a specific mechanism for the electron scattering but also 

‘See, e.g., the Report on the International Conference on the 
Electronic Properties of Metals at Low Temperatures, Geneva, New 
York, August 25-29, 1958 [Revs. Modern Phys. (to be published) J. 

2D. K. C. MacDonald, Handbuch der Physik, edited by S. 
Fliigge (Springer-Verlag, Berlin, 1956), Vol. 14, Part 1. 

3M. Bailyn, Phys. Rev. 112, 1587 (1958); M. Tsuji, J. Phys. 
Soc. (Japan) 13, 133, 818, 979 (1958). 

*R. W. Schmitt, Phys. Rev. 103, 83 (1956). 

5K. Yosida, Phys. Rev. 107, 396 (1957). 


properties of CuMn alloys. However, the work of 
Schmit: and Yosida has led only to a very qualitative 
understanding of a few rather general aspects of the 
problem and furnishes little in the way of details of 
the known electrical behavior of noble metal alloys. 
Earlier, Korringa and Gerritsen*® proposed a ‘“‘reso- 
nance scattering” model which led to a fairly detailed 
description of the low-temperature resistivity and mag- 
netoresistance of dilute alloys of copper, silver, or gold 
containing manganese. While their treatment has some 
quantum mechanical basis, their arguments for the 
existence of “resonance states” very near the Fermi 
level are not very convincing. However, since the trans- 
port properties of these alloys are determined primarily 
by the scattering of the electrons having kinetic 
energies within a few kT of the Fermi level energy Er, 
it would seem that the actual scattering mechanism (or 
mechanisms) must be highly “selective” or “dis- 
criminating.” This selectivity will probably turn out to 
be due at least in part to some kind of spin-sensitive 
interaction,’ as proposed by Korringa, Schmitt, and 


sc 


6 J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 

7 A recent contribution has been made by A. D. Brailsford and 
A. W. Overhauser, Phys. Rev. Letters 3, 331 (1959). A very simi- 
lar calculation has also been made recently by A. J. Dekker 
(private communicatior 
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Yosida. This means, of course, that the usual theoretical 
treatments will have to be modified to include the de- 
pendence of scattering probability of an electron upon 
its spin as well as upon its kinetic energy, so that one 
can no longer speak simply of a function r(Z) giving 
the relaxation time in terms of the energy alone. It is 
certainly an open question whether or not such a more 
general kind of scattering can be interpreted both 
physically and mathematically in a phenomenological 
way as a rapid dependence of an “effective relaxation 
time” with energy. On the supposition that it will in 
fact be possible to so represent the true scattering 
effects in terms of a relatively simple picture, we have 
investigated the consequences of the “narrow reso- 
nance” model and have found a rather encouraging 
agreement between the model and the known experi- 
mental facts.* Needless to say, we have not determined 
any of the several parameters involved from first (or 
even second!) principles; however, in view of the fact 
that the model makes use of only three or four param- 
eters (each of which has a definite physical meaning) 
whereas the theory explains and correlates many more 
than three or four specific and rather intricate prop- 
erties of noble metal alloys, this general agreement seems 
to us to be something more than fortuitous. The model 
shows how the scattering responsible for the low- 
temperature anomalies is also operative at much higher 
temperatures; our experimental work’ on these alloys 
at temperatures from — 196° to 800°C indicates a wide- 
spread and gradual change of impurity resistivity which 
extends over this entire range and joins smoothly with 
the low-temperature behavior. Thus we are of the 
opinion that undue emphasis has been placed on the 
specifically low-temperature aspects of the problem, and 
that these low-temperature peculiarities are simply 
manifestations of effects which extend up to the melting 
point of the alloys. Furthermore, it should be remem- 
bered that certain nontransition solute atoms in poly- 
crystalline wires also give an increasing resistivity with 
decreasing temperature; examples of this are CuSi, 
CuGe, and CuSn with solute concentrations less than 
about 1 atomic percent.’ Pearson ef al. have found 
that CuSn single crystals do not show a resistivity 
minimum, whereas polycrystalline specimens do when 
appropriately annealed. This effect is as yet unex- 
plained, but it indicates that nontransition solutes in 
certain states of aggregation also behave anomalously. 
The basis for most treatments of thermoelectric 


s ‘While a mere change of name contributes absolutely nothing 
to the validity of a theory, we suggest that a more appropriate 
name for the present picture would be “high-selectivity scattering 

model” rather than “resonance model.’ 

*C. A. Domenicali, Phys. Rev. 112, 1863 (1958) ; details of ex- 
perimental work to be submitted to J. Appl. Phys. 

” J. O. Linde, Proceedings of the Fifth ) on Conference 


on Low-Tem $5 edited Physics and Chemistry, Madison, Wisconsin, 


August, 1957, edited by J. R. Dillinger (University of Wisconsin 
Press, Madison, 1958), p. 402; see also N. Backlund, J. Phys. 
Chem. Solids 7, 94 (1988) ; and W. B. Pearson, D. M. Rimek, and 
J. M. Templeton, reference 1, p. 211. 
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Fic. 1. (a) Variation of A; with temperature for Cu+-0.30 
at. % Fe. Values obtained with the use of Eq. (2). Thermoelectric 
power data for 0<7<50°K taken from reference 15, and for 
88°K <7 <1000°K from reference 9. (b) and (c), Schematic repre- 
sentation of “resonance’’ in scattering cross section of impurity 
atoms dissolved in noble metals or alkali metals. The widths of the 
resonances are supposed to be small compared with the energy Ea. 


power of metals and metallic alloys has been the,“Mott 
formula” 


S=[(wk?T)/(3\e|) ld Inp(Z)/dE]e-x2r, (1) 


where k is Boltzmann’s constant, T is the Kelvin tem- 
perature, |¢| is the magnitude of the electron charge, 
and p(E) gives the energy dependence of the resistivity 
of the metal. The sign given in (1) refers to electrons 
as the sole carriers of the electric current. By using a 
simple model of scattering of electrons by solute atoms 
in a noble-metal solvent, it has been found possible to 
get interesting and useful information on the nature 
of this scattering.’""-“ If the scattering is predomi- 
nantly due to impurities, we can write Eq. (1) in the 
form 


S=AT{(d Inp.(E)/dE]er= ATM, (2) 


where A = x*k*/(3|e|) =0.0243 (ev-microvolt)/deg*, and 
\; represents the logarithmic derivative evaluated at 
the Fermi level in the alloy; this parameter \; is char- 
acteristic of each chemical impurity and in general 
depends upon the temperature as well as upon con- 
centration of impurity. 

If we use experimenta! values*'® of S to determine dy 


J. Friedel, J. phys. radium 14, 561 (1959); P. so Faget 
de Casteljau and J. Friedel, J. phys. radium 17, 27 (1956 
2 C, Domenicali and F. A. Otter, Phys. Rev. $6, 1134 (1954), 

3 F, J. Blatt, Phys. Rev. 100, 666 (1955). 

“4M. Tsuji, }: Phys. Soc. (Japan) 13, 133 (1958). See also 
N. F. Mott and H. Jones, Theory of the Properties of Metals and 
Alloys (Clarendon Press, Oxford, 1934); and H. Jones, Handbuch 
der Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), 
Vol. 14, Part 1 

6G Borelius, W. H. Keesom, C. H. Johansson, and J. O. 
Linde, Proc. Koninkl. Akad. Weteschap. Amsterdam 35, 10, 15, 

(1932). 
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in Eq. (2), we find in some cases a very rapid increase 
in the magnitude of this quantity with temperature 
below about 50° or 100°K. The values of \; required at 
temperatures in the liquid helium range may be as 
much as two orders of magnitude larger than those re- 
quired at or above room temperature.” Figure 1(a) gives 
an idea of this variation for iron in copper. It can be 
seen from the work of Borelius et al.,!* MacDonald and 
Pearson,'® and others, that the thermoelectric behavior 
of dilute alloys at low temperatures is very sensitive to 
the nature and amount of dissolved foreign atoms. We 
shall show how this behavior and that of the electrical 
resistivity can be explained on the basis of a simple 
model very similar to that of Korringa and Gerritsen,® 
except that the present model makes use of only the 
general analytical characteristics of the relaxation time 
and does not specify the details of the scattering 
mechanism. 


Il. FORMULAS FOR RESISTIVITY AND 
THERMOELECTRIC POWER 


Our model is the following. We take the total re- 
sistivity p to be the sum of pz, the thermal scattering, 
and p;, the solute or impurity scattering: p=pr+pi. 
The scattering cross section Q;(Z) of a given foreign 
atom dissolved in a metal consists of two parts, one of 
which is slowly varying with kinetic energy E of the 
scattered electrons, the other of which represents a 
rapidly varying “‘resonance” type of scattering. If the 
Fermi level Zr in the metal lies within a few kT of the 
“resonance energy” E,, then there will be an unusually 
large sensitivity of electrical properties upon impurity 
concentration, temperature, and any other experi- 
mentally variable parameters which affect the values 
of the transport integrals to be discussed below. The 
electron relaxation time is related to the scattering 
cross section by the expressions 


T=T:iTp/(titT,), Ti= (m/2)'ne"y(B), 
y¥(E)=(E0(E)T', (3) 


where 7, and r, are the impurity and phonon contribu- 
tions, respectively, m is the electron mass and n; is the 
concentration of impurity of species “i.” In an alloy the 
relaxation time 7 varies with impurity concentration in 
such a way that we always have 0<r<r,. We have 
introduced the variable y(£) in order to avoid carrying 
along the factor (m/2)n;-. Since we are postulating 
that the scattering consists of a “‘normal’”’ (slowly 
varying) part and an “anomalous” (rapidly varying) 
part, we can represent the function y(Z) by one of the 
two curves in (b) or (c) of Fig. 1. In (b) the resonance 
gives an anomalously large scattering in the vicinity 
of E= E, while in (c) there results an anomalously small 
scattering. Now whatever may be the precise details of 


1D. K. C. MacDonald and W. B. Pearson, Acta Met. 3, 392, 
403 (1955). 
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this scattering, we can always represent curves such as 
in Figs. 1(b) and (c) by a function of the form 


¥(E)- 


where G(E) is a polynomial G(£) 
+2(E—Ev)*, say. 

In our discussion we shall use only the term go, and 
we shall hereafter consider the low-temperature be- 
havior of dilute noble-metal base alloys in which the 
impurity resislivily predominate 
other) scattering. 

For values of the width @ comparable to kT the 
approximations involved in deriving Mott’s formula (1) 
can be shown to be invalid, and we must then use the 
formula™ 


G(E)+70 exp[ — (E-E,)*/a*], (4) 


got gi(E— Ep) 


over the thermal (and 


eTS=K,/(Ko—Ep), 


where 


2(2m " dfo 
Re f E"+ir(F dF. (6) 


3rh'* 


Here m and e are the electron mass and charge (to be 
taken as a negative number for electrons), / is (2r)~' 
times Planck’s constant, and fo is the Fermi distribu- 
tion function. From a consideration of Eqs. (5) and (6) 
applied to the curves in Figs. 1(b) and (c) it can be 
seen that Mott’s formula is valid for the ranges kT<a 
and kT>>a; in the first case because the ‘‘Fermi sur- 
face” electrons can be treated as monoenergetic, in the 
second case because the resonance peak is so narrow 
that only a small fraction of the Fermi electrons “‘see”’ 
this peak and the remaining electrons ‘“‘see” the slowly 
varying or “normal” part of the r(£) curve. It is this 
second, high-temperature case which we treated in our 
earlier work.® 

Formula (5) can be written in the simple and in- 
teresting form 


2 D 


f (E—Epr)n(E)dI rs f n( E\dE, 
0 0 


n(E 


where 


E'+(E) (dfo/dE). 

Thus the Peltier heat e7S measures the “position,” 
relative to the Fermi level, of the “‘center of mass” of 
the function 7(£). In order to obtain a large thermo- 
electric power, for example, we must have a r(Z) which 


places the “‘center of mass” of n(Z) as far away from 
the Fermi level as possible. 


Equation (7) is exact to the extent that Eqs. (5) and 
(6) are exact. However, for our purposes it is convenient 
to get rid of the fractional exponent of E in Eq. (8) by 
expanding E' in a Taylor series about E= Er and thus 
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to use the (excellent approximation) 
eTS= 
(E—Ep)t(E)dE+ (3/28) f (E— Epr)*§(E)dE 


0 


f t(E)dE (9) 
0 ‘ 


E(B) = 7(E)(dfo ‘dE). 


where now 
(10) 
In this same approximation the electrical resistivity is 
given by" 


p(E)=—[26 (2m) El (om'W*)) f t(E)dE. (11) 


For convenience of integration we use the approximation 


dfo/dE=—(1/4kT) exp[—(E—Ev)*/(kT)*], (12) 


which has the correct value of dfo/dE at E= Er. Using 
Eqs. (3), (4), and (9)—(12), we find the desired expres- 
sions for the “impurity thermoelectric power” S; and 
for the “impurity” resistivity p;, as follows. 


( k (vo/go)tA(1+F)- exp[— A?2(1+7)-] 

Shh enim smeneeee Rctonsied a 
le! 1+ (vo/go)(1+F)— exp[—A?(1+)~] 
p;(t) = Px { 1+ (Yo /go)(1+F) 4 


Xexp[—A?(1+f) ]}-". 


The following notation has been used: 


t=T/T., A=(Er—E,)/a, kT.=a, 


and p,, is the value of p;(/) at ‘= ~. The ratio k/ |e 


a T T T T 

















Fic. 2. Dependence of p;/p. and S; upon temperature t= 7/T, 
for |4| =0.6. The sign of the thermoelectric power S; is deter- 
mined by the sign of the product (yo/go)4, as seen from Eq. (13) 
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Fic. 3. Same as in Fig. 2, except here |!A| =1.2 and |A| =3. 


the value 86.4 microvolts per Kelvin degree. For our 
purposes, when a is small, and A and yo/go are of order 
unity we can take p, to be the room temperature im- 
purity resistivity pi={ip:, where {; is Linde’s “atomic 
resistivity” or resistivity per atomic percent and 9, is 
the impurity concentration in atomic percent. The sign 
of S,; in Eq. (13) is determined by the sign of both +o 
and 4; since a is necessarily positive the sign of S; is 
thus only partly determined by whether the “resonance 
energy” E, is above or below the Fermi level. We 
should emphasize that Eqs. (13) and (14) refer to a 
single species of impurity whereas all the alloys as well 
as all “pure” metals which have been studied experi- 
mentaily have almost certainly contained unknown 
amounts of trace impurities which often have given 
misleading information on the effects of the single 
solute intentionally added. Thus it makes little sense 
to speak of the electrical properties of “pure gold” on 
the basis of measurements made on a specimen whose 
resistivity ratio p300°x/ps.o°« is of the order of 100 or 
less. 

We show in Figs. 2 and 3 the dependence of (‘‘im- 
purity”) S; and of resistivity p; upon temperature / for 
several values of the parameters A and yo/go. By maxi- 
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Fic. 4. Variation of the temperatures tm, and tm, at which ex- 

trema occur in the impurity resistivity and impurity thermo- 

electric power, respectively. The curve for tn. is calculated on the 
assumption that the denominator in Eq. (13) is constant. 


mizing p,' (for convenience) we find that the extrema 
in resistivity p;(/) occur at values of ¢ given by 


lnr=O and t,,-= (2A?—1)!. (16) 


For 4<2-‘ there is no extremum in the impurity re- 
sistivity at any finite temperature. Obviously, if p; de- 
creases with increasing temperature over some range of 
t, the fotal resistivity p=pr+p; may still show a mini- 
mum. To find the extremum of S; we take (for conveni- 
ence) the denominator in Eq. (13) to be approximately 


constant and differentiate only the numerator with 
respect to /. This approximation is justified because the 
denominator (which is proportional to the electrical 
conductivity) typically varies by only a few percent 
over the entire low-temperature range in actual alloys. 
We find then 

bma= 4{ (24°—1)+[(24*—1)?+-8]}} 4. (17) 
The variation of ¢,,, and of t,, with A are shown in Fig. 4. 
It is seen that there will be some solutes for which we 
find an “anomalous” thermoelectric behavior but for 
which there is no resistivity extremum. It is of interest 
to notice in Fig. 4 that tar>tm, for |A|>1 while 
bne<tms for |A|<1. Thus if we begin with a large 
negative value of A and move toward A=0, always with 
fixed a, the absolute temperature 7,,, of the impurity 
resistivity extremum becomes smaller until the “criti- 
cal” value —A, is reached, where A,=2-*; for |A| <A, 
there is no extremum. This disappearance of the re- 
sistance extrema may be called the “saturation effect,” 
because as will be discussed presently, we shall assume 
that the further addition of solute atoms affects mainly 
the parameter A; that is, the so-called “saturation 
effect” on the resistivity extrema accompanying in- 
creased solute concentration results from the variation 
Of tar indicated in Fig. 4. (It must be kept in mind, 
however, that the position of the minimum in re- 
sistance is determined in most cases by the superposition 


“ 


of pr onto p;.) In the same way, the position 4,, or Tn, 
of the extremum in S; may be said to “saturate” in the 
sense that, for fixed a, the position of 7, remains 
nearly constant for small A, or | A| <1. 

The solute concentration may affect S; and p; in 
several different ways. The addition of a solute may 
alter the separation Ey—E, (and therefore the param- 
eter A) simply by shifting the Fermi level as determined 
by the number of conduction electrons in the conduc- 
tion band. While E,» itself may also change with con- 
centration, it does not seem reasonable that this change 
alone would determine the separation Ey— Eq, for the 
following reason. The nature of the effective scattering 
potential around an impurity is primarily determined by 
(a) the nature of the dissolved atom and (b) the fact 
that this atom is surrounded by very large numbers of 
essentially free electrons, and that the scattering is 
nearly (but not completely) indifferent to the actual 
depth of the Fermi sea. One finds’ that a given impurity 
atom behaves in very much the same way whether it is 
dissolved in copper, in silver, or in gold, except for 
small but systematic quantitative differences.'’ Thus, 
an expansion of the alloy lattice resulting, for example 
from a temperature change, would be expected to have 
little if any effect on the scattering potential. In our 
present picture, the observed changes in “effective” 
scattering parameters result from the changing amount 
of “overlap” of the factors (dfo/dE) and r(£) in the 
transport integrals as the temperature is changed. This 
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Fic. 5. Typical theoretical behavior of the total resistivity 
p=pr+p; for fixed concentration of a single impurity in gold. The 
impurity is characterized by the following parameters: (a) p. 
=().16 pohm-cm; yo/go= —0.75; T.=11.6°K; A=+0.7; (b) pa 
= 3.0 sohm-cm ; yo/go= —0.1; 7,.=5°K; A=1.4. The thermal con- 
tribution pr for gold is taken from references 2 and 19 

‘7 Further experiments in progress, carried out by M. D. Blue 
of our Laboratory, indicate that the effective 4; of nickel or of 
manganese is about the same in a 50% Au+50% Cu solvent as 
in pure gold or pure copper. Additional work of this sort is being 
done with iron and cobalt solutes. 
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leads to the temperature dependent parameter \; which 
we used in our earlier work® and which can be inter- 
preted as the effective logarithmic derivative of the 
curve of scattering cross section vs temperature. On 
the other hand, the effect of solute concentration upon 
S; and p; might better be understood as resulting from 
an interaction between impurity atoms; such an inter- 
action may affect the separation Ery—£, or the width 
a or the height yo/go, or it may affect several of these 
parameters. It seems quite reasonable to suppose that 
some (or perhaps all) of these parameters would be 
concentration dependent. For our purpose we have 
placed the entire emphasis upon changes in Er—E, 
with concentration; since, for fixed lemperalure pa- 
rameter t, the quantities Ey—E, and a enter into the 
S; and p; expressions only through their ratio A 
= (Er—E,)/a, one sees that the same general behavior 
results from taking either Er— E, or a as concentration 
dependent. The values of a which we use are of order 
10~* ev, so that only minute changes in either Er—E, 
or @ are required to produce large changes in A. 

By superposing values of p; (for given ps, Yo/go, A 
and a) and pr for hypothetica! gold alloys at various 
absolute temperatures T, cne easily finds a variety of 
resistivity-temperature curves of the form actually 
found experimentally; such hypothetical resistivity 
curves are typified by Figs. 5 and 6. If we use Eq. (14) 
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Fic. 6. Same as in Fig. 5, except with the following parameters: 
(a) pe=1.0 wohm-cm; yo/go= —0.75; Ta=10°K; A=1.0. (b) po 
= 25 wohm-cm ; yo/go= +1.0; T,.=100°K ; A=2.5. 
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Fic. 7. Theoretical dependence of |8pi/pexe| = | [o:(O) — pi (texs) JI / 
pi (text) in percent, upon the parameter A= (Er—E,)/a. 


to find the ratio 
R= | dp, Dex | = | [p:(0) — pi(text) }| /pi (text), (18) 


in which the extremum value pe occurs at /=/.x4 as 
given by Eq. (16), we find the interesting results shown 
in Fig. 7. This means that as |A| increases from zero 
to the value A,= (2)~* there is no extremum, as we have 
already seen, and as |A| increases beyond A, the 
“relative size of the extremum,” given by R, increases 
rapidly to a maximum and then decreases much more 
slowly. It can easily be shown that the maximum of R 
occurs at a value |A| =|A]|,, which is very insensitive 
to the value of yo/go. In fact, | A|,, varies between about 
1.7 for yo/go=—1.0 and approximately 3 for yo/go 
= +100. Recalling that we are postulating a dependence 
of Ey—E, upon concentration of impurity, we can 
expect the ratio R to be very sensitive to this con- 
centration. On the other hand, we must also remember 
that Fig. 7 refers only to p; whereas the measured re- 
sistivity is p= pr+ ;. For a particular curve of p; which 
happens to show a minimum, the superposition of the 
monotonically increasing pr(7) will of course cause the 
minimum in p=pr+p; to move toward lower tempera- 
tures. To illustrate the behavior of p with composition 
and absolute temperature, we have chosen a set of 
values of p, for a hypothetical impurity X in gold 
to match approximately those which are given for the 
“pure” gold of Alekseevskii and Gaidukov."* In order 
to place the resistivity minimum in the correct tem- 
perature region, we take 7,=4°K (a=3.3X10~ ev), 
and in order to obtain a large value of R= |8p;/pex| we 
use yo/go=+1.0. The value of A for infinite dilution 

18N. E. Alekseevskii and Iu. P. Gaidukov, 


Phys. U.S. S. R. 31, 947 (1956) (translation: 
4, 807 (1957) }. 
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Fic. 8. Theoretical variation of 5p/pmin (in percent) with log7, 

for comparison with experimental results of Alekseevskii and 
Gaidukov (reference 18). 


is taken to be 0.4. The change in the separation Er— E, 
is arbitrarily taken to be of the order of 0.07 ev per 
atomic percent, so that the corresponding change in 
|A| with p; is given by 

d| A|/dpi= (7X10 ev/at. %)/ 


(3.3 10-4 ev)—~200/at.%. (19) 


% was actually estimated as a 
change in Fermi level assuming the resonance energy 
E,, to remain fixed, and this is admittedly an artificial 
way of calculating this change. Alternatively, as has 
already been pointed out, we might suppose that the 
separation Ery—£E, has only a small dependence upon 
the height Ey itself and that Er—E, changes upon 
further addition of solute atoms via some sort of inter- 
action between these solute atoms. Using an atomic re- 
sistivity of 8 wohm-cm/atomic percent of X, a typical 
value for iron or cobalt in copper or in gold, we find 
successive values of p; of about 0.0015, 0.002, 0.003, and 
0.025%. This then gives, from Eq. (19), the approxi- 
mate values of A=0.65, 0.8, 1.0, and 5.1 for the gold 
specimens numbered, respectively, Au-4, Au-2, Au-1, 
and Au-3 by Alekseevskii and Gaidukov. In view of all 
the approximations we have made (including the 
assumption that the wires contained only one kind of 
impurity), we used some values of p;/p,, which we had 
calculated earlier for the neighboring values A= 0.6, 1.2, 
1.4, and 5 in order to place our hypothetical alloys 
in the appropriate regions of the curves in Fig. 7. Thus 
we did not bother to recalculate p/p, for the specific 


Our value 0.07 ev/at. 


values of A given above. For the temperature depend- 
ence of pr we used the “ideal gold” curve given in the 


International Critical Tables’ and the theoretical 
values given by MacDonald.? After superposing the 


19 International Critical Tables (McGraw-Hill Book Company, 
New York, 1926), Vol. VI, p. 127 
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calculated p, values and those for pr, we find the mini- 
mum in the sum p=p;+pr by graphical means, and 
thereafter compute the ratio 6p/pmin=[o(T)—p(T min) // 
p(T min). This ratio is shown for the four alloys labelled 
(Au-1)cate through (Au-4)eaic in Fig. 8. It is seen in this 
figure that the order of arrangement of the alloys at 
the high-temperature region is Au-4, -2, -1, -3, 
whereas Alekseevskii and Gaidukov find the order 
Au-2, -4, -1, -3. In our calculations for the curve 
marked (Au-4)eaic we used the value of p; at T=0°K 
for pi(text) in Eq. (18); presumably Alekseevskii and 
Gaidukov did the same, so that there would appear to 
be a fundamental discrepancy between experiment and 
theory, since one would expect the purest material to 
be the first to rise rapidly with temperature at the high- 
temperature end of Fig. 8. Since their specimen Au-4 
has a ratio pos°k/pmin Of only 172, it must contain a 
fairly high level of impurities, and the reversed order 
of their specimens Au-4 and Au-2 may be due to the 
presence of several kinds of impurity atoms. 

It is interesting to see how the temperature. Twin of 
the resistivity minimum in Fig. 8 depends on the re- 
sistivity pmin at the minimum. This dependence is 
shown in Fig. 9, and is seen to have the same shape as 
was found by Pearson” for dilute Cu-Fe and Cu-Sn 
alloys. It is clear that the position of the minimum is 
simply that temperature 7,,in at which the derivative 
dpr/dT happens to be equal (and opposite) to the 
derivative dp,/dT, and the latter depends in turn upon 
the impurity concentration in a rather complicated way 
as can be seen from Fig. 8, for example. Of course, if 
the p; vs T curve passes through a minimum at a tem- 
perature where pr is negligible, then the position of this 
minimum will depend only upon the characteristics of 
the impurity scattering, as is shown by Fig. 4. Putting 
aside metallurgical and for al! other 
factors equal, one would prefer to work with copper as 
a solvent because 


considerations 


its Debye temperature is about twice 
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. B. Pearson, Phil. Mag. 46, 920 (1955 
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that of gold, so that the thermal scattering is less sig- 
nificant in copper (at a given low temperature) than in 
gold. 

It is also seen that the linear portion of our 4p/pmin 
curves covers less than an order of magnitude of abso- 
lute temperature, whereas the work of Croft ef al.” and 
further work of Gaidukov™ indicates that 5p/pmin can 
be linear in logT over about two orders of magnitude in 
the absolute temperature. We are not able to explain 
such a behavior on the basis of our model, for a single 
species of impurity atom. On the other hand, this be- 
havior can be easily explained by the presence of two 
or more species of foreign atoms in the alloy. 

If we consider a dilute alloy containing only a single 
species of foreign atom, we can arrive at certain gen- 
eralizations concerning the resistivity and thermo- 
electric behavior. In order to exhibit a resistivity 
maximum in a temperature region where thermal scat- 
tering is negligible, a foreign atom must be characterized 
by a negative value of yo/go.¥ If this atom causes the 
thermoelectric power to become negative (as is usually 
the case), then from Eq. (13) it is clear that A must be 
positive. Very few solute elements have been found 
which definitely cause a resistivity maximum ; examples 
are AuCr,™ AuMn,™CuMn,™ AgMn,” and AuFe."5 
The thermoelectric behavior of AuFe, AuMn, and AuCr 
has been studied by Borelius et al.!® While the absolute 
thermoelectric power of their Au+2.08 at. % Mn and 
Au+3.65 at. % Cr appears to become positive (and 
small) at temperatures below 10° or 15°K, there seems 
to be little doubt that iron in concentrations greater 
than 0.065 at. % causes the thermoelectric power of 
gold to be quite large and negative. Let us consider the 
effects of adding small amounts of iron to pure gold. 
We take the value of A for iron in gold at extremely 
smali dilution to be positive and to have a value less 
than (2)-*. Assuming again that the parameters yo/go 
and a are independent of iron concentration pp., and 
that the addition of iron further increases Ep—E, and 
therefore A, we see from Fig. 4 that the temperature of 
the minimum in S, should gradually increase while the 
resistivity at first shows no maximum. The further 
addition of iron continues to raise the temperature T.,, 


A. J. Croft, E. A. Faulkner, J. Hatton, and E. F. W. Seymour, 
Phil. Mag. 44, 289 (1953). 

= Iu. P. Gaidukov, J. Exptl. Theoret. Phys. U. S. S. R. 34, 836 
(1958) (translation: Soviet Phys. JETP 34(7), 577 (1958) ]. 

*% These remarks refer to cases in which 7, is of the order of 
10°K or less; for large T, it is possible to have both a maximum 
and a minimum even though o/go is positive. Of course, in the 
latter case the “anomalous” behavior will appear at ordinary 
temperatures as may be seen in Fig. 6(b). Such a behavior is in 
fact shown by some copper-manganese alloys containing about 9 
to 10 atomic percent of “deoxygenated” manganese prepared in 
our Laboratory. (See second part of reference 9 and also J. O. 
Linde, Physica 24, 109-117 (1958). Linde finds that the tempera- 
ture of the resistivity minimum in AuV alloys increases from the 
liquid helium region for 0.4% V to about 350°K for 1.6% V, and 
to possibly several hundreds of degrees above room temperature 
for 5.5% V in gold.) 

™* A. N. Gerritsen and J. O. Linde, Physica 18, 877 (1952). 

25 A. N. Gerritsen, Physica 23, 1087 (1957). 
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of the S; extremum and p; now develops a maximum 
whose temperature 7,,, increases rapidly at first but 
then becomes linear with A, as in Fig. 4. If A is some 
function A= A(pr,), then the temperature T,,, of the 
resistivity maximum will have for large A the same 
dependence on the concentration py.. Experimentally 
it is in fact observed that both Ty, and T,,, increase 
with increasing iron concentration in gold,'*-” so that 
our model leads to a correct interpretation of the facts. 
Gerritsen and Linde®* found a linear relationship be- 
tween the resistance ratio rr= Rr/Re73°x and the tem- 
perature Tinsx of the resistance maximum for silver- 
manganese alloys. From an experimental study of the 
dependence of both 7,,, and T,, on concentration in 
various alloy systems, it would be possible from our 
equations to determine the dependence of the several 
scattering parameters A, a, and yo/gouponconcentration. 

The possibility of observing S; vs T curves of the 
form shown in Fig. 3(d) is demonstrated by the results 
of MacDonald and Templeton” on “pure” potassium 
whose residual resistance ratio Rea/R4.2 had the value 
400. 

Finally, it must be realized that the purest available 
solvent metals are yet far from being sufficient!y clean 
to permit an easy and unambiguous separation of the 
effects due to each kind of chemical impurity when one 
works with very dilute alloys. The resistance and thermo- 
electric power of not-so-pure alloys would be expected 
to be rather complex, with perhaps several minima and 
maxima as found by Gerritsen and Liade,™ for example. 
It is also conceivable that the presence of minute im- 
purities might cause an apparent “discontinuity” in 
thermoelectric power of the sort found by Borelius ef al. 
(See their Fig. 2 on page 29 of reference 15.) 

While it is very important that we develop methods 
for further purifying metals, it is also important that 
we carry out systematic investigations on somewhat 
more concentrated alloys; in this way one can avoid 
some of the difficulties of obtaining super-purity metals 
and at the same time help to understand these more 
concentrated alloys for their own sake. 


Ill. DISCUSSION 


We have attempted to explain the low-temperature 
behavior of resistivity and thermoelectric power of 
metal alloys on the basis of a simple model of “resonance 
scattering” of conduction electrons by impurity atoms. 
Although we have not discussed in detail the high- 
temperature behavior in terms of this model, it can be 
seen that the present approach “joins smoothly” with 
our earlier one’ in the sense that in the higher tempera- 
ture ranges we can use Mott’s formula (1) and talk 
about “effective slopes” of the scattering cross section 
curve Q,;(£). The resonance model appears to give the 
correct behavior over the entire temperature range from 


” 8 A. N. Gerritsen and J. O. Linde, Physica 17, 573 (1951). 
77D. K. C. MacDonald and L M. Templeton, Phil. Mag. 3, 
917 (1958). 
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0°K to near the melting point. We have interpreted the 
temperature dependence to be the result of the com- 
plicated overlapping or “scanning” of the function r(Z£) 
by the derivative function dfo/dT. 

In our earlier model we assigned a Q;(£) curve with 
a very broad resonance (Ramsauer effect) to certain 
kinds of impurity atoms, and we assumed that this 
curve was fixed in energy in such a way that the Fermi 
level moves along this Q; curve when temperature 
changes cause the crystal lattice to expand or contract. 
We made use of effective \; values, which give essen- 
tially the logarithmic derivative of the cross section 
with energy. We can see that our earlier model cannot 
possibly explain the anomalous behavior characteristic 
of the low-temperature region, since the temperature 
coefficient of volume expansion is extremely small in 
the liquid helium range. It seems more reasonable to 
suppose that the Q; vs E curves are fixed relative to the 
Fermi level for a given alloy, in such a way that as the 
temperature changes the resonance energy E, moves 
along with the Fermi level Er. The application of stress 
to the crystal lattice would also move both Er and E, 
together, so that even large hydrostatic pressures would 
alter neither the resistivity nor the thermoelectric 
power to the extent that one would calculate on the 
basis of the associated volume changes in the lattice. 

We can now see how the temperature dependent A, 
values originate, in terms of the resonance model. At 
normal temperatures the parameter A, is a measure of 


DOMENICALI 


the slope of the Q;(£) curves which is “seen” by the 
large majority of electrons with energies within a few 
kT of the Fermi level. A small fraction of these electrons 
will have energies for which the slope of Q;(E) is ex- 
tremely large, but this small minority of electrons may 
nonetheless contribute significantly to the integrals in 
Eq. (6) and thus have an appreciable effect in deter- 
mining the effective \;. When we use Mott’s formula at 
normal temperatures for impurity atoms which exhibit 
a resonance, we are actually ignoring the resonance, then 
tacitly considering Q; to be a slowly varying function 
which permits the use of Mott’s approximation, Eq. (1), 
and finally lumping the contribution of this minority of 
electrons into an “effective” \,;. Our earlier work® and 
that of Friedel," Blatt,” and others whose arguments 
make use of Mott’s formula, leads to useful results and 
enables us to explain phenomenologically as well as to 
predict the behavior of rather complex alloys. But the 
use of Mott’s formula in cases where there is a sharp 
resonance—if indeed such things exist in alloys!—is 
essentially an artifice. We have pointed out that Eq. (1) 
is also properly applicable at very low temperatures 
where kT<a. 
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The paramagnetic resonance and optical absorption spectra of KC] and KBr crystals containing divalent 
calcium, strontium or barium ions have been investigated. After x-irradiation at 195°K a resonance spectrum 
is observed with three distinguishable centers; the centers are similar and each has approximate axial sym- 
metry about a different cube edge. The optical spectra show bands near 325 my in KCl and near 345 my in 


KBr which arise from the same centers. The centers are assigned to Cl,~ and Bre 


molecule ions and are 


closely related to the Cl,~ and Br; centers of Castner and Kinzig. 





INTRODUCTION 


HE application of electron spin resonance tech- 
niques to the study of V centers in alkali halides 

has resulted in accurate descriptions of the structure 
of these centers.'~* V centers may be defined as trapped 
positive holes. It has been shown that when crystals of 
KCl, NaCl, KBr, or LiF which are pure or doped with 
Ag, Tl, or Pb ions, are x-irradiated at 77°K, complex 
electron spin resonance spectra are observed which may 
be assigned to the molecule ions Cly-, Bry, and Fy- 
(henceforth referred to in general as X;—). The optical 
absorption spectra of these defects have been in- 
vestigated and correlated with their resonance spectra.* 
In the resonance spectrum of X;~ the hole is localized 
on two halogen nuclei and an extensive anisotropic hfs 
is observed due to the interaction of the unpaired 
electron with these nuclei. An investigation of this 
structure’ showed that the molecule ion is accurately 
aligned along a [110] axis of the crystal [Fig. 1(a) ]. 
The symmetry of the center is orthorhombic with two 
face diagonals and a cube edge as principal axes; six 
such combinations of axes are possible and there are six 
distinguishable centers in the magnetic unit cell. In the 
case of Cl a seven line hfs is observed when the 
magnetic field is parallel to the axis of the molecule 
ion, with intensities in the ratios 1:2:3:4:3:2:1. This 
structure arises because the chlorine nuclei are equiv- 
alent and each has a spin of $ so that the magnetic spin 
quantum number m(J)=m(I;)4+m(/2) can take the 
values —3, —2, —1, 0, 1, 2, 3 weighted according to the 
above intensity ratios. The isotopes *Cl and “C1 occur 
in the ratio 3:1 and have slightly different nuclear 
moments so that three sets of spectra are resolved with 
intensities in the ratios 9:6:1 corresponding to the 
isotopic species 35-35, 35-37, 37-37. When the mag- 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Now at the Clarendon Laboratory, Oxford, England. 

t Now at E. I. du Pont de Nemours and Company, 
Laboratory, Gibbstown, New Jersey. 

! T. Castner and W. Kanzig, J. Phys. Chem. Solids 3, 178 (1957). 

* T. O. Woodruff and W. Kinzig, J. Phys. Chem. Solids 5, 268 
(1958). 

*C. J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
1235 (1958). 

*C. J. Delbecq, W. Hayes, and P. H. Yuster (to be published). 
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netic field is perpendicular to the axis of the ion, the 
hfs is considerably collapsed and the degeneracy of 
the hyperfine lines is raised by second-order hyperfine 
and quadrupole effects. In the case of Bry~ a spectrum 
with similar properties is found. Bromine has two 
equally abundant isotopes, Br and “Br, each with a 
nuclear spin of §; three sets of spectra are resolved 
with intensities in the ratios 1:2:1 arising from the 
isotopic species 79-79, 79-81, and 81-81. 

The correlation of the optical and resonance spectra 
may be achieved’ by 


(a) Comparing the variation of intensities of the 
spectra with irradiation time. 

(b) Observing the effect of bleaching in the optical 
absorption band with polarized light. 


In the case of Cl,~, for example, an optical absorption 
band occurs at 365 mu. After irradiation into this band 
with light polarized in the [011] directed at 77°K, a 
diachroism is subsequently observed in the absorption 
spectrum measured with [011] and [011] polarized 
light; the optical and resonance measurements show 
that a realignment of a large fraction of the centers 


O2O%2O  OeEeO 


OIVALENT-VACANCY COMPLEX XG-DIVALENT-VACANCY COMPLEX 


(b) 


Fic. 1. Models for X,~ centers (X is a halogen). The upper 
model (a), has been suggested by Castner and Kdnzig, reference 1, 
for the (110) oriented centers. It is proposed that irradiation of 
crystals containing divalent-vacancy complexes, 
(100) oriented centers. 


(b), produces 
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has occurred into the [011] direction from the other 
five possible orientations. This effect is expected to 
arise if the optical transition is only allowed for radia- 
tion polarized parallel to the axis of the molecule ion 
and if the probability of reorientation in the excited 
state is large. 

(c) Measuring reorientation and decay curves for 
the two types of spectra. We define the reorientation 
temperature as the temperature at which the dichroism 
disappears in a crystal containing preferentially 
oriented centers, due to the movement of the holes 
through the lattice. The reorientation temperature is 
generally lower and more sharply defined than the 
decay temperature since the activation energy for 
reorientation is less than for decay and a variety of 
electron trapping sites may be involved in the de- 
struction of the hole center. 

A pulse annealing technique is used for measuring 
reorientation and decay temperatures. The starting 
temperature is normally that of liquid nitrogen. The 
sample is warmed to the required temperature in a 
suitable refrigerant, e.g., Freon 12, for two minutes, 
then cooled quickly to liquid nitrogen temperature and 
the spectrum remeasured. The cycle is subsequently 
repeated at the next higher temperature. Steps of about 
15°C are used. 

Delbecq and Yuster® found that low-temperature 
x-irradiation of KC! and KBr containing Ca, Sr, or Ba 
ions produced a new optical absorption band in the near 
ultraviolet. We have examined the optical and resonance 
spectra of these samples and have assigned the new 
band to Cl.- and Bry~ molecule ions; the properties of 
these centers are different, however, from the properties 
of the Clo and Br: 
Kinzig.! 

The crystals containing divalent were 
grown from reagent grade chemicals in this laboratory 
using the Kyropoulos method and were irradiated at 
195°K with 50 kv, 50-ma x rays from a tungsten target 
filtered by a quartz window 1 mm thick. The para- 
magnetic detection system and the low- 
temperature irradiation techniques which were used 
have already been described.2 A Rochon prism was 
used in the polarized light bleaching experiments and 
was arranged so that the electric vector of the polarized 
light could be rotated in the (001) crystal plane. 
Bleaching was done with an AH-6 high intensity 
mercury arc lamp with an appropriate combination of 
filters. 


ions described by Castner and 


additions 


resonance 


Paramagnetic Resonance Spectra 


After irradiation at 195°K, single crystals of KCl 
containing alkaline earth ions exhibit a 
spectrum with a complex hfs (Fig. 2). There are three 
distinguishable centers in the magnetic unit cell, each 
with a similar spectrum and with approximate axial 


resonance 


5C. J. Delbecq and P. H. Yuster (unpublished). 
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symmetry about a different cube edge. When the 
external magnetic field is parallel to the axis of one of 
these centers, the corresponding spectrum consists of 
seven groups of lines i 
in this orientation the external field is perpendicular 
te the axes of the other two centers and their spectra 
are superimposed in the region 3200 to 3350 gauss. The 
centers are assigned to ( molecule ions aligned 
approximately along a cube in contrast with the 
centers of Castner and Kinzig where the alignment is 
act urately along a face diagonal. 

't will be suggested later that the two chlorine nuclei 


he region 3046 to 3617 gauss; 


edge 


do not have identical environments and hence are not 
equivalent; this results in the raising of the degeneracy 
which might otherwise be present in the hfs. The seven 
line hfs with intensities 1:2:3:4:3:2:1 observed for 
(110) oriented Cl.- the external magnetic field is 
parallel to the axis now becomes seven groups of lines. 
The characteristic structure with 
intensities 9:6:1 is observed in the extreme groups 
which are nondegenerate and therefore clearly defined. 

If we neglect the departure from axial symmetry 
and the nuclei we 
may describe the spin 
Hamiltonian 


when 


three line 1sotopi 


the chlorine 


spectrum by 


inequivalence of 
the resonance 


H=4,,8H.S,+2.8(H,S.+-H,S, 


B(IS.+1,S, (1) 


with S=$ and J=/,+/ 


3 is the spin of 
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(second derivative of 
x-irradiated for 80 min at 

K with [100] polarized 
band, (a) with 


lat 77°K. 


absorption lines) of a KCI]:Ca sample 

195°K and bleached for 15 min at 77 
light lying in the 323-n ptical a 

H\\[010) and 


Fic. 2. Paramagnetic resonance spectrum 
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the chlorine nucieus. The allowed transitions (4,m)< 
(—4, m) occur when® 


hvy= g8H+Km-+ (B?/4g8H)){ (A2+K®)/K?] 
X(1(+1)—m*)}, (2) 


where K°g*= A*g,,? cos*#+ B’g,? sin’ and @ is the angle 
between the external magnetic field H and the axis of 
the molecule ion; Ho is the field at which resonance 
would occur in the absence of a hfs. The measured 
constants of the spin Hamiltonian for the isotopic 
species 35-35 are g,,=2.005+0.002, g,=2.04+0.01, 
A=89.0+0.2X10~ cm, and B~13X10™ em. The 
corresponding measurements for the (110) oriented 
centers are’ g,,=2.0010, g.=4}(g.+g,)=2.0437, A 
=94.3X10~ cm™, and B=8.4X10™ cm“. 

Crystals of KBr containing alkaline earth ions behave 
in a similar fashion to those of KCl. Seven groups of 
lines are observed when the external magnetic field 
is oriented along a cube edge (Fig. 3). The spectrum is 
assigned to Br; and is the analog of Cl.~ spectrum; 
there are three distinguishable centers, each aligned 
approximately along a cube edge. Lines with intensities 
in the ratios 1:2:1 arising from the species 79-79, 
79-81, 81-81 are observed in the extreme hfs com- 
ponents; the degeneracy of the inside hyperfine com- 
ponents is lifted in the parallel orientation even in the 
case of the (110) oriented Br. centers by the large 
quadrupole moment of the nuclei and by higher order 
effects, and in the present case the effect is accentuated 
by the inequivalence of the nuclei. Of the parameters of 
the spin Hamiltonian, Eq. (1), only g;, and A could be 
measured; for the 81-81 ion, g,;,=1.991+-0.003 and 
A=419+3.010~ cm. The corresponding measure- 
ments on the (110) oriented centers are’ g,,= 1.980 and 
A =420X10~ cm—, 


OPTICAL ABSORPTION SPECTRA 


When single crystals of pure KCI and KBr are 
x-irradiated at 195°K, the optical absorption spectra 
above 200 my consist of three bands, the V2 band in 
the ultraviolet and the F and K bands in the visible. 
However, when the samples have been doped with the 
divalent alkaline earth ions Cat+, Sr**, 


+ 


or Bat, 


\f + 9554 Mc 
4 4 Ti00} 


KILOGAUSS 


Fic. 3. Paramagnetic resonance spectrum (second derivative of 
absorption lines) of a KBr:Sr sample quenched from 600°C and 
irradiated at 195°K; measured at 77°K 


* B. Bleaney, Phil. Mag. 42, 441 (1951). 
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. 4. Optical absorption spectra of KCI samples after 40-min 
x-irradiation at 195°K; measured at 77°K. 


x-irradiation at 195°K produces an additional band in 
the near ultraviolet. 

Figure 4 gives the results of measurements on KC] 
samples; V2 absorption occurs at 235 my, F absorption 
at 540 my, and K absorption at 460 my. The position 
of the new peak depends upon the nature of the divalent 
ion. In KCI:Ca the peak occurs at 323 my, in KCI:Sr 
at 321 my and in KCI: Ba at 335 my. An additional peak 
is found in KCI: Ba at 390 my. The crystals containing 
divalent ions also developed F and K bands upon 
irradiation as well as a band in the V2 region having 
a maximum at 222 my. There are two significant 
differences between these bands in the doped and pure 
crystals. Firstly, the band in the V2 region appears 
to have shifted to slightly shorter wavelengths in the 
doped samples. Secondly, the amount of F absorption 
produced by the same amount of x-irradiation is far 
greater in the samples with divalent impurities. The 
fact that the ratio of F absorption to V2 absorption is 
significantly larger in the doped samples indicates that 
the new peaks in the near ultraviolet are trapped hole 
centers since the F center is a trapped electron and a 
positive hole is created simultaneously with each 
electron upon x-irradiation. 

The results for KBr are similar and are shown in 
Fig. 5. The spectrum of pure KBr shows V2 absorption 
near 275 my, F absorption at 600 my and K absorption 
at 530 mu. The position of the new peak found in the 
doped samples again depends upon the nature of the 
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5, Optical absorption spectra of KBr samples after 60-min 
x-irradiation at 195°K; measured at 77°K. 
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divalent ion. In KBr: Ca the peak occurs at 345 my, in 
KBr: Sr at 345 my, and in KBr: Ba at 360 mu. A second 
peak in KBr: Ba is indicated at 410 my but is not 
resolved. The addition of the divalent impurities to 
KBr produces a shift in the V2 region peak and a varia- 
tion in intensity of the band. This absorption increases 
upon addition of divalent ion ; however, the F absorption 
increases at a greater rate indicating that the impurity 
induced centers in KBr also involve trapped holes. 

All of the samples used to obtain data for Figs. 4 
and 5 were 3.0 mm thick and were quenched to room 
temperature from 650°C before x-irradiation. 


Correlation Between Optical and 
Resonance Spectra 


A correlation between the 325-my bands in KCl, the 
345-myu bands in KBr and the Xz resonance spectra 
has been achieved. Both the optical and resonance 
absorptions appear when KCI and KBr are doped with 
the divalent ions and irradiated at a low temperature 
and their intensities are proportional. The thermal 
stabilities of the two types of spectra are the same. The 
following decay temperatures were found: KC1:Ca at 
236°K, KCI:Sr at 233°K, KCl: Ba at 231°K, KBr:Ca 
at 243°K, KBr:Sr at 253°K, and KBr: Ba at 263°K. 
These temperatures correspond to the inflection points 
of curves relating optical density or resonance intensity 
to pulse annealing temperature. A typical plot is given 
in Fig. 6. 

It was found that bleaching with light such that the 
electric vector is parallel to the [100] direction results 
in preferential bleaching of those centers aligned along 
[100]. Similar effects have been observed with the 
(110) oriented X,~ ions.’ Figure 7 gives the results of 
an experiment on a KCI: Ca crystal which was bleached 
for 15 minutes at 77°K in the interval 300 to 400 mu. 
The solid line shows the optical absorption in both the 
[100 ] and [010 ] directions before bleaching. The dashed 
lines show the absorption in these directions after 
bleaching with [100] polarized light. The optical 
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Fic. 6. Thermal stability of Cl,~ centers in KCI:Ca as deter- 
mined by disappearance of resonance signal and optical absorption 
band. 
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density in the [100] direction is reduced by a factor of 
more than two while that in the [010] direction has 
been slightly enhanced due to a reorientation of centers 
from the [100] direction. The largest ratio of [010] to 
[100] optical density which could be obtained was 
about 3 to 1 which may be compared with the value 
of 20 to 1 achieved with the (110) oriented centers.* 
The low ratio obtained in the present case is largely 
due to the strained nature of the crystals which de- 
polarizes the light. 

Figure 2 shows the paramagnetic resonance spectrum 
of KCI:Ca after bleaching with [100] polarized light. 
Figure 2(a) was taken with the external magnetic field 
parallel to the [010] direction and Fig. 2(b) with the 
field parallel to the [100] direction. A comparison 
of these spectra with the spectrum before bleaching 
showed that the bleaching did not decrease the number 
of [010] oriented centers while the number of [100] 
centers was reduced to 4 of its original value. The 
optical and resonance measurements of the dichroism 
are therefore consistent. Very little dichroism was 
observed in the optical or resonance spectra after 
bleaching with [110] polarized light. 

The KBr crystals were badly strained and depolarized 
light to a degree which made it difficult to bleach 
preferentially the Br; molecule ions; the maximum 
ratio of [010] to [100] oriented centers which could 
be achieved was about 3:2. 

Resonance and optical measurements gave identical 
reorientation temperatures. The following values were 
found: KCl:Ca(Sr,Ba) at 193°K and KBr:Ca at 
223°K. These values may be compared with 173°K 
for the (110) oriented Cl,- and 143°K for the (110) 
oriented Br;-.*“ 


DISCUSSION 


It has been established that the centers giving rise to 
the 325-my optical absorption band in KC] containing 
alkaline earth ions, and the 345-my band in KBr 
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Fic. 7. Dichroism induced in the Cl,;~ optical absorption band 
in KCl:Ca by bleaching with polarized light at 77°K. Solid line 
shows absorption in both the [100] and [010] directions after 
90-min x-irradiation at 77°K ; dashed lines show absorption after 
80 min of irradiation with [100] polarized light lying in the 
absorption band 
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containing the same impurities are Cl; and Bry- 
molecule ions. These ions differ from the Cl,- and Br:~ 
ions of Castner and Kanzig' in that they have approxi- 
mate axial symmetry about a cube edge. Experiments 
have been carried out with other alkali halides con- 
taining alkaline earths and with KCI:Cd but the 
(100) oriented X;- ions have not been found. The 
centers have not been found in pure crystals or crystals 
containing good electron traps such as Ag, Tl, or Pb 
where the (110) oriented centers are readily formed. 

Following Haven’ and Dryden and Meakins® we shall 
assume that the alkaline earth ions enter the lattice 
substitutionally and that a large fraction of them are 
associated with positive ion vacancies at the tempera- 
ture of irradiation (195°K). It is suggested that upon 
x-irradiation, a halogen ion is ionized and the electron 
is trapped as an F center; the positive hole is trapped 
as a V»2 center or as an X_; center at a positive ion 
vacancy. The presence of the vacancy may cause the 
molecule ion to move out of its normal (110) alignment 
and produce approximate alignment along (100); one 
possible way in which this may be achieved is illustrated 
in Fig. 1(b). It can be seen that the environments of 
the two chlorine nuclei are not now identical. We might 
expect the anion-to-cation radius ratio of the host 
alkali halide to be of importance in the formation of the 
(100) oriented centers and the fact that we could not 
produce these centers in KI, NaCl, or NaBr may be 
due in part to the large value (~2) of this ratio in 
these salts. No variation in the position of the optical 
absorption band of the (110) oriented centers was 
observed in crystals of KCl containing Ag, Tl, or Pb 
impurities and it was concluded* that this center was a 
property of the “pure” lattice. The variation in the 
position of the optical absorption band with the im- 
purity ion in the present case supports the view that 
the impurity ion is closely associated with the X,~ 
center. The fact that the X¥z~ centers were not observed 
in KCl:Cd may be due to the smaller solubility of 
Cd in KCl. 

The vacancy stabilized centers decay at a higher 
temperature than the (110) oriented centers and the 
latter could not be observed at dry ice temperature. 
When the samples are x-irradiated at liquid nitrogen 
temperature, V, centers are produced in addition to the 
(100) oriented Xj centers; with the irradiation times 
used (~40 min) the optical or resonance spectra of the 
(110) oriented X,- centers could not be observed. 

The g shifts in the (116) oriented Clz- spectrum of 
Castner and Kinzig are discussed by them in terms of 
the theory given by Cohen’ and Inui, Harasawa, and 


7Y. Haven, Report of the Bristol Conference on Defects in 
Crystalline Solids, July, 1954 (The Physical Society, London, 
1955), p. 261. 

sj. g Dryden and R. J. Meakins, Discussions Faraday Soc 
23, 39 (1957). : 

* M. H. Cohen, Phys. Rev. 101, 1432 (1956). 
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Obata.” The ground-state configuration of Cl; is 
expected to be* (o,*x,“r,‘c,,)*2,* and a transition to the 
state (o,ru‘r,{c,*)*2,+ is allowed for o-polarized 
radiation; this may give rise to the ultraviolet band of 
the (100) and (110) oriented X;- centers since it has 
the correct polarization properties. A very weak 
transition of the (110) oriented centers has been 
observed** at about 750 my but a corresponding 
transition has not been found in the case of the (100) 
oriented centers presumably because of lack of intensity. 
The unpaired electron of the ground state of Cl,~ is in 
the antibonding 30, orbital and the g shifts are 
determined by the spin-orbit coupling to the 3pm, level 
separated by a distance A. Following Inui, Harasawa, 

and Obata" we may write 
? 2r 


2x? 
es! mec “9 
: A?(1+<a’) 


A(i+a’) A?(1-+a?)’ 


where a determines the fraction of s character of the 
electron wave function and d is the spin-orbit coupling 
constant. The predicted value of gu—go is negative 
(go= 2.0023 is the free electron g value) and in the case 
of the (110) oriented Cly~ center is found to be —0.001. 
In the present case the g shift is +0.003. The positive 
shift may arise from the fact that the molecule ions are 
not aligned accurately along a cube edge; the g value 
measured with the magnetic field parallel to a cube edge 
will therefore include a small contribution from 4g. 
The observed shift indicates that the molecule ion 
makes an angle of about 2° with a cube edge. The 
misalignment results in an increase in the number of 
possible orientations and hence an increase in the 
number of distinguishable centers ; however, the spectra 
from the centers distributed around a particular cube 
edge are not resolved. 

Most of the crystals grown contained aggregates of 
impurity ions which caused cloudiness and scattering 
of light. Quenching from 650°C to room temperature 
dispersed the impurity ions in the lattice and the 
number of X;~ centers which could be produced was 
increased by a factor of about 3. However, the strains 
produced by quenching caused shattering of the crystals, 
depolarization of polarized light and broadening of the 
resonance lines. These effects depend on the concen- 
tration and size of the impurity and were more pro- 
nounced in KBr than in KCl. The small Ca** ions strain 
the KBr lattice more severeiy than Ba** ions. 

The effect of strains and misalignment on the reso- 
nance linewidth is reduced in the parallel orientation 
since the hfs is at a maximum. The effect is expected 
to be less in KCI because of the smaller hyperfine 
splitting. With both KCl and KBr a sharpening and 
increase in amplitude of the lines from the [100] 
oriented centers occurs when the external magnetic 
field is moved parallel to the [100] direction. In the 


“T. Inui, S. Harasawa, and Y. Obata, J. Phys. Sc-. Japan 
11, 612 (1956). 
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case of KBr:Ba the resonance lines disappear when 
the magnetic field is 18° off the [100] direction and 
with KBr:Ca cannot be observed even when the 
magnetic field is parallel to the [100] direction. It will 
be noticed in the spectrum of KBr:Sr (Fig. 3) that 
only lines from centers oriented parallel to the magnetic 
field are sufficiently narrow to be clearly visible. 

In the parallel orientation, the Cl,z- and Br, line- 
widths are 9.0 and 12.0 gauss, respectively, as compared 
with 1.3 and 2.5 gauss for the (110) oriented centers. 
Considerations based on dipole-dipole interactions with 
nuclei of the surrounding ions suggest linewidths of 
0.5 and 1.0 gauss, respectively. It has already been 
shown by Hayes," that in the case of the (110) oriented 
Clz- center that part of the linewidth arises from 
interaction with the nuclei of nearest neighbor ions 
through weak covalency. This effect, the strained 
nature of the crystals and the misalignment of the 
centers may well account for the large linewidth in the 
present case. 


mW, Hayes (unpublished 
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The ultraviolet optic i] absorption band of the X3 
center in both KCl and KBr occur at shorter wave- 
length than the bands of the corresponding (110) 
oriented centers. (A detailed discussion of the optical 
spectra of the (110) oriented F:-, Clz-, Brz~, and I~ is 
being prepared by Delbecq, Hayes, and Yuster.*) This 
effect is expected to arise largely from the influence of 
the environment on the excited level of the transition. 
The effect of environment on the ground state in which 
paramagnetic resonance is observed should be less and 
only slight differences in the parameters of the resonance 
spectra from the two types of center are observed. 
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It is shown that at least two of the three known peaks in the photoconduct 
of Cu,O are strongly dependent on the oxygen content of the material 
from shorter to longer wavelengths by exposing the sample to relatively low ox 
peak near 800 my is found to increase in magnitude relative to the other 
in apparent contrast to the results of previous investigators. It is further shown that 


versus wavelength curve 


he peak near 600 my can be shifted 
ygen pressures at 860°C. The 
| ces This is 


5 under these ircumstar 


both results are con 


sistent with the values of the high temperature activation energy of the conductivity process, as well as with 


the change in bandgap as a function of temperature as obtained from optical absorptic 


m measurements 


under the assumption that CuO can be classified as a nonpolar semiconductor 


INTRODUCTION 


HE photoconductivity of Cu,O was first observed 
by Pfund! in 1916 and has since been the subject 
of considerable investigation.2~’ The present study is an 
* This work is part of a thesis submitted to the Graduate School, 
Northwestern University, in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 
t The research was in part supported by the Office of Naval 
Research. 
t Now at the Department of Physics, University of Alberta, 
Edmonton, Alberta, Canada 
1A. H. Pfund, Phys. Rev. 7, 289 (1916). 
2W. W. Coblentz, U. S. Bureau Standards Sci. Papers 18, 603 
(1922). 
3V. P. Barton, Phys. Rev. 23, 337 (1924). 
4B. Schénwald, Ann. phys. 15, 395 (1932). 
5A. W. Joffe and A. Th. Joffe, Physik. Z. Sowjetunion 11, 241 
(1937). 
* T, Okada and R. Uno, J. Phys. Soc. Japan 4, 351 (1949). 
7G. F. J. Garlick, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1956), Vol. 19, p. 377. 


outgrowth of research into the cathodoluminescence?® of 
Cu,0 and its relation to 
properties of this material. 


the other semiconducting 

In general the work on Cu.O can be divided into two 
categories. Much work is done on the type of CusO used 
in rectifiers, where often oxygen in excess of the stoichio- 
metric proportions is deliberately introduced. Other 
work is done on this material for the purpose of meas- 
uring the properties of Cu,O in which the excess oxygen 
content is kept at a In the literature this 
distinction has only recently been emphasized in the 


minimum 


work by Anderson and Greenwood’ and by Béttger” in 
regard to the dark conductivity, and in the work by 


Phys. 29, 710 (1958). 


8 R. Frerichs and F. L. Weichman, J. Appl 
l, Proc Soc Lon 


* J. S. Anderson and N, N. Greenwo 
don) A215, 353 (1952 
” QO. Béttger, Ann. phys. 10 
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Bloem" on the luminescence. Thus, while previously the 
value of the activation energy for the conduction process 
was generally accepted as 0.72 ev," Anderson and 
Greenwood found the value of 1.05 ev for samples con- 
taining a minimum of excess oxygen. Béttger,”” who 
measured the activation energy for the conduction 
process at 900°C as a function of oxygen pressure (down 
to 10-' mm Hg), also found activation energies higher 
than the previously accepted values when the oxygen 
pressure was lowered to less than 10~* mm Hg. In addi- 
tion he found the time necessary for the sample to reach 
an equilibrium was quite short at the temperature and 
oxygen pressures studied. 

Thus the early ac photoconductivity measurements 
made by Schénwald belong in the first of the two 
categories, since the material used was prepared by 
oxidizing copper in air at 950°C with subsequent cooling 
to room temperature in open air. The surface layer of 
CuO formed by this treatment was removed me- 
chanically or chemically, but the oxygen content of the 
remaining material must unavoidably have been high. 
More recently the measurements of Okada and Uno* 
have shown that the relationship between the oxygen 
content and the photoconductivity is very pronounced. 
They find that heating the sample under O, atmosphere 
enhances the photoconductive response, in particular 
near 600 mu. Vacuum treatment (defined by 10-* mm Hg 
at 900°C), enhanced the 800 my response at the expense 
of the 600 my response. At the same time the sample 
resistance increased by two orders of magnitude. 

In view of the work of Béttger, who showed that the 
higher value of the activation energy of Cu,O cannot be 
obtained if the O2 pressure is greater than 10~* mm Hg 
at 900°C, we must also class the work of Okado and Uno 
in the first category: that of Cu,O containing con- 
siderable excess oxygen. 


EXPERIMENTAL 


In order to obtain nearly stoichiometric Cu,O' we 
prepared our samples in a vacuum furnace. A Cu foil 
(Johnson, Matthey, and Company, spectrographically 
standardized) was completely oxidized in air at about 
1050°C, annealed for half an hour at this temperature 
in high vacuum, and subsequently slowly cooled to room 
temperature. This procedure was described in the paper 
by Frerichs and Weichman.* The samples had a shiny 
surface and good translucency to red light; they were 
15 mm long, 8 mm wide, and 0.2 mm thick. Two parallel 
electrodes, 1 mm apart and parallel to the longer 
dimension of the sample, were made by cathodic 
sputtering of platinum in an argon atmosphere. For 
some measurements at elevated temperatures thin 
platinum wires were spotwelded to the copper foil before 

"J. Bloem, Philips Research Repts. 13, 167 (1958 

2 W. Jusé and B. W. Kurtschatow, Physik. Z. Sowjetunion 2, 
453 (1932). 


OF CUPROUS OXIDE 999 
oxidation ; this procedure provided good ohmic contacts 
to the Cu,O at all temperatures. 

For the measurements above as well as below room 
temperature the sample was sealed into an evacuated 
container. The vacuum was maintained by a side tube 
filled with charcoal and immersed in liquid nitrogen. 

A Beckman quartz spectrophotometer with tungsten 
lamp provided the monochromatic radiation for the 
photoconductivity measurements. The energy output of 
the monochromator between 500 and 2000 my was 
calibrated with a Moll and Burger ES standard thermo- 
pile. The monochromatic radiation after having been 
chopped at 1080 cycles per second at the exit slit of the 
monochromator was focused on the sample on the space 
between the two electrodes. 

The photoconductivity defined as (tight—tdark)/taark 
was measured with a high gain tuned amplifier. The 
input impedance of the amplifier was matched to the 
dark resistance of the sample, which varied from 10°0 at 
490°C to more than 2X10’2 at room temperature. 
Additional measurements were made with sensitive dc 
instruments at a sample temperature of — 100°C. At 
this temperature the dark resistance was greater 
than 1002. 

RESULTS 


Conductivity measurements on a number of samples 
from 1060°C down to — 80°C were used to establish the 
character of the material under the experimental pro- 
cedure used [ Fig. (1) ]. The CugO samples were found to 
be similar to those described by Anderson and Green- 
wood, having high temperature activation energies 
varying from 0.90 to 1.05 ev and the characteristic kink 
in the conductivity curve at 350°C. Two additional 
kinks were found near 80°C and —65°C. They are 
probably identical to those mentioned by Vogt" and 
Blankenburg and Schubart."* 

Furthermore the position of the absorption edge was 
measured over the wide range of 2°K to 1100°K [Fig. 
(2) ]. It was defined as the wavelength at which the 
transmission dropped to one-half of its value at the 
relatively flat portion of the curve immediately pre- 
ceding the sharp drop. The edge shifts by 6.5X10™ ev 
per °K between room temperature and 1100°K. This 
value is in close agreement with the older value of 0.17 
my per degree found by Ménch" between 225 and 
575°K. 

Measurements of the photoconductivity of the samples 
were then made. They covered as wide a range of tem- 
peratures as was feasible. According to these measure- 
ments the photoconductive response as a function of the 
incident wavelength is far more sensitive to at mospheric 
oxygen than the optical absorption. Freshly made 
samples had, at room temperature, a very high resist- 


3 W. Vogt, Ann. phys. 7, 183 (1930). 
4 G. Blankenburg and G. Schubart, Ann. phys. 12, 281 (1953) 
16 G, Monch, Z. Physik 78, 728 (1932). 
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Fic. 1. Conductivity of CuO in vacuo as a function of temperat 
ance (2X10’2 or higher) with three regions of photo- 
sensitivity: the first region around 600 my, a second 
near 800 mu, and a third region near 1100 muy. This 


corresponds to the measurements of Garlick.’ After 
some weeks of exposure to the atmosphere the resistance 
dropped by a few orders of magnitude; at the same time, 
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Fic. 2. Optical transmission of CuO as a function of incident wavelength f 
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the response to the first two spectral regions was greatly 
increased. 

To test the dependence of the photoconductive re- 
sponse on oxygen content, a number of samples were 
given various degrees of outgassing at high tempera- 
tures. Figure (3) shows four curves of photoconductive 
response as a function of wavelength of the same 
sample. The scale is arbitrarily adjusted to give the 
same ordinate at 500 my for each curve. The Moss 
relationship'* between the bandgap and the decrease in 
photoresponse toward longer wavelengths suggests the 
use of the wavelength at which the response drops to 
one-half of its maximum value (A,) as the parameter by 
which to describe the experimental results. Curve (A) 
shows the response of the sample after having been ex- 
posed to the atmosphere for a few weeks. The value for 
, is 638 my, while the dark resistance is 3X 10°2. After 
this set of measurements the sample was sealed in a 
quartz tube and heated to 860°C in a vacuum obtained 
by a charcoal trap surrounded by liquid nitrogen. After 
outgassing under these conditions for one hour, the 
sample was rapidly quenched to room temperature by 
pouring cold water on the evacuated quartz tube. Curve 
(B) shows the response obtained immediately after 
removal from the quartz tube. The dark resistance re- 
mained at 3X 10°22, but A, shifted to 577 my. Curve (C) 
shows the spectral response of this same sample after a 
second vacuum treatment at 860°C, after which the 
sample was not quenched but cooled slowly in vacuum 
to room temperature. The resistance of the sample in- 
creased to 2.2 10’Q, but the spectral response changed 
only very slightly. The Ay value shifted to 586 my. 
Finally Curve (D) shows the response obtained by a 
third heat treatment. The sample was heated to 860°C 


under the vacuum obtained from a mechanical pump : 


(10-7 to 10-* mm Hg). The charcoal trap was cooled 
with liquid nitrogen after the oven had already been 
turned off in order to limit the oxygen intake at lower 
temperatures. The Ay value again moved to longer 
wavelengths, i.e., 616 my, while the dark resistance 
dropped from the previous value of 2.2 102 to 2 10°. 
The figure furthermore shows the following significant 
result. Even though the dark resistance of the sample in 
curve (B) is two orders of magnitude less than in curve 
(C), the same relative magnitudes of the 600 my and 
800 my responses are found, with a drop in sensitivity 
from the visible to the infrared wavelengths of a factor 
of 500. In curve (D) the drop in sensitivity is stil! 
present, but is reduced to only a factor of 125. Other 
samples, of greater oxygen content, as in (A) show only 
a 10-fold drop in sensitivity from the visible to the 
infrared. Samples checked under similar atmospheric 
treatments also showed the reversibility of A, values. 


‘6 T. S. Moss, Photoconductivity in the Elements (Academic Press, 
New York, 1952). 
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Fic. 3. 


Photoconductive response of Cu,O of varying oxygen 
content as a function of the incident wavelength. 


DISCUSSION 


Our experiments confirm the work of Anderson and 
Greenwood in establishing the higher value of the 
activation energy in the conduction process: 1 ev at 
temperatures above 350°C. Assuming this to be the 
intrinsic range and Cu,O to be a nonpolar semiconduc- 
tor, we arrive at a bandgap value slightly above 2 ev 
at room temperature. The bandgap as determined from 
the Moss relation lies between 1.94 ev, as obtained from 
a slightly deteriorated sample, and 2.14 ev, as obtained 
after vacuum annealing. The optical transmission meas- 
urements, which gave an absorption edge at 640 my 
would ordinarily indicate an “optical” bandgap of 1.94 
ev. For Cu,O this cannot be true because of the exist- 
ence of the exciton structure at wavelengths shorter 
than 640 my.'’-” The series limit of the most energetic 
exciton levels, which should be the bandgap, was found 
to be 2.04 ev® at room temperature, which agrees 
closely with the conductivity and photoconductivity 
values mentioned above. Thus, contrary to the sug- 
gestion of Okado and Uno, the 800 my maximum in the 
photoconductivity should be due to higher rather than 
lower oxygen content, or else to a more “efficient” 
distribution of the oxygen “impurity.” 

Thus we see that the optical and electrical properties 
yield close to the same value for the bandgap, if one 
assumes Cu,0O to be a nonpolar semiconductor. We will 
now discuss some of the other implications of this 
assumption. 

In theoretical work on the temperature dependence of 
the bandgap of a semiconductor, the distinction between 
polar and nonpolar semiconductors is great. For polar 
crystals the temperature dependence was given by 
Radkowsky™ and later extended by Fan* and Muto and 


"T, F. Gross and N. A. Karryev, Doklady Akad. Nauk. 
U.S.S.R. $4, 261, 471 (1952). 

'* S. Nikitine, L. Couture, M. Sieskind, and G. Perny, Compt. 
rend. 238, 1786 (1954); J. phys. radium 16, 415 (1955). 

9 J. H. Apfel and L. N. Hadley, Phys. Rev. 100, 1689 (1955). 

” A. Radkowsky, Phys. Rev. 73, 749 (1948). 

*” H. Y. Fan, Phys. Rev. 82, 900 (1951). 
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Fic. 4. Absorption edge of Cu,O as a function of temperature. 


Oyama.” Fan and Muto and Oyama gave in addition 
the results to be expected for nonpolar crystals. In 
conirast to a polar crystal, which theoretically should 
show a change in bandgap AE proportional to 
(1—exphw/kT)~', nonpolar crystals, according to the 
calculations of Muto and Oyama, should show three 
distinct regions: 

For temperatures large compared with the Debye 
temperature 6, AZ is directly proportional to the abso- 
lute temperature 7’; 

For T<@6, the temperature dependence of the change 
in bandgap should be AE proportional to 7?—(6T 
— T*) exp(—6/T); 

For a value of T close to that of @, the behavior is 
transitional. 

The Debye temperature of Cu,O was first estimated 
to be at 280°K by Fréhlich and Mott” from the temper- 
ature dependence of the mobility and the near free path 
of positive holes. Thermal conductivity measurements 
by Fritts* confirmed this value. 

Thus, the experimental work at 7>¢ points rather 
conclusively to a linear relationship between AE and T, 
judging from the results of Ménch, Hayashi and 
Katsuki®® and our own work. For T<@ the work of 
Nikitine ef al. and Apfel and Hadley shows a quadratic 


2 'T. Muto and S. Oyama, Progr. Theoret. Phys. (Kyoto) 5, 833 
(1950 
*%H. Frohlich and N. F 
496 (1939). 
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Mott, Proc. Roy. Soc. (London) 171, 


Fritts, Northwestern University dissertation (un- 


Katsuki, J. Phys. Soc. Japan 7, 599 
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temperature dependence of AE. For the region between 
— 100°C and +100°C Hayashi and Katsuki have pub- 
lished a set of curves of the position of the series limits 
of the excitons, showing a rather abrupt transition from 
quadratic to linear temperature dependence. We have 
collected the experimental curves of Apfel and Hadley, 
Hayashi and Katsuki, and of our own in Fig. 4. 
Finally, it should be mentioned that the static 
dielectric constant for nonpolar crystals is equal to the 
high frequency dielectric constant, whereas for polar 
crystals the static value is higher than the value de- 
termined at optical frequencies. From measurements of 
the index of refraction the high frequency dielectric 
constant appears to be well established at about 7.5.’ 
The static dielectric constant as determined from Cu,O 
powders has been variously stated as being 127° and 
10.5.27 We believe more credence can be given to the 
measurements on the solid material, giving a value of 
7.0+0.6 as determined by VélkI** and more recently a 
value of 6.9+0.3 as determined by Rau at microwave 
frequencies.” 
CONCLUSION 


It was shown that the photoconductive response of 
cuprous oxide containing a minimum of excess oxygen 
allows us to calculate the same bandgap as is obtained 
from high temperature conductivity measurements, 
without taking into account any difference which might 
exist between the static and high frequency dielectric 
constant. It was further shown that this is in good 
agreement with the temperature dependence of the 
optical transmission measurements, which are typical of 
nonpolar semiconductors, and recent measurements of 
the static dielectric constant. 
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The optical absorption constants of tellurium and selenium doped n-type AlSb have been determined in 
the spectral region 0.7—38 microns at 300 and 78°K. A 4.3-micron band exists at 300°K for which the absorp- 
tion constant varies linearly with electron concentration. This band may be explained by a 0.3-ev spin-orbit 
split off conduction band or alternatively by a multivalleyed conduction band with a central minimum 0.3 
ev above the lowest minima. A transition from the highest valence bands to the lowest conduction level 
could account for the observed absorption starting at 1.33 ev. At wavelengths greater than 8-10 microns 
free carrier absorption exists with a \* dependence and a calculated effective mass of 0.3 m. Lattice bands 
are present at 11.2, 13.5, 16.5, 22.9, 27.8, and 29.8 microns. 


HE absorption constants of several single crystal- 
line samples of tellurium and selenium doped 
n-type AlSb have been determined as a function of 
wavelength and temperature. The transmission and 
reflection coefficients for an optically polished plane 
parallel sample of thickness x and absorption constant K 
are given by Eqs. (1) and (2).! These equations include 
multiple reflections, but neglect interference effects. 
T= (1—R)*e~**/(1— R’e***), 
R’=R+TRe-*?. 
Transmission and reflection measurements were made 
on samples of various electron concentrations in the 
spectral range of 0.7-38 microns at 300 and 78°K. 
From these data and the above equations, absorption 
constants were calculated using the IBM 704. 

Figure 1(a) shows plots of log absorption constant 
versus log wavelength for the typical results obtained at 
room temperature. Samples 71-1, 11, and 12 are 
tellurium doped with room-temperature electron con- 
centrations of 4 10'7 cm-*, 210"? cm-, and 4x 10'* 
cm, respectively. Sample 87-6 is selenium doped with 
an electron concentration of 1X10'* cm~*. The 0°K 
Hall activation energy of the Te in AlSb is 0.068 ev 
while Se is 0.16 ev. All Hall and resistivity data on the 
materials studied were provided by Battelle Memoria! 
Institute. From the curves in Fig. 1(a), one sees a 
4.3-micron band which is linearly dependent on carrier 
concentration. The intrinsic edge of the material shows 
structure at about 1.33 ev or 0.93 micron. This edge 
detail has been substantiated by measurements at 
high resolution. Lattice absorptions are present in both 
n- and p-type AlSb at 11.2, 13.5, 16.5, 22.9, 27.8, and 
29.8 microns. These absorptions are most apparent in 
Fig. 1(a) for sample 12; however, they can be easily 
identified in larger plots of the other samples. At 
wavelengths beyond 8-10 microns free carrier absorp- 
tion exists at 300°K{with \* dependence as is expected 
from simple theory.? Equation (3) gives the expression 
for the absorption constant K due to N free carriers 
~ 1. C. Martin, Geometrical Optics (Philesophical Library, Incor- 
porated, New York, 1956), p. 160. 

2H. Y. Fan and M. Becker, Proceedings of the Reading Con 


ference on Semiconducting Materials, edited by H. K. Henisch 
Butterworths Scientific Publications, London, 1951), pp. 132-147. 


of charge e, mobility yu, and effective mass m* in a 
medium of index n. 


K=(Né/ne xp) (?/m™). (3) 


Using this expression an electron effective mass of 
0.3 m was calculated. 

Blunt ef al.* observed the 4.3-micron band in more 
impure AlSb, but did not explain its origin. This 
band has the following characteristics which indicate 
that it is an interconduction band transition from the 
lowest conduction band to a band approximately 0.3 
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Fic. 1. Log of absorption constant versus log of wavelength for 
n-type AlSb at (a) 300°K (b) 78°K. 


*R. F. Blunt, H. P. R. Frederikse, J. H. Becker, and W. R. 
Hosler, Phys. Rev. 96, 578 (1954). 
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Fic. 2. One possible band picture for AlSb. 


ev higher in energy : (1) the magnitude of the absorption 
constant; (2) the linear dependence of the absorption 
constant on electron concentration independent of the 
donor impurity; (3) the shape and the temperature 
dependence of the band [see Fig. 1(b) ]. 

Figure 2 shows one possible band picture for n-type 


AlSb. The valence band structure was first suggested 
by Braunstein‘ and measurements at IBM on p-type 
material confirm this type of picture. 

A transition from the highest valence bands V; to 
the lowest conduction band C; would give rise to the 
observed edge structure at 1.33 ev or 0.93 micron for 
300°K and 1.40 ev or 0.89 micron for 78°K. This 
structure has been observed in both p- and n-type 
material. Similarly a transition from conduction band 
C,; at k=000 to the higher conduction bands C;, and C;, 
could account for the 0.29 ev or 4.3-micron room- 
temperature band. At 78°K this band shifts to 0.32 ev 
or 3.9 microns for Te-doped samples. The optical gap 
corresponds to a transition from the valence bands V, 
to the upper conduction bands C2 and C;. The values 
obtained for the gap are 1.62 ev at 300°K and 1.70 ev 
at 78°K. It should be noted that the energy difference 
between the gap transition, V; to C2 and C3, and the 
transition from V,; to C; is just equal to the inter- 
conduction band transition from C; to Cs and C; 
at k=0. 

From electrical data Te provides a level 0.068 ev 
below the lowest conduction band while Se provides a 
level 0.16 ev below it. Direct optical confirmation of the 
Te level is not present in our data as free carrier and 
lattice absorption dominate in the expected spectral 
region. However, at 78°K the Se sample, 87-6, [Fig. 
1(b)] shows a freezing out of free carrier absorption; 


‘R. Braunstein, Bull. Am. Phys. Soc. 4, 133 (1959). 
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Fic. 3. An alternative band picture for AlSb. 

a loss of the 4.3-micron band and the appearance of two 
new bands at approximately 2.5 microns and 7 microns. 
The 2.5-micron band is due to transitions from the Se 
level to the upper conduction bands, C2 and C3, while 
the 7-micron band results from transitions from the Se 
level to the lower conduction band, C,. Therefore, the 
absorption spectra of selenium doped AlSb demonstrates 
that a 0.3-ev is intrinsic to 
n-type AlSb. 

Although the band structure shown in Fig. 2 seems 
to explain the characteristics of the 4.3-micron band. 
it does not explain why the nearly direct transitions 
from V, to C,; result in such a weak 0.93-micron or 
1.33-ev band. This fact suggests that the conduction 
band of AlSb may be many valleyed with a minimum 
at k=0 which is 0.29 ev above the lowest minima as 
shown in Fig. 3. Since the lowest minima would not be 
at k=0 they would provide for an indirect transition at 
1.33 ev. This transition would be weaker than the 
more direct transition to the k=0 minimum. The 
central minimum should have a large density of states 
to make transitions from the lowest minima to the 
central¥minimum sufficiently probable to account for 
the 4.3-micron band. This be provided by 
degeneracies at k=0 as is the case for n-type silicon. 


transition exists which 


could 
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It has been found that the x-ray production of F centers at liquid helium temperature is primarily de- 
pendent on the type of alkali halide and not on the defect structure of the particular specimen in contrast 
to observations at room temperature. This result indicates that the low-temperature production of F centers 
is a bulk property of the alkali halide and occurs as a result of the creation of halide ion vacancies by the 
ejection of halide ions from their normal lattice sites. The formation of F and H centers in pairs at liquid 
helium temperature is in accord with this model and is supported by the fact that the energy required to 
produce an F center at liquid helium temperature in a variety of alkali halides depends on the interstitial 
space available for accepting the halide atom. A comparison of the energy required to form F centers under 
various conditions at low temperature and at room temperature gives additional evidence for a two stage 


coloration process at room temperature. 


INTRODUCTION 


T is well known that the character of the optical 

absorption spectrum of an alkali halide crystal 
exposed to ionizing radiation is very much dependent 
on the temperature. Absorption bands appearing after 
low-temperature irradiation in many cases do not 
appear if the irradiation is performed at room tem- 
perature, while the reverse is also observed.' Of the 
large number of optical absorption bands which have 
been studied, none appears over the entire range from 
room temperature to liquid heliurm temperature as 
prominently as the F band. Thus the F center occupies 
a key position with respect to color center phenomena 
at all temperatures. It is the purpose of this paper to 
report on a number of optical absorption measurements 
of the F band in a variety of x-ray irradiated alkali 
halide crystals at low and room temperatures and to 
interpret these measurements in terms of the mecha- 
nisms of F-center formation. 


EXPERIMENTAL PROCEDURE 


The x-ray irradiations and optical absorption 
measurements performed in this study at room, liquid 
nitrogen, and liquid helium temperatures? were made in 
a low-temperature apparatus that has been described 
in an earlier publication.* This apparatus was provided 
with a beryllium window (approximately 0.75 mm 
thick) for crystal irradiation, and quartz windows 
which could be rotated into position to measure the 
resulting absorption spectrum. The procedure that was 
adopted was periodically to interrupt the x-ray exposure 
to perform the optical measurement. Thus optical 
measurements were made at the same temperature as 
the irradiation temperature. These measurements were 

*A preliminary report of this work was given at the March 
1959 meeting of the American Physical Society at Cambridge, 
Massachusetts, Bull. Am. Phys. Soc. Ser. II, 4, 147 (1959). The 
title of this report erroneously refers to 7 rays rather than x rays. 

1 See F. Seitz, Revs. Modern Phys. 26, 7 (1954), for a compre 
hensive review of this subject. 

2 The liquid nitrogen and helium temperatures are nominal 


since a precise temperature measurement was not mace. 
3G. A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956). 


made with a Bausch and Lomb grating monochromator 
used with either a 1P21 or 1P28 photomultiplier with 
appropriate dc amplifier and recorder. All crystals were 
exposed to the same incident x-ray flux from a Machlett 
OEG-5O0 tungsten-target tube operated at 43 kvp and 
20 ma. F-center concentrations were computed from 
Smakula’s formula using an oscillator strength of 
0.8 for all alkali halides. Since the absorption of x rays 
through the body of the irradiated crystal was not 
uniform, the F-center concentrations are averages over 
the crystal thickness of approximately 0.4 mm. All 
alkali halides used in this work were single crystals 
cleaved from larger blocks. A list of crystals studied and 
the peak positions of the F bands at helium temperature 
are given in Table I. 

The energy to form an F center at liquid helium tem- 
perature was determined for all the alkali halide crystals 


Tas.e I. Coloration of the crystals studied 





Average energy 

Peak position to produce an F 
of F band at center at liquid 

liquid He tem- He temperature 
perature (my) (ev/F center) 


Crystals investigated* 
Optovac NaCl 
NRL NaCl:0.5M% CaCl, 
Harshaw NaCl 
Natural NaCl® 
Natural NaCl, heated and 
quenched* 
NRL KC1:0.01M% SrCle 
NRL KCl 
NRL KCl:0.14M% KOH 
Harshaw KBr 
Harshaw KBr: KH? 
Optovac NaF 
Harshaw LiF 
Harshaw KI 
NRL NaBr 


450 1.4X 108 


539 1.3K 10 


(2 
336 
243 
666 
526 


1.4K 10 
1.3% 10° 
6.2K 1 
5.2K 10" 
8.3 108 


* Impurity concentrations added to various crystals are specified in 
terms of mole percent (M%) added to the melt. All NRL crystals were 
grown by the Kyropoulos technique. 

» Natural NaCl, originally from near Baden-Baden, Germany, was ob- 
tained from the Smithsonian Institution through the courtesy of Dr. S. 
Switzer. 

¢ Heated for 15 hours at 700°C and quenched in air at room temperature. 

4 Prepared by heating in a hydrogen atmosphere a Harshaw KBr crystal 
that had been additively colored with potassium. 
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NATURAL NaCl 
NATURAL 


NoCi 
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HEATED & QUENCHED 


—-—-— LIQUID He 
LIQUID No 
ROOM TEMPERATURE 


R CONCENTRATION (NUMBER/CM®) 
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TEMPERATURE 
TEMPERATURE 


Cc 


Growth of the F 
various NaCl crystals 
to x-ray radiation at 
iquid nitrogen, and 

temperatures. 





X - RAY EXPOSURE TIME (MINUTE 


listed in Table I. This efficiency for F-center production 
was obtained by dividing the total x-ray energy 
absorbed in the crystal by the total number of F 
centers produced after about thirty minutes of irradia- 
tion.‘ The x-ray energy absorbed in the crystal was 
determined by silver-activated phosphate glass dosim- 
etry® which employs the optical absorption change of 
the glass as an index of the energy flux of the radiation 
beam. This flux corresponded to 2.25 10" ev/cm?-hour 
for the irradiation conditions in this study. The fraction 
of incident x-ray radiation absorbed by various alkali 
halides was determined by exposing the glass dosimeter 
to the x-ray beam with and without an intervening 
crystal. 


RESULTS AND DISCUSSION 
Growth of the F Band 


Figures 1-3 give the rate of F-center formation in 
various specimens of NaCl, KCl, and KBr, respectively. 


* This efficiency corresponds essentially to the value during the 
initial growth of the F band since the coloration rate at liquid 
helium temperature does not change rapidly during its initial 
stages, as will be seen later in the text. Owing to the exceptionally 
poor colorizability of KI and NaBr at liquid helium temperatures, 
only one measurement of the F-band growth was obtained for 
these crystals after irradiations of 90 and 180 minutes, respec- 


Data is plotted at room temperature and liquid helium 
I t i 


temperature for all cryst 
temperature 


als and also at liquid nitrogen 
of NaCl. It is clear that the 
wide range of coloration rates that appears in various 
crystal specimens of the alkali halide at room 
temperature disappears at low temperature. Particu- 
larly noticeable is the absence at low temperature of 


In the case 


Same 


the large enhancement of coloration in calcium-doped 
NaCl over undoped NaCl which is observed at room 
temperature; a similar effect is noted in the case of 
hydrided KBr and untreated KBr. Also the change in 
coloration rate that is produced at room temperature 
by heating and quenching the natural NaCl crystal is 
largely suppressed when the coloration is measured at 
liquid helium temperature. The behavior of KCl and 
KBr differs from that of NaCl in that the low-tempera- 
ture production of F exceeds that at room 
temperature in several cases; 


for NaCl the magnitude 


cente;rs 


of the coloration is observed to diminish at successively 


AasSec> 


lower temperatures in all 
The fact that all specimens of a particular alkali 
halide color at almost identical rates at liquid helium 


tively; the energy requir to produc n | nter is based on 
these measurements 
et | H. Sch 


: 1955). 
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Fic. 2. Growth of the F band in 
several KCI crystals exposed to 
x-ray radiation at room and liquid 
helium temperatures. 
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temperature, while wide differences are observed at 
room temperature may be examined in light of the 
defect structure of these crystals. In a recent investi- 
gation of x-ray induced expansion of NaCl crystals® 
estimates were obtained of the initial halide ion vacancy 
concentrations of the crystals of Fig. 1 and were found 
to vary over a considerable range. The Harshaw NaCl 
had a concentration prior to irradiation of about 
1X10'*/cm*, the Optovac NaCl about 210'"/cm', 
and the calcium-doped NaCl at least 6X10'"/cm’. 
Although an estimate was not obtained for the natural 
NaCl, indirect evidence indicated that a value less 
than 1X10'*/cm* was appropriate for the specimen 
that was not heat treated. Not only is there a variation 
in the halide ion vacancy concentration in these 
crystals, but a considerable range in dislocation density 
and impurity content is also represented. The natural 
crystal was highly strained as evidenced by observation 
with polarized light, and under etching this crystal 
showed a dislocation density many times larger than 
the Optovac crystal. Although only one NaCl crystal 
was purposely doped with impurity (the calcium-doped 
crystal), undoubtedly a variety of trace impurities were 
present considering the different crysta! origins.’ Thus 
from the point of view of vacancies, dislocations and 
impurities, the NaCl crystals of Fig. 1 have appreciable 
diversity. The relative defect structure of the various 
KCl and KBr crystals was not known to the extent that 
it was known for NaCl (aside from impurities purposely 
added), but it is reasonable to assume that a fair 
range in defects were represented in these alkali halides 
if for no other reason than the variations observed in 


*H. Rabin, Phys. Rev. 116, 1381 (1959). 
7 W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952) 


100 150 
X-RAY EXPOSURE TIME (MINUTES) 
room temperature coloration of specimens of the same 
alkali halide. With the rate of F-band growth at liquid 
helium temperature independent of the defect structure, 
one is led to conclude that the production of F centers 
in NaCl, KCl, and KBr at liquid helium temperature is 
strictly a bulk property of the particular lattice. In this 
case the x-ray formation of F centers at liquid helium 
temperature is most simply pictured as resulting from 
Frenkel defects consisting of halide ion vacancies 
generated by the ejection of halide ions from their 
normal lattice sites into the interstices of the lattice. 
By contrast most of the previous speculations concern- 
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Fic. 3. Growth of the F band in undoped and hydrided KBr 
crystals exposed to x-ray radiation at room and liquid helium 
temperatures. 
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ing low-temperature coloration assumed the production 
of F centers from Schottky defects.’ 

Owing to the difficulty of accounting for the produc- 
tion of equal numbers of F centers in specimens of the 
same alkali halide with grossly different halide ion 
vacancy concentrations, it must be assumed that the 
halide ion vacancies originally in the crystal play a 
negligible role at liquid helium temperature. One 
might argue that these vacancies are in some con- 
figuration (perhaps aggregated with alkali ion 
vacancies) which does not allow for their efficient 
conversion to F centers at liquid helium temperature. 
This argument is supported by experimental evidence 
which indicates that halide ion vacancies are easily 
converted to F centers at liquid helium temperature 
if they exist as isolated vacancies. The following 
experiment carried out at liquid helium temperature 
is a case in point. A NaCl crystal was first x-ray 
irradiated for about three hours to produce a sizable F 
band and then optically bleached with white light 
removing a large fraction of this F band. The crystal 
was then re-irradiated with x-rays for a short time (five 
minutes) and its F band was again measured. It was 
found that approximately the same F-center concen- 
tration appeared after the second_x-ray irradiation as 
existed prior to bleaching.* It is concluded that the 
production of F centers at liquid_helium temperature 
can be accomplished with comparative ease during a 
short irradiation if halide ion vacancies are initially 
isolated. 


Efficiency of F-Center Production 


Duerig and Markham’ have demonstrated that x-ray 
irradiation of alkali halide crystals (NaCl, KCl, and 
KBr) at liquid helium temperature results in two 
prominent optical absorption bands, the F band and 
the H band. In a recent investigation Kinzig and 
Woodruff,’ using the techniques of electron spin 
resonance, have associated this optical H band with a 
center which may be roughly visualized as three halide 
ions plus a halide atom that have been squeezed into 
the position normally occupied by three halide ions 
along a face diagonal; thus the H center is the exact 
chemical equivalent of an interstitial halide atom. This 
identification appears more certain in KC] than in KBr. 

Kinzig and Woodruff have taken note of the fact 
that the usual model of the F center and their model 
of the H center are complements of one another, i.e., 
the perfect lattice would be restored if these centers 
were combined, and they suggest the possibility that 
under ionizing radiation at low temperature these 
centers are created as pairs. The work reported here 
emphasizes that F centers are formed in the perfect 
lattice and that this can most simply be understood as 


*W. D. Compton and C. C. Klick, Phys. Rev. 110, 349 (1958), 
have obtained similar results for KC] and KBr. 

*W. Kinzig and T. O. Woodruff, J. Phys. Chem. Solids 9, 70 
(1959), 


AND 


ae ©. RRP 

the production of a pair of defects consisting of an 
interstitial halide atom and a halide ion vacancy with 
an electron. Thus the conclusions of Kanzig and 
Woodruff on the nature of the H center and those 
reported here on the creation of the F center support 
each other. 

It does not yet seem possible to ascertain in detail 
the mechanism of production of the defects. Varley'® 
has proposed that double ionization of the halide ion 
would produce free electrons and would lead to a 
reversal of the normal charge; the ion would 
then be ejected into an interstitial position by Coulomb 
forces. Capture of a free electron by the interstitial 
positive halide ion would produce a halide atom which 
corresponds to the Kinzig-Woodruff H center, and 
capture of a free electron by the halide ion vacancy 
would produce the F center. It is, however, also con- 
ceivable that thermal spikes produced by energetic 


ionic 


photoelectrons might be responsible for the production 
of the same centers. 

In view of the evidence that F and H centers are 
formed in pairs and that the process involves the 
production of an interstitial halide atom, it seemed 
likely that the total energy used in creating a pair of 
centers would be dependent on the interstitial space 
available to accept the halide atom and the size of the 
halide atom. Table I lists the number of electron volts 
required to produce an F center at liquid helium 
temperature for the various alkali halides, and Fig. 4 
shows a plot of these values as a function of the ratio 
of the quantities S to D, where S is the space between 
adjacent halide ions along a (110) direction in the 
normal lattice" and D is the diameter of the halogen 
atom." The quantity S/D obviously is a measure of the 
space available to a halogen atom for insertion between 
two halide ions along a face diagonal. Accordingly, it 
would be expected that as S/D decreases it becomes 
successively more difficult to produce an F center-H 
center pair, and the total energy required to create an 
F center increases. As indicated in Fig. 4 this is pre- 
cisely the behavior noted for KBr, NaCl, KI, and 
NaBr; the energy per F center for these crystals 
increases consecutively over a range of about 600 while 
S/D decreases by a factor of approximately two.” An 
interesting result of the data of Fig. 4 concerns the 
fact that for KBr, KCl, and NaF the energy required 
to produce an F center is approximately the same, 
about 1300 to 1400 ev/F center, as S/D increases from 
” J. H. O. Varley, J. Nuclear Energy 1, 130 (1954). 

1 § was computed from recently revised values of ionic radii 
given by B. S. Gourary and F. J. Adrian, Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, New York, 
1959), Vol. 9 

2 Atomic diameters were taken from G. H. Dieke, American 
Institute of Physics Handbook (McGraw-Hill Book Company, Inc., 
New York, 1957), Sec. 7. 

‘8 Tt is expected that F-center production in NaI at low tem- 
perature is particularly difficult since S/D is only 0.17 for this 
crystal. H. Riichardt, Phys. Rev. 103, 873 (1956), notes that 
Nal, NaBr, and KI all color quite poorly; it would be interesting 
to confirm that Nal is the poorest of the three. 
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0.46 to 0.70; thus for a value of S/D larger than roughly 
0.5 it does not become any easier to create an F center- 
H center pair. This result may be significant. If it is 
assumed that the central ion in the array of three 
normal halide ions in the drawing of Fig. 4 is moved 
along the face diagonal a distance S to meet one of its 
neighbors, a total space 2S is available for insertion of 
a halide atom. It may be that alkali halides with values 
of S/D larger than roughly 0.5 have the requisite 
interstitial space available to form the H center with a 
minimum amount of ionic readjustment thus leading 
to stable H centers. 

If the Varley mechanism for formation of the color 
centers at low temperature is correct, the limiting 
process in coloration may be the diffusion of the 
positive halide ion. The diameter of such an ion (D*) 
does not appear to be known so that a comparison of 
it with S is not possible. It is likely that the halogen 
atoms with the largest values of D would also have 
the largest values of D* so that the general order of 
alkali halides in Fig. 4 would probably be maintained 
if it were possible to plot S/D* on the abscissa. While 
it is not certain which one of several possible factors 
limits the ability of an alkali halide to color at low 
temperature, it does appear that this factor is related 
to the amount of interstitial space in the particular 
alkali halide and the size of the halogen atom or the 
positive halide ion. 

The fact that LiF does not fit the general scheme 
of the data of Fig. 4 is not particularly surprising in 
that the behavior of LiF has previously been found to 
be different from that of other alkali halides. Aside 
from the fact that the electron distributions of LiF 
overlap to a far greater degree than the more typical 
alkali halides such as NaCl," an additional absorption 
band in LiF to the long wavelength side of the F band 
(peaking at about 360 my) was observed at liquid 
helium temperature contrary to observations on other 
alkali halides. 

The mechanisms of low-temperature coloration and 
the efficiencies of production of F centers can be used 
in understanding the coloration processes at room 
temperature. Gordon and Nowick"® have proposed a 
two stage x-ray coloration process at room temperature 
in which the first stage consists merely of placing 
electrons in halide ion vacancies already existing in 
the crystal. In the second stage, vacancies are created 
by the radiation, and the efficiency of production is 
much lower. Recent measurements® on the expansion 
of NaCl under x rays support this two stage model. 

The first stage coloration at room temperature would 
have its counterpart at low temperature when a crystal 
is x-rayed, optically bleached, and then x-rayed a 
second time. As previously mentioned, the second 


4H. Witte and E. Wélfel, Z. physik. Chem. 3, 296 (1955) and 
J. Krug, H. Witte, and E. Wdlfel, Z. physik. Chem. 4, 36 (1955). 

‘8 R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956) 
and A. S. Nowick, Phys. Rev. 111, 16 (1958). 
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Fic. 4. Total x-ray energy required to form one F center at 
liquid helium temperature for various alkali halides as a function 
of the ratio S/D, where S is the space between adjacent halides 
in a (110) direction of the normal lattice and D is the diameter 
of the halogen atom. S is given by [(a/v2)—d] where a is the 
lattice constant and d is the halide ion diameter. 


x-ray exposure colors the crystal very much faster 
than does the first exposure and is believed to corre- 
spond to the simple filling of isolated halide ion vacan- 
cies with electrons. This low-temperature coloration 
was found to occur for KCl with an expenditure of 
as little as 28 ev per F center which may be compared 
with values from 18 ev to 120 ev per F center'® found 
for the first stage coloration of KC] at room tempera- 
ture. This range may reflect the varying concentrations 
of negative ion vacancies in different crystals. 

The second stage coloration at room temperature 
should be comparable to the initial x-ray coloration at 
low temperature since vacancies would need to be 
created in both cases. For Optovac NaCl the second 
stage coloration at room temperature requires 11 10° 
ev per F center; undoped KCI requires 7.1K10° ev 
per F center. At low temperatures the corresponding 
initial coloration for the same materials was 14x 10* 
and 1.310 ev per F center, respectively. 

This order of magnitude agreement between the 
energies required for corresponding processes at the 
two temperatures lends further support to the two 
stage mechanism of coloration at room temperature. 
It is not clear, however, that the creation of vacancies 
at room temperature is by a Frenkel defect process, as 
seems to be the case at low temperatures; one of several 


°H. U. Harten, Z. Physik 126, 619 (1949) and F.. E. Schneider, 
Photographic Sensitivity (Butterworth Scientific Publications, 
London, 1951). 
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proposed mechanisms for the production of Schottky 


defects may equally well predominate. 


CONCLUSIONS 

The two principal experimental observations re- 
ported in this paper suggest that the formation of F 
centers at liquid helium temperature occurs as the 
result of the ejection of a halide ion (or atom) into the 
interstices of the lattice, leaving a vacancy which 
subsequently traps an electron and becomes an F 
center. These observations are as follows: first, F 
center formation at liquid helium temperature appears 
to be essentially a bulk property of the alkali halide, 
independent of both the defect structure and the 
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coloration at room temperature ; and second, the energy 
required to form an F center at liquid helium.tempera- 
ture for various alkali halides is in agreement with the 
interstitial space available to accept the ejected halide 
ion (or atom). The suggestion of Kanzig and Woodruff 
that the formation of F centers and H centers at liquid 
helium temperature is a paired process is in accord 
with these observations. 

A comparison of the energy necessary to produce F 
centers at room temperature and low temperature 
lends additional support to the view that room tempera- 
ture coloration occurs in two stages: the first consists 
of filling existing vacancies with electrons; in the 


second stage vacancies must be created. 
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The shift, half-width, and asymmetry of the Ind4101 and \4511 lines produced by various pressures of 
helium and argon up to 120 atmospheres and the appearance of satellite bands near these lines are described 
The entire absorption line contours and the wings of the pressure-broadened lines were studied. The experi 
mental observations were compared with the Anderson-Talman theory at general pressures 
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N contrast to the much studied pressure broadening CO™StNt. 


foreign gases should be wit 


and shift of alkali doublets' with 2S as ground state, 
the corresponding study of the first sharp series doublet 
(3° Pye—CS yo, °Ps2—CSy2) of In (A4101 and A4511) 
facilitates the investigation of the perturbation of 
energy levels whose fine structure separation is due to 
the ground states ?P. The line contours, the shifts, and 
the 
up 


satellites of these lines were observed for pressures 
to 120 atmospheres of He and Ar by means of a 
35-foot grating in Wadsworth mounting. For helium, 
the temperature of the absorption tube ranged from 
800°C-1000°C for both lines, and for argon the temper- 
ature was constantly 800°C for 44101 and 900°C for 
4511. 

II. RESULTS 


The speed of the grating spectrograph was {/35, and 
the plate constants for the 44101 and A4511 regions 
were 1.55 and 1.53 A/mm, respectively. The slit width 
30 u. Two different lengths of absorption column 
used, 4.4 and 4.95 cm. Kodak type 103-0 plates 
were calibrated by means of step filters, and the line 
contours were analyzed with a recording micropho- 
tometer. During the course of this research great care 
was taken in designing the absorption tube to keep the 
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1. The Shift 


Figure 1 is a plot of the observed values of shift Ava, 
in cm", vs the relative density (r.d.) of argon or helium. 
For argon the red shift of the \4101(?P12) component 
is practically the same of the A4511 (?P3/2) 
component. For He th« shift of the \4101 compo- 
nent is slightly smaller than that of the 44511 compo- 
nent. The magnitude of the red 
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2. The Broadening and Asymmetry 


The half-width of the two doublet components vs r.d. 
of argon or helium shows (Fig. 2) that there is a linear 
relationship between the half-width and the r.d. of 
foreign gases. The slopes (in cm™/r.d.) of the curves 
tor helium are 1.13 and 1.18 for the *Py2 and *Pa/.2 
components, respectively. The corresponding values for 
argon are, respectively, 1.23 and 1.10. It appears that 
for argon the relative broadening of the fine structure 
components for the sharp series doublet of indium is 
just the reverse of the case for the principal series 
doublets of alkalis. 

The asymmetries of the lines were measured by the 
ratios of the red half to the violet half of the half-width. 
Thus red asymmetries will be indicated by numbers 
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Fic..1. The shift of the first sharp series doublet lines of indium 
for various relative densities of helium and argon. 
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greater than 1 and violet asymmetries by numbers less 
than 1. The precision of the asymmetry measurements 
was limited when the r.d. was low because the lines 
were very narrow and the half-width determination 
was inaccurate, and also when the r.d. was too high 
because it was difficult to determine the intensity 
maxima of highly broadened lines. 

The red asymmetry of lines produced by argon 
increases steadily from 1 to about 1.9 as the r.d. 
increases from 0 to 10, levels off between r.d. 10 to 20, 
and then falls off to about 1.5 at r.d. 30. The violet 
asymmetry of lines produced by helium increases 
monotonically from 1 at very low r.d. to 0.7 at r.d. 30. 
This is shown in Fig. 3. 


3. The Violet Satellite Band 


Figure 4 is a microphotometer curve showing the 
violet satellite of In4101 observed at 798°C with 110.3 
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Fic. 2. The broadening of the first sharp series doublet lines of 
indium for various relative densities of helium and argon. 


atmos of argon. The frequency of the satellite maximum 
was 69 cm“ higher than that of the perturbed 44101 
(at 24353 cm”). The (satellite/A4101 line) spectral 
intensity ratio was 0.049. The length of absorption 
column was 4.95 cm, and apana=0.074, ajine= 90.682, 
where @band 2Nd ane are the absorption coefficients 
per cm of the band and the line at their maxima, 
respectively. From an integration of the area of the 
absorption contour, the total intensity of the satellite 
is 0.19 of that for the entire line. The half-width of the 
satellite was 67 cm™ while that of the broadened line 
was 32 cm™. There was an indication, also, of a violet 
band for \4511. Under the conditions of the experiment 
it was not feasible to make accurate measurement of 
its intensity maximum. 
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Fic. 3. The asymmetry of In4101 and In4511 broadened by 
argon and helium. The data for In4101/argon and In4511/argon 
were denoted by and @ respectively; for In4101/He and 
In4511/He, by + and X. 
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Fic. 4. Microphotometer trace of the violet satellite of In4101 i 
the presence of argon (110.3 atmospheres, 798°C) 


4. Pressure Broadened Line Contours 
(a) The Wings 


To study the intensity distribution of the wings of 
the lines, D and Av were plotted logarithmically (see 
Fig. 5), D being the density of the absorption line at a 
frequency which was higher than that of the unshifted 
line maximum by Av. Theoretically the red wing of the 
lines broadened by argon should fall off as Ay—@**/) or 
Av” for the interaction of the form y/r*, as first 
pointed out by Kuhn.’ The violet wing is expected to 
follow Lindholm’s Av~**,? or Anderson-Talman’s expo- 
nential form.‘ 

As shown in Fig. 6 our experimental results for In4511 
showed that the red wing followed closely the Av”? 
law for r.d. of argon ranging from 3 to 6. The line for 
Curve A was rather narrow (see Fig. 6) so that only 
for Av from 1 to 34 times Avs, the contour followed 
the —3/2 power relationship. (Avy denotes the half 
of the half-width.) Curve B indicates that the wing 
followed closely the —3/2 power relationship for a range 
of Av from 2 to 10 cm™ (equivalent to 1.5 to 7 times 
Avis). The corresponding range of Av for Curve C was 

?H. Kuhn, Proc. Roy. Soc. (London) A158, 212 (1937). 

*E. Lindholm, Arkiv. Mat. Astron. Fysik 32A, No. 17 (1945) 

*P. W. Anderson and J. D. Talman, Proceedings on the 


Conference on Broadening of Spectral Lines, p. 29 (1956), or 
Eq. (130) of footnote 1. 
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from 9 to 20 cm or 2 to 5 times Avy,. For r.d. much 
higher, than 6 the intensity distribution showed a 
continuously increasing slope with no specific indication 
f a range for th 
or a_ range, tor the 


3/2 power law. The portion of 
the red wing which followed Kuhn’s —3/2 power law 
is marked by a bold line in Fig. 6. This same behavior 
was observed also for In4101/A. 

Note also th 
Curve E 


at there is nothing anomalous about 
(in Fig. 5) although the r.d. for this case lay 
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Fic. 5. Plot of log/ ogAyv for the red wing of In4511 under 
various r.d. of argor ptions to various curves are given in 
the appended table, and apply « to Figs. 6 and 7. 


Curve r.d 
4 1.02 
B 2.71 
( 6.63 
D 9.69 


For comparison, dashed straight lines were drawn with a slope of 
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between those for curves G and H;; the line was much 
fainter because of a lower temperature of the absorption 
column. 

Figure 7 shows the corresponding data for the violet 
wing of the lines. There is no clear indication that 
there is a simple relationship to describe the wing 
distribution. The irregularities of the curves were more 
pronounced for higher r.d. and were chiefly due to the 
superposition of the line and the diffused satellite. The 
curves are less distorted if the intensity of the satellite is 
suppressed by lowering the temperature, as shown in 
Curve E. 

Similar plots were also made for both In4511 and 
4101 with various helium pressures. For the red wings, 
the intensity increased in a nonlinear fashion as Curves 
E to H in Fig. 5. For the violet wings, a considerable 
portion of each of the curves was linear, but the slopes 
seemed to vary continuously from 1.6 to 1.4 over the 
observed r.d. ranges: 1 to 28. 


(6) The Center Part of the Line Contours 


Figures 8 (a)—(d) show some line contours of In4101 
and In4511 broadened by argon, and Fig. 8 (e) is a 
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typical intensity distribution of In4511 broadened by 
helium. The solid line and the circles indicate the 
experimental observations. The dotted and dashed 
curves are the results of theoretical calculations which 
will be detailed in the next section. 


III. DISCUSSION 


A. Pressure Effects of Argon on 
In4101 and In4511 


The above-discussed shape of the red wing seems to 
indicate that the line shape would agree with the 
classical statistical broadening theory, although the 
situation for the violet wing is quite different. The 
violet wing is modified by the superposition of the line 
and the satellite. This is due to nonadiabatic collisions, 
since the adiabatic collisions are supposed to affect 
both wings to nearly to the same extent. 

For low relative density and small Ay, the classical 
theoretical intensity distribution of a pressure-broad- 
ened line under an angular frequency perturbation of 
the line, Aw=—~/r”, has been given by many people 
and recently by Anderson-Talman.‘ 
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half-widths give p=6 
yields the expressions 
which when expressed in 1 


v is the mean velocity of the perturber relative to the 
radiating atom and N is the number density of per- 


turbers. From this equation we obtain 
—4.18X 10°DR,?(r.d 


ad 7 Ap 
— 2.04 10 S»R 


lim —— } tan (3) 
% Av p—-1 
and the experimental Av;;2=1.145X 10° R,?(r.d. 
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with v and Rp in cgs units. Equation (4) indicates that, 
for a constant temperature, the shift vs r.d. is nonlinear, 
while the half-width vs r.d. is linear as observed in the 
present case and also in many other cases.’ By com- 
paring Eqs. (1) and (4), one obtains 


Roy=7.5 A, v=1.9X10° cm/sec for 1n4511/Argon, 
Ro=8.4 A, v=1.4X10° cm/sec for In4101/Argon. 


Here, the difference in » between the two spectral lines 
is caused partly by temperature differences. The 
temperature used predicts that »= 10° cm/sec. 

The line contours can be plotted according to Eq. 
(2), using these values (5) as parameters. This method 
of plotting the line contour is designated as Method I. 

Further, Eq. (4) leads to 


h= —0.551[2.74(Avm/Avi/2) +1], 
Ro/v = —2.35 10" (1/Avy2)[2.74(Avm/Avi/2) +1). 


Hence the parameters h and Ro/v can be evaluated for 
each experimental line contour separately so as to be 
as self consistent as possible. In this way, another 
theoretical distribution can be obtained (Method II). 

A comparison of experimental line shapes with those 
obtained from Methods I and II are given in Figs. 8 (a), 
(b), (c), (d), and (e). For the main part of the lines, 
the agreement is reasonably good within the experi- 
mental error. 

One of the assumptions made in the derivation of 
Eq. (2) is that the collisions are adiabatic. Though the 
lower state *P3,2 associated with the line 44511 is known 
to split itself at a close encounter with a perturber, this 
agreement between the experimental and theoretical 
contours indicates that this effect on the broadening is 
small, at least for the major part of the line contours 
observed. The pressure effect arises mainly from the 
difference of the interactions for upper and lower states 
of the line. The present data implies that this difference 
is appreciably larger than the splitting of the substates 
at important distances between the perturbers and 
radiating atoms. This is also indicated by the difference 
of the half-widths of the two lines observed. 

The broadening of the ?P1;2 component (A4101) is 
larger because the difference of the interaction, averaged 
over substates, of an indium atom in the lower levels, 
*Pi,2 and *S1. with an argon atom is larger than that 
in the *Ps32 and *Sy,2 states. From values in Eq. (5) 
one obtains: 


+ (In4101/Argon) = 5.9 10-" cm*/sec, 
y(In4511/Argon)=4.6X 10-* cm*/sec. 


B. Pressure Effects of Helium on 
In4101 and [n4511 


The analysis of observed pressure effects produced 
by light gases has not been developed in a quantitative 
manner because the theoretical assumptions are some- 
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what open to question. However, it may be of interest 
to see how it turns out as shown in the following 
Section. 

The long tails of the violet wings for both lines 
broadened by He would be expected to appear due to 
the same cause as in In/Argon, although for each line 
the satellite band and the main line will smear together 
because the line itself may have a violet asymmetry. 
For alkali resonance lines, with helium atoms as 
perturbers, the optical collision diameter happens to be 
nearly the same order of magnitude as the sum of the 
atomic diameter of helium (3.5 A) and the absorbing 
atom. Probably In/He is a similar example and we 
expect that the effective optical collisions are taking 
place at shorter distances and that the important force 
is repulsive. The large adiabatic exchange splitting of 
the *Ps_ state at these distances might invalidate an 
extension of Eq. (2) to In/He because of nonadiabatic 
effects. 

We are making an assumption that we have taken 
some average of the interactions for substates of the 
*Ps2 state. Thus the extension of Eq. (2) for the main 
part of the line shape may be used without serious 
error. This effective frequency interaction is again 
assumed to be of the type y/r”. 

The asymmetry is given from Eq. (2) as 


1+7.07X 10"R,3(r.d.)+ 2.50% 10" Ro*(r.d.)? 
— 5.89 10°*(r.d.)* (7) 


for an attractive interaction. Since p cancels, Eq. (7) 
holds for any value of p. For a repulsive interaction, 
the asymmetry measured has to be inverted to be 
compared with Eq. (7). Though an experimental error 
involved in the asymmetry measurement is usually 
large, in the present case of In/He it will be the best 
to compare Eq. (7) with the experimental asymmetry 
to evaluate Ro. It turns out that 


Ro(In4511/He)=4.9 A, Ro(In4101/He)=4.8 A. (8) 


To obtain the other parameter v we use the half- 
width since it is linear against r.d. The value of p 
obtained from Eq. (3) is 8.32 and 8.84 for \4511 and 
44101, respectively. Then an extension of Eq. (2) for 
a repulsive interaction yields 

Av; /2(1n4511/He) = 1.012 K 10% Ry?(r.d.), (9) 
Av;/2(In4101/He)=9.97 10*R,?(r.d.). 


Thus, the experimental half-widths give 


v(In4511/He)=4.8X 10° cm/sec, 


(10) 
v(In4101/He)= 4.9 10° cm/sec. 


The temperatures used for the observation of these two 
lines were very nearly the same (~900°C). It is 
interesting to note that if we calculate the velocity from 
that obtained for In4101/Argon (at 800°C) by using the 
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mass relationship, it was found that >= 4.4 10° Mc/sec 
for helium, which is in good agreement with Eq. (10). 
Using the values (9) and (10) for Ro and », respec- 
tively, an extension of Eq. (2) gives the formula for 


shift®: 
Av,,(In4511/He) 
Av,»,(In4101/He) 


0.27 (r.d.)+2.5X 10-4(r.d.)?, 


(11) 
0).24(r.d.)+2.3 XK 10-*(r.d.)?. 


The force constants are easily obtained from 


vRy?. 
+ (1n4511/He)=1.5X10-* cm*/sec, 
+ (In4101/He) = 2.1 10-* 


cm’-*/sec, 


With the values of Ro, p and » a comparison between 
the experimental and theoretical line shapes can be 
readily made. Only Method I is used in this case 
because the position of the unshifted line modifies the 
small shift of In/He to a large extent percentagewise. 
The result as given in Fig. 8 (e) is in very good agree- 
ment. 


C. The Satellite Bands 


The observed violet satellite bands appearing close 


to both lines when perturbed by argon are probably 


5 To compare Eq. (11) with experimental shifts, 0.78 cm™ for 
A4511 and 0.54 cm™ for \4101 have to be subtracted from Eq 
(11). These originate in the obscure knowledg« 
about the positions of unshifted lines 
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due to the appreciable deviation in the potential at 
small impact parameters from the above van der Waals’ 
type instead of due to molecular formation. For the 
satellite bands the stat 
AwRo/v>1. The ad 
curve for different substates 


large 


tical theory may be used since 
ibatic splitting of the potential 
it small impact parameters 
The repulsive part of the po- 
tential is associated with the exchange effect due to the 
overlapping of t functions of the two atoms. 
Since an P3/2, |m|=3% state 
electronic charge in the direction to the perturber than 
that in the ?P 3/2, |m| =4 state, the atom in the former 
state is subject to a smaller repulsion by the rare gas 
atom. Thus, if one constructs the potential curves for 
the two *P states for various impact parameters, the 
curve for + substate of *P3,2 should split 
from that m|=% substate and should run 
outward. 

The curve for the |m| = st 
m|=4 of *P1,2 will have nearly the same shape. If 
these are re sponsible for the violet 
satellites and if the intensity distribution of the entire 
lines is normalized, both satellites should have nearly 
the same shape but with a stronger intensity for the 
satellites associated with the \4101 (?P1,;2) component, 
as observed. Transitions +, P32 substate 
at these impact parameters contributes rather uni- 
formly ‘o the whol 


would be very 


he wave 


atom in the has less 


the im 


for the 


of *P3/2 and that for 


two substates 


from the | m 


shape of the main line. 
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Total cross sections are obtained for the photoelectric effect from the K shell of an atom of arbitrary 
charge, in the limit of high energies. An approximate analytic formula then is deduced to cover the entire 
high-energy region. For heavy elements and very high energies the differences from previous predictions 
are large. It is noted that these results also apply to other processes, including the one photon annihilation 


of fast positrons. 





I. INTRODUCTION 


HEORETICAL predictions of cross sections for 

the atomic photoelectric effect at high energies 

are difficult to obtain, and results have been of uncer- 

tain validity. In the present paper the use of an approxi- 

mate Coulomb wave function, valid for the photoeffect 

at high energies, permits a simple derivation of the high 

energy limit of the total cross section. Approximate 

expressions may then be developed to describe the 
entire high-energy region. 

The photoeffect is a vertex process in an external 
field in which the initial electron state is discrete 
(bound) and the final electron state belongs to the 
continuum (unbound). Neglecting radiative corrections, 
the matrix element is! 


M = —e(2r)ik-3 f d*ry,*a- ee™™ Ya, (1) 


where k is the momentum and e the polarization vector 
of the incoming photon, Wz is the electron wave function 
for the bound state, and y, the electron wave function 
for the continuum state of momentum p. The differ- 
ential cross section is obtained as 


da = (2m)-*| M | *5(E)d*p, (2) 
where the conservation of energy is expressed by 
E= (p?+1)'—k—e=0, (3) 


with ¢, of order one [e=O(1) ],? the total energy, in- 
cluding rest mass, of the bound state. Calculations are, 
in principle, straightforward once the wave functions 
are specified. 


* Supported by the U. S. Atomic Energy Commission; prepara 
tion of the manuscript assisted by the U. S. Air Force through the 
Air Force Office of Scientific Research. 

+ A thesis submitted to the Department of Physics, the Uni 


versity of Chicago, in partial fulfillment of the requirements for - 


the Ph.D. degree. 

t Now at Department of Physics, Stanford University, Stan- 
ford, California. 

'W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed. The notation of this book has in 
general been followed: in the use of unrationalized units for 
charge, free electrons normalized to plane waves, p=|p|, con- 
ventional Dirac matrices, etc. However the units 4=c=m,=1 are 
used throughout. 


? In general x=O(y) shall mean x is of order y. 


For ¥z it is customary to assume a hydrogen-like 
wave function, thus neglecting electronic interactions 
and the finite size of the nucleus. Similarly y, is taken 
as an appropriate solution of the Dirac equation in a 
pure Coulomb field. Although the methods developed 
here have greater applicability, these approximations 
will again be made in the explicit calculations. 

The central difficulty in the treatment of the rela- 
tivistic photoeffect arises from the wave function y, of 
the outgoing electron. The continuum solutions of the 
Dirac equation are only available as an expansion in 
partial waves, and for high energy processes a large 
number of terms contribute to the matrix element. 
Numerical calculations of the K shell have been per- 
formed by Hulme ef ai.* for three elements and two 
energies (0.35 and 1.1 Mev); for higher energies the 
procedure becomes very arduous, although more feasible 
with modern electronic computers. It is possible to sum 
the series in the two limiting cases of small charge Z or 
high energy &. Sauter* thus obtained the energy de- 
pendence of the K-shell cross section in the limit of 
small Z, and Hall® obtained the charge dependence in 
the limit of large k. Combination of these results gives 
an extrapolation formula which fits smoothly to Hulme’s 
numerical values. However, Hall’s result, a double 
integral for which he was only able to give a rough 
estimate, has long been questioned. Prange and Pratt® 
and later Erber’ have verified the double integral, but 
it has now been shown by several authors*~" that Hall’s 
subsequent approximation is incorrect. 

An alternative procedure is to establish y¥, in suc- 
cessive Born approximations and obtain the cross 


* Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. Soc. 
(London) A149, 131 (1935). 

*F. Sauter, Ann. Physik 11, 454 (1931). 

*H. Hall, Revs. Modern Phys. 8, 358 (1936); also H. Hall, 
Phys. Rev. 84, 167 (1951). 

*R. E. Prange and R. H. Pratt, Phys. Rev. 108, 139 (1957). 

7T. Erber, Ann. Phys. 6, 319 (1959); also T. Erber and R. H. 
Pratt, Bull. Am. Phys. Soc. 3, 368 (1958), and T. Erber (to be 
published). 

*-F,. G. Nagasaka, Ph.D. thesis, Universit 
1955 (unpublished), also F. G. Nagasaka and 
Phys. Soc. 4, 13 (1959 

*M. Gavrila, Phys. Rev. 113, 5i4 (1959) ; also Nuovo cimento 9, 
327 (1958). 

“RR. H. Boyer, Ph.D. thesis, University of Oxford, 1957 
(unpublished), also Phys. Rev. 117, 475 (1960). 

! H. Banerjee, Nuovo cimento 10, 863 (1958), 11, 220 (1959). 

”R.H. Pratt and T. Erber, Bull. Am. Phys. Soc. 3, 368 (1958). 
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section as a power series in the parameter a= Ze’, 
where Z is the charge of the nucleus. The use of a plane 
wave was attempted by Hall and Oppenheimer.” The 
difficulty is that the bound state wave functions depend 
on @ and, in fact, only terms of relative order a survive 
in the matrix element. Terms of this magnitude will 
also come from the second term in a of the continuum 
wave function, which may be obtained by iterating the 
plane wave.*~!! Sauter’s results have been rederived in 
this way by Fano, McVoy, and Albers." Gavrila® has 
iterated twice and so also obtained the second term in 
an expansion of the cross section in a, and its energy 
dependence. This new information on the energy de- 
pendence of the cross section is important in establishing 
an extrapolation formula based on the correct a-depend- 
ence of the high-energy limit. 

A third approach is to introduce for ¥, an appropriate 
approximate Coulomb wave function, valid for high 
energies in regions which contribute significantly to the 
matrix element. The best known such function is the 
so-called Sommerfeld-Maue (SM 6.16.27 
which is expected to be valid neglecting terms of order 
a*/k. From the preceding remarks it is evident that 
such a function should give the complete charge de- 


wave function,’ 


pendence of the cross section in the high-energy limit, 
as well as the energy dependence of the lowest order 
term in a= Ze? (Sauter term). The first two terms of an 
expansion in @ were computed by Nagasaka*® and 
Banerjee.!! Boyer” expre ssed the total cross section in 
the high-energy limit as a triple integral, which he 
evaluated numerically for one case (Pb), confirming the 
disagreement with Hall’s estimate. 

For the high-energy limit of the total cross section 
even simpler approximate wave functions—‘‘modified 
The derivation of the Hall 
given in a few lines, the answers are 


plane waves’’—suflice. 
integral can be 
expressed in a simple form, and the physical significance 
of each part of the result is apparent. These features 
make it possible to treat fairly easily not only photo- 
effect from the K shell but also from the ZL shell (to be 
reported separately). 

The present paper begins with a discussion of approxi- 
mate Coulomb wave functions (II), followed by a 


effect cross sections (III). Specializing to the K shell, 


general derivation of the high-energy limit of photo- 


the first three terms of a power series in a for the total 
cross section are obtained (IV). More important, the 
total cross section is then evaluated numerically for 
all a (V). Since there is considerable disagreement in 


the published literature, these calculations are given in 
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some detail. The results are then reported and a new 
tablist ed \ I). 

photoe ffect is one of four 
the photoeffe t, the one 

rons, and their inverses). In 

an appendix it is shown that 


energy-extrapolation formula ¢ 
It should be noted that the 
closely related vertex processes 
photon annihilation of posit 
at high energies the total 


cross sections for all four processes are essentially 
identical. In a second appendix previous work on the 


photoeffec t is discussed 


Il. MATRIX ELEMENTS AND WAVE FUNCTIONS 


1 


We begin by determining the regions in r space which 


contribute to the photoeffect matrix element at high 
energies. For this qualitative purpose, it is sufficient to 
replace ¥z by e~”, where 1/6=O(1) is the‘bound state 
radius,'*:"’ and y, by tl ne wave e'?’*, Then the 


matrix element is ract | the integral 


S76 
\ f l*y exp(—1 5 ’ (4) 
§2+- A)? 


where the mon um tral p—k is 
It is clear from I 


introduced. 
gh-energy limit A2« 
to ber 

id A at high energies 


Hence, if the matrix element is not 1egligible, 
A=O(1). The of k, p, ai 

is shown in Fig. 1. Taking a coordinate axis along k, 
pi(=A,), the component perpendicular to k, is O(1): 
at high energies electrons are mainly 
forward direction. Also An, 
of A parallel to k, equ 3 € These 
} = 


re de rival 


r¢ lation 


emitted very 


close to the the component 
results will also be 
rOSS S€¢ tions. 


O(Rk"), nX0, do 
not contribute to (4) at high gies, i.e., the important 
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for no A of interest can this direction coincide with & 
[¢=90° implies A=O(k) ]. Thus, if cylindrical coordi- 
nates p, ¢, z are introduced with z axis along k, the 
important contributions to the matrix element come 
from p=O(1), z=O(1). An approximate Coulomb wave 
function must be valid in these regions. 

To obtain such a wave function we begin with the 
Dirac equation 

(e,—V—B+ia: V)y,=0 (S 

for an electron of energy ¢, in the Coulomb potential V. 

Multiplication on the left with the operator («,— 1+, 
—ia-¥) gives the iterated equation ; 

[V2+ p?—2e,V+V2+ia- (VV) W,=0 6) 

Following now with the substitution ¥,=e'? ‘Fu, 

where u is taken as a free-field spinor, yields 
[2ip-0+V?—2e,V+Vi+ia: (VV) lFu=0. (7 
When e,r is large F may be chosen as a solution of the 
differential equation 
(2ip-V+V2—2,V JF=0. (8) 
This choice leads to the SM wave function.'*:'"-” 

For some high-energy problems an even simpler 
function suffices. This is obtained by solving (8) without 
the factor V?: 

(ip-V—e,V)F=0. (9) 


Writing F =e'*, the solutions for x at high energies are 


x4 > f V (p,2’ dz’, 


* 


10a 


x +f V (p,2’ dz’, 


which are chosen to satisfy the boundary conditions 
incoming (outgoing) plane waves at * ~, respectively."’ 
(The requirement of plane waves also specifies the 
normalization.) x— is the solution needed for the photo- 
effect, x, for the inverse photoeffect. An inspection of 
the argument indicates that to obtain the similar 
positron wave functions the sign of .he potential is to 
be reversed and the free electron spinor u is to be 
replaced by the free positron spinor o*. 

For a pure Coulomb field V = —a/r the integrals (10 
diverge at +, corresponding to the well-known fact 
that for such a field it is not correct to impose plane 
waves as a boundary condition.*' Instead, the incoming 
(outgoing) electron near *« should be described by 
the distorted plane wave 


10b 


ep ta In(prep-f 


(11) 


*” The SM function actually also includes a spinor term of the 


next order in energy, which is not needed for the high-energy 
limit of the photoeffect. 


™ Later it will be shown that for present purposes only the 


difference x(z,p)—x(s'p) is needed, and consequently it is not 
actually necessary to impose the boundary conditions 
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The general solution for x is aln(s+r), to which 
arbitrary constants (which may be functions of p, p, 
etc.) may be added. By adding +a Inp, —a Inp’, etc., 
precisely the results (11) are obtained. In other words, 


for a Coulomb field the desired solutions are 
X4= Fa ln(prF p-r). (12) 


Computing V*F/e,'F at high energies, the additional! 
condition for the validity of these wave functions is 
found to be pr+p-r large. Indeed, (12) may be ob- 
tained as the limit of the confluent hypergeometri: 
functions of the SM solution for pr+p-r large.® For 
the photoeffect at large energies we have shown that 
we need a wave function valid in the region for which 
both z=O(1), p=O(1). The modified plane wave (12) 
is accurate in these regions.*®? For the Coulomb field 
the approximate wave function is essentially the asymp- 
totic form of the exact wave function. But more 
relevant, for r=O(1), it is the high-energy limit of the 
exact wave function. 


Ill. DERIVATION OF PHOTOEFFECT 
CROSS SECTIONS 


In view of the preceding discussion we take for the 
wave function y, of the outgoing electron 


p= ue'Prt's (13) 


x. =a ln(pr+ p-r). 
We also now introduce the notation 


V n= (25) +47 e ry, (14) 


for the bound state wave function,’® where y= (x?—a?)! 
(x= j+4, 7 the total angular momentum of the state), 
and 6=(1—.«*)! (e, as before, the total energy of the 
bound state). The spinor ~y consists of spherical har 
monics and polynomials in r; it is finite for r=0. With 
these substitutions the matrix element may be re 
written 


M = —e(2mr)*k-4(25)7*4 
x f ar exp i&-r—ix ery 'S(r), (15) 


S(r)=u*(p)a- en, 


where again A= p—k is the momentum transfer. 

Introducing cylindrical coordinates for p with axis 
in the k direction, the total cross section for the photo 
effect is 


o=(2lwr)-? f d* pid py, ( M *), ACE) 


(2r) +f epar (dp\,/dE){'M'\*),A(E) (16) 


* . p 
(29) f ao f Pidps —{' M |?) uu , 
p 


Bet) 


= The wave function is also valid for the region p=O(e,) and 
+s =O(e,), important in bremsstrahlung.” 
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using Eq. (3) for Z. The matrix element is to be summed 
and averaged over spins and polarizations, depending 
on the experimental situation. In Sec. II it was shown 
that M is large only if p,=O(1). This justifies the 
replacements p/pu— 1, fo? > So”, leading to 


a= (2m) fap M |*) mw 
E 


Substituting (15) for M and using the result of Sec. I 
(see Fig. 1) that, when cylindrical coordinates are 
introduced in r space with z axis along k, 


(17) 


A-T=p.-o+e, (18) 


the cross section becomes™ 


e 
anon f ener 
2rk 


xf d*p, exp ip.: (o- o')+ 1e(Z- 


K etx gS) (¢y’\Y-F (gr), (19) 


F(r,7')=(S(2')S*(r)) ay, 

where orders of integration have been interchanged. 
The fp, integration gives (27)6(o— 9’) ; with this require- 
ment it can be shown that F is a function of z, 2’, and p, 
but not of the direction @/p. Thus the expression (19) 


~ 


reduces to the triple integral 


(2re)? 


e 
(25)?7*! J dzdz' pdp e'* 


rT s ? 
(EY ce 
r' +2’ 


p*+-2°, r’?=p?+2”", and (13) has been inserted 
for x_. Summing over final electron spins and averaging 


b 
Fir’), (20) 


where r? 


over initial photon polarizations, for high energies 


€>—B—asp, 


F (r,r’) > wn *(r) Wn (r’) 


— 


2e, 


> > bw*(r)L(1—a.)/2 Wa(r’), (21) 
** 
where the z axis is taken along p (or k). The remaining 
sum (or average) is over initial electron states. For the 
K shell 6=a, y= e= (1—<a’)}, and 


1 T € 
cos’ cosé+siné’ siné) 
Srl (2y+1 


1—e\! 
) (cose—cos#’) : (22) 


l+e 


** The notation here has been taken to conform to that of 
reference 6, which however contains several misprints 
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The cross section (20) is easily reduced to a double 
integral by performing the integration over p.™ A further 
integration can be expressed with incomplete beta 
functions; a final integration apparently leads to 
generalized hypergeometric functions.’ As such func- 
tions are not tabulated, two alternative procedures may 
be investigated: (a) expansion of the integrand as a 
power series in its parameters, leading to simpler 
form of 4 


integrals and an answer in the power series, 


or (b) direct numerical evaluation of the integral. Both 
these methods have been used, and the results for the 
K shell will be reported in succeeding sections. Since 
the choice of an expansion parameter is not unique, 
various analytic forms can be obtained. A satisfactory 
discussion of their convergence does not appear possible, 
and it is necessary to use the numerical work as a guide 
in determining the suitability of alternative forms. For 
this reason, while the power series work is instructive, 
the numerical work must be considered more reliable. 
In practice the two methods will complement each 
other, for the numerical calculations become increasingly 
difficult as a approaches zero 

For numerical purposes it was desired to make one 
of the integrations as simple as possible. This may be 
done by introducing the substitutions 


For convenience 
24 
where the / n 


cosé= 2/r, 


separately 


defined by are polynomials in 


sinf= p/r, et but do not depend onporr 
they art i functions 
“ €. 4. ete]. Chis finite 
polynomials in r of th 


of the parameters 
in p arises from the 


series 


bound state wave function 


Then, performing the p in 


(27e) 


rhe y integral 
recognized as 
methods 
(Sec. IV). 


are comparatively simple and may be 


functions. Numerical 


incomplete beta 


may then ippli o the x integration 


* This would not ened potential! 
An alt used by Boyer” 
choice of parameters, is to numerically obtain M in (15) as a 


ernative tor one 
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If the integrand is to be expanded as a power series 
in its parameters, several approaches are possible, de- 
pending on which parameters are expanded. Since 4, , « 
are all functions of a, an obvious method is to attempt 
to expand the integrand in powers of a and perform the 
resulting integrals. This is essentially the method which 
has been followed here.** It is, however, not straight- 


forward to expand the integrand of (25) in powers of a. — 


Setting a=0 gives a term x~“ and so a divergent integral, 
although in fact (for the K shell) the integral must be 
of order a?. The leading term can be extracted from (25) 
with a more careful analysis, but to obtain higher terms 
of the power series in this way is very tedious. Looking 
back at the triple integral (20), it becomes evident that 
setting a=0 removes the exponential that guarantees 
the convergence of the integral, although the limit 
a— 0 yields a well-defined integral. A transformation 
is hence desired which will explicitly display the be- 
havior of the integral for small a. Such a form can 
indeed be obtained, although it is more complicated 
than (25). 
In (20) make the substitutions 


s=psinhw, 2’=p sinhw’, (26) 


and introduce a new parameter \ defined by cosA=4, 
obtaining 


(2re)* . ‘ . 
(26)*7*! f dp p*7*'! f di f du’ 
k ‘ r ¥ 


pleoah (w—ad 


teosh (wu + aA 


Aer 


< (coshw coshw’ )™~* pF, (ww) 
ti 


n 
, ~ 
_ ) 


X (coshw coshx 27 


as before, is related to the total angular 
momentum by «= j+4. Now make the transformation 


where K, 


r=w-—idA, y=w'+iar, (28) 


and, verifying (for finite a) that there are no intervening 
poles or branch cuts, return the contours to the real 
axis. Using the relations 


coshw= (cosh*x—sin*A)! 
Xexp[+tan~'(tand tanhx) 


function of A and then integrate |M |? over A. This has the 
advantage of giving the distribution in momentum transfer as an 
intermediate step in the calculation. However it requires at least 
two integrals (the real and imaginary part of M) and in Boyer’s 
case actually six integrals, for each of many values of A. The 
present method requires only one, somewhat more complicated, 
integral. 

6 Alternatively, one could seek to make the “minimum expan 
sion” in parameters needed to obtain tractable integrals. This 
method has been followed by Erber,’ who hoped thereby to obtain 
a more rapidly converging expansion. However the resulting 
integrals are not completely tractable, and the analytic forms 
obtained are complicated and difficult to interpret. Also, as dis 
cussed in the Appendix, it appears unlikely that the convergence 
of the procedure is any better 


EFFECT 
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coshw’ = (cosh*?y—sin*A)! 
X<exp[—tan~'(tand tanhy)], (29) 


defining 


6(x)=ax+(y—x«) tan~'(tand tanh), (30) 


and performing the p integral, one obtains for the cross 
section 


28)?7+ "1 (2y+2)e-™ 


x = 
x f ds | dy e024 
° r rs 
[ (cosh?x— sin?A) (cosh*y—sin*A) ]o~"/? 
x 
(coshx+coshy)*?7** 


l'(2y+2+n) [cosh(x+7d) cosh(y—iA) }* 
xd 
n T(2y+2) (coshx+coshy)" 


XF, (x,y). (31) 
Che integrals are now well defined for a=0; however, 
they appear of order one rather than order a*. The 
final step is to expand the remaining exponent, ob 
taining a real integral which can be explicitly factored 
into parts even and odd in x and y. Then terms which 
are not even in both x and y will vanish; the terms 
which survive are of order a?. This will be demonstrated 
for the K shell in the next section. The limits of integra 
tion may then be taken from 0 to «. 

The factor exp(—2ad)=exp(—2acos~'d) of (31) 
should particularly be noted. It appeared in a natural 
manner during the attempt to obtain a power series; 
if it were expanded in powers of a the resulting series 
would converge only slowly. It is tempting to argue that 
this is a characteristic factor, and should not be ex 
panded. For the K shell, at least, the numerical results 
indeed justify this. It may be noted® that this factor is 
closely connected with the so-called Stobbe factor' of 
the nonrelativistic photoeffect. Indeed, it is easy to see 
that in the integral (31) for the total cross section only 
two differences result from the use of correct wave 
functions rather than a plane wave—this factor and the 
oscillatory factor expi[@(x)—6(y) }.?7 


IV. DEVELOPMENT IN POWER SERIES 


If the procedures (26)-(31) are applied, using the 
form (22) for F, the total cross section for the K shell 
is obtained as a double integral, in a form suitable for 
development as a power series in the parameter a. 
However, to permit direct comparison with previous 
work, we first make the further transformation 


= sinh?(4y), (32) 


u=sinh?($x), 1 


77 In the form (25), however, the difference is entirely repre 
sented by the oscillatory factor [(1—x)/(1+-x)]@ 
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and finally obtain 


o=ooH (a)I (a), (33) 


where go is the high-energy limit of Sauter’s result for 
small a: 
(34) 


oo= 4rre’a*/k. 
The factor H(a) is™* 


H (a) 2(1+2y)(1+y7) 1(2qa)2(7-) 


Xexp(—2acos~'a), (35) 


and the integral /(a) is given by 


: . A(u)A(v) 
T(a) 3 f f dudt 
0 4% (1-+-u-+1)?+*7 


cos6(u) cos6(v)+ B(u)B(v) 
[u(1+1) }i[o(1+,2) ] _ 
in which 
A (u) = {[u+-cos?(4n) ][u+sin2(4n) JJp8O-”, 
B(u)= (1+2u) cos0(u) — 2['u(1+) }§ cot(4n) sinO(n), 
(1-+-4)§+ 


a l|n 
(1+n)'— 1! 


A(u) 


2(1—a?)*[0( 1+) }} 


+(y—1) tan7! (37) 


a(1+2u) 
and sinn=a. This is precisely Hall’s result.° The Hall 
formula is then obtained by setting J(a) = (a/2)*7~”. 

It is now desired to expand the integrand of (36) as 
a power series in a to order a’. It is unlikely that (36) can 
be represented by a Taylor series; if an expansion was 
desired to order a’, terms of the type a*lna would 
probably also have to be included. Indeed, the known 
factor H(a) cannot be expanded to order a? without 
including log terms, but for 7(a) we will find that this 
is possible. 

With this understanding, the expansion of com- 
ponents of (36) is as follows: 
A(u)~1— 4a? In[u( 1+) JA, 

I 1+? In(1+u+r) 
(1-+-u+r)*** (1+u+1)* 
B(u)~ | (14+ 2u)—4[a( 1+) ]}'P (2) | 
+ 2al (1+) }!R(u,a) 
—a?{4P?(u)(1+2u)— 2[e(1+) }! 
xX (4P?(u)+-$P(u))}, (38) 

*8 The definition differs from that of reference 6 by transfer of 

the factor 2%*» from J(a) to H(a). In that paper, too, y was 


defined as —1+-(1+a")*, rather than (1—a*)#, which has been 
used here to conform to standard notation.” 
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where 


2) 4 (1+) }! 
). (39 


1+ 2) 


To this order, all the integrals over u and v are con 
vergent. However, expansion to order a* would lead to 
integrals divergent at wu or 0. The factor R(u,a) 
requires careful treatment, even in order a*. To this 
order (but not in the order a‘, where it also occurs) 
R appears only multiplying functions which are finite 
at w=. This is sufficient to permit the replacement 


(1+2) 
. (40 
2 [u(it+n) 1 


valid to order a. In (40) order a? is not required, since R 

appears in (38) multiplied by a, and indeed R can 

probably not be obtained as a simple power series. 
The integral /(a), its integrand now written as a 


power series in a, to order a? becomes 


6 x r 
T(a) z. / 3 f f dud: 


where, defining 
T (u)= (14+2u 
then 
J,=1+T(u)T (1 
J,=ra{Lu(i+u 
J3= 7’ a*{u(i+n) }Lo(i1+t 
I= —a® {4 P?2(u)+ P?(r) | 
+T(u)[ (1+ 20)(4P?(0) +1) 
— 2[v(1-+-2) }4(§ P*(v) +4 P(2)) 
+ T(v)[ (14+ 2u) (3 P?(e) +1) 
2[ (1+) }8(4P*(u)+3P(u)) }}, 
I5= —ha°(1+T7(u)T(r) ] u) }*{r(1+2) }}, 


Jg=a{1+T7(u)T(v) } In 


}!7 (v)+[2 |'7°(u)}, 


1+u+t 


Now integrate by parts to remove odd powers of P(u 
and P(v), noting that P’(#)=([(1+) }-'. (In Js, which 
is the most difficult term, the odd powers cannot be 
completely removed.) J, and /; are then simply in- 
tegrated. For the remaining terms it is more convenient 
to use the transformations (32), returning to the x, y 
variables, and extending the limits of integration to 
+. Introducing new variables 


k(y+2), y—x), (44 
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now separates the double integrals into products of 
single integrals for all cases except Js. The final results 
are 

I,=1, 

I,= —4na/15, 


[,= (9? 16)a’, 


14> —$a?(x*?—4), 
I5= a*{2 In2— (11/12) —49?/45 }, 
I= a*{ (17 ‘6)—2 In2]. 


(45) 


rhe total cross section for the K shell is then given as 


o = ooH (a){1— (44/15)a+a7[(2+§—}) 
—x*((4/45)+4—y¢)]} 


~= oH (a) 1—0.837a+-0.678a? }. (46) 


It is evident that the approximation /(a¢)~1 (Hall) is 
poor. The term of order a was first found by Nagasaka,* 
and has since been given also by Gavrila,’ Banerjee,'’ 
and Erber.’ Further discussion will be deferred to 
Sec. VI, after the numerical results have been presented. 


V. NUMERICAL METHODS 


The transformations (23) lead to a particularly 
simple expression for the K shell total cross section : 


o=oo{[ (—2&+3)/2€]a*}/, 


where oo, as previously defined, is the small-a high- 
energy limit of the cross section, the notation {= —1+¥ 
=—1+(1—<a?)! is introduced, and the integral J (which 
must be proportional to a? for small a) is given by 


” os i—z\* 
r= f dx f dy( ) [a+i(1—a?)ix p++ 
1 = 1+ 


x { (1—2x*y?) 101+ (€/a)?]+2(1—y?) 


(47) 


x (1— 2? y*)#l(té/a)a—(E/a)*x*)]}. (48) 
Though the integrand is complex, consideration of the 
substitution x —> —x shows that the integral is indeed 
real. In this form the physical significance of the 
various factors is easily traced. Thus, it has already 
been noted that the oscillatory factor [(1—.x)/ (1+) ]* 
is the only consequence of the use of correct outgoing 
electron wave functions rather than plane waves ; here a 
reflects the strength of the Coulomb potential acting on 
the outgoing electron. In [a+i(1—a?)'x}-“**® the a 
arises from the bound state radius and (1—a?)! from 
the total energy of the bound electron [compare (20) 
and (25) |. The power 2¢ of this factor originates in the 
characteristic radial dependence of the relativistic 
bound state wave function r7~'=r*, as does the power 
in (1—x*y*)&. The factors (£/a) arise from the “‘small’’ 
components of the bound state wave function. 

The form (48) is also advantageous for numerical 
purposes, since the y integration leads to easily com- 
putable functions, leaving only the x integration to be 
performed numerically. For this purpose it is necessary 
to write (48) explicitly in real form. Using the sym- 


EFFECT AT 


HIGH ENERGIES 1023 
metries of the integrand to reduce the limits to 0 to 1, 


the integral to be computed is then 


I ff astor+ ae") +8 (T (14 €2/a*)A (a,x?) 


0 


— 2(§/a)*x*B(a,x*) | cosC (a,x) 
(2§/a)xB(a,x*) sinC(a,x)}, (49) 
where 
1—x (1—a?*)! 
C(a,x)=a In — (4+2&) tan~-————-z. 
1+x a 


(SO) 


The incomplete beta functions A (a,x?) and B(a,x*) 
which result from the y integration can be calculated 
from their power series expansions : 


i(a,x)= | dy (1—«*y?)&! 
° gart? 
=1—(1+£) > c(—§)—_——__, 
same: (2r+3)(r+1) 
(51) 


i 


B(a,x?) = f dy (1—y*)(1—x*y*)é 
9 


= A (a,x?)—[A(a,x*)— (1—x?)#] 
x (1—2*)/2x7(&+1), 


where c,(n) = (n4+-r—1)!/(n—1) Iv! 

The Coulomb factor In[(1—)/(1+-) ] of (50) causes 
the integrand (49) to undergo an infinite number of 
oscillations of slowly-varying amplitude in the region 
near x=1. For this reason, numerical integration was 
performed from x=0 to 1—A, for A small, yielding a 
value /°, The remaining integral from += 1—A to 1 was 
obtained analytically as a power series in A, through 
order A*. Again, this is not a true power series, for 
careful analysis shows that in addition to terms of 
order 4’, there are also terms of order A**t, For values 
of a of physical interest, € is small and such terms are 
also expected to be small.” 

The integral (49) from 0 to 1— A was programmed on 
the UNIVAC I of the Operations Research Laboratory 
of the University of Chicago, and /° was obtained for 
sixteen values of a. In addition, several values were 
computed using the plane wave approximation [i.e., 
omitting the log term of (50) |. The contributions from 
the oscillatory region were evaluated by hand and 
added to J® to obtain the complete result. These con- 
tributions are large, especially for small a, as will 
shortly be discussed further. The machine integration 
was carried out with Simpson’s rule. Thirty terms were 
kept in the power series expansions of the beta func- 


* However, for a=1, §= —1, and the terms will be of the same 
order. Thus also there is no contradiction in the fact that the 
coefficient for A* separately diverges for §=—1. For a near 1, 
I® is much larger than the term in A, and it is not necessary to 
compute higher terms 
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tions. Sufficient freedom was left in the program so that 
the region from 0 to 1—A could be divided into three 
intervals of arbitrary length, each with its own arbi- 
trary mesh. This permitted a reasonable matching to 
the characteristics of the integrand in the various 
regions of integration. For each point of the mesh was 
obtained (a) the value of the integrand, (b) total value 
of the integral to date, (c) fourth-differences estimate 
of error since preceding point, and (d) sum of estimated 
errors to date. Thus (a) displayed the function being 
integrated and (b) showed the relative importance of 
various regions and how cancellation occurred. By 
fitting the numerical values to the analytic corrections 
for various choices of A both the equations and the 
method of integration were checked. Finally, (c) and (d) 
provided estimates of the Simpson’s rule error of the 
final result and also provided the information from 
which appropriate mesh sizes and ranges could be 
determined. 

The general behavior of the integrand (49) is fairly 
easily understood. The magnitude is mainly determined 
by the factor [a?+ (1—a*)x* }-@+® and hence is largest 
near «=O, decreasing to O(1) near x=1. For x near 0, 
the magnitude is increasingly large as a— 0. This is com- 
pensated by the phase factor (4+ 2¢) tan~'(1—a?)!x/a 
which causes a complete oscillation between x=0 and 
x~2a. The Coulomb factor a In{(1—.x)/(1+.2)] pro- 
duces further oscillations which decrease the integral 
from the plane wave result. As previously noted, near 
v=1 there is an infinity of oscillations, but even for 
a= 0.6 the sharp oscillations do not begin until x exceeds 
0.997, and for smaller a they are confined to an ex- 
tremely small region. However, since there is appreci- 
able cancellation, especially for small a, the contribution 
from regions near x= 1 is not negligible; the difference 
between Coulomb wave functions and plane waves is 
large even for small a, although (for the total cross 
section) it does vanish in the limit a — 0. 

In the numerical evaluation four sources of error 
must be considered : (a) round-off, (b) series expansions 
of the incomplete beta functions, (c) power series for 
the oscillatory region, (d) Simpson’s rule and mesh size. 
It was desired to reduce the error from each of these to 
less than 0.1%. The difficulties in achieving this arise 
from the oscillatory nature of the integrand which, for 
small a, severe cancellation. The UNIVAC 
carries eleven places, and the errors in its function 
routines are known. After investigation it was concluded 
that round-off errors would be entirely insignificant, 
except for small a, where, for example, the estimated 
error was 0.02% for a=0.10 and 0.6% for a=0.05. 

It is easily established that the error in ending the 
series for the incomplete beta functions after terms is 
bounded by 


causes 


(52) 


[ (1+ &)/2m jx?"c,41(—8&). 


Chis is proportional to both — and 1+, and so the 
error introduced, which is negligible except for x near 1, 
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becomes important only for a near 0.8. With 30 terms 
kept, even for a=0.8 the total error is less than 0.01%. 

The accuracy of the analytic expressions for the 
regions near x=1 is estimated by assuming the error 
is of order Af**, as already discussed. For £ near —1, 
where this error is of the same order as the A? terms, 
the contribution of the whole oscillatory region is small 
in comparison to 7°. For the smaller a’s, the use of 
A=0.01 leads to an error of 4X 10~°, which is sufficiently 
small in comparison to the value of the integral to 
limit the error to 0.1% for a20.15, while A=0.005 
suffices for a2 0.05. 

The remaining question is simply to choose mesh 
sizes sufficient so that 4th-derivative contributions are 
small. Both because of the increasing degree of cancella- 
tion and the extremely sharp initial oscillation, it is for 
small @ that larger numbers of points are required to 
represent the function accurately. Practical considera- 
tions set an upper limit of 300 points for an integral; 
this permitted accuracy to within 0.1% at a=0.15 and 
1% at a=0.10. No attempt was made to compute the 
integral for a=0.05. These considerations then deter- 
mined the values which could be obtained, and their 
accuracy. 

The program itself was checked by evaluating the 
1, for which the integrals 
may be obtained in closed form.” The numerical result 
agreed well with the value of Prange and Pratt.® 


special (nonphysical) case a 


VI. RESULTS AND EXTRAPOLATION 
TO LOWER ENERGIES 


rhe high-energy limit of the total cross section for 
photoeffect from the K shell may be characterized by a 
function F(a), where 


o=ooF (a) drre*a®/k)F (a 


(53) 


Values for F(a) obtained numerically with the methods 
of the preceding section are summarized in Table I and 
compared with previous predictions. For small @ the 
numerical results series 
expression (46). A smooth curve may then be drawn 
for F(a), as in Fig. 2. and the comparison again made 
with previous work. Disagreement with the Hall for- 
mula® is large, even for small a; for large a (the only 
case of experimental interest in the high-energy region) 
the Nagasaka formula® is not much closer. The one 
value obtained numerically by Boyer” agrees fairly 
well. This previous work is discussed in Appendix B. 
A simple analytic expression may be extracted from 
(46) which provides a reasonable representation of F (a) 
for all a. Equation (46) may be expected to be valid 
neglecting terms of order a® (including a’ Ina, etc.). If 
the factor $(1+2y)(1+7)~'2% of H(a) is expanded in 


agree well with the power 


*In fact a=0.99 was computed, 
have required inserting into the program a definition of the value 


since to obtain @=1 would 


of (51) tor = —1, which to the machine would otherwise appear 
as 0/0. Such a definition was indeed used in the same expression 
for x=0, but the case @=1 was not so provided for. Indeed, more 
of the program is checked by not taking a=1 
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powers of a and folded into /(a@), the power series 
becomes [1—(4ra/15)—0.098a7]. In this form the 
term of order a? is negligible except for a so large that a* 
terms (which are not known) may be expected to 
dominate it, and consequently this a? term may be 
neglected whenever a is small enough for (46) to be 
applicable. This leads to the simple form 


a =oya™ exp(— 2a cos~'a)[1— (4/15)a ], 


&= —1+(1—a?)! = —a?/2, (54) 


for which some values are listed in Table 1. Even for 
a=0.6 (Pb) this differs from the exact values by only 
10%. Equation (54) is very similar to the formulas of 
Hall and Nagasaka (especially with the approximation 
2§= —a* valid except near a= 1) and may be viewed as 
a proposed replacement. However it provides only a 
convenient approximation, justified primarily by its 
accord with the numerical results presented in Table I 
and Fig. 2. 

The foregoing account of the high-energy limit of the 
K shell photoeffect total cross section is the main result 
of this paper. For practical purposes, however, it is 
necessary to make some statement as to how rapidly 
the limiting values are approached, i.e., to make some 
further estimate of the energy dependence of the cross 
section. The procedure adopted here is to combine 
present results on the charge dependence of the cross 
section with the work of Sautert and Gavrila’ on the 
energy dependence. Predictions may be compared with 
Hulme’s’ numerical work at 1.1 Mev and indeed very 
good agreement is obtained. However similar conclu- 
sions were obtained in turn by Hall’ and Nagasaka,* 


rasve I. Total cross section for the K-shell photoeffect in the 
high-energy limit. ¢/a9=F (a) is given for various a, according to 
I) the present numerical work, (II) Hall, (III) Nagasaka, 
(IV) the simple numerical form (54), and (V) other work. The 
numerical values (I) are accurate to about 0.1% except for 
a=0.10, which is accurate to 1%. 


Ill 
Nagasaka 


I I IV 
Present work Hall Eq. (54 
0.00 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.00 
0.65 
0.70 
0.80 
0.87" 
0.99 
1.00 


1.000 
0.872 
0.781 


1.000 
0.834 
0.712 
0.619 
0.550 
0.498 
0.461 
0.431 
0.409 
0.397 
0.389 
0.386 
0.387 


1.000 


0.6964 
0.5957 
0.5138 
0.4475 
0.3942 
0.3504 
0.3145 
0.2846 
0.2599 
0.2396 
0.2224 
0.2082 
0.1963 


0.6987 
0.5960 
0.5137 
0.3913 
0.3065 
0.2455 
0.2005 
0.420 0.1665 


0.1698 
0.1601 


0.158 


0.163 0.159 


® (3)'/2/2. 
R. H. Boyer, reference 10 
R. E. Prange and R. H 


Pratt, reference 6 
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Fic. 2. Total cross section for A-shell photoeffect in high-energy 
limit. ¢/¢9=F (a) is plotted against a=Zé according to Hall (1), 
Nagasaka (II), and the present work (III). Boyer’s numerical 
value is shown (XX), as well as the limiting case obtained by 
Prange and Pratt (0° 


and hence it is desirable to enter a note of caution. The 
extremely close agreement of the extrapolation at so low 
an energy is accidental, considering the magnitude of 
terms being omitted, and hence the formula must be 
used with caution. The expected accuracy will be dis- 
cussed later. 
If the high-energy limit of the cross section is written 
a= aol (a), (55) 
Sauter’s result for the energy dependence of ‘the cross 
section in the limit of small @ may be written 


a=a95(k), (56) 
leading to the composite formula 
a=ao5(k)F (a), (57) 
which neglects terms of order a/k. Here 
S(k) = [6*/k*(1—8?)!]M (8), 


and the electron velocity 6 is given by 


ep= (1—8*)-!= k+ (1—a7)!, 


(58) 


(59) 
and 


, [1 —2(1—?)# ][1-- (1—87)*] 
UY (8)= 4+ 
8?(1—7)! 


i-s? 1-8, 
x} 1+—— In f (60) 
28 1+8 


It may be objected that to be consistent a? should be 
omitted in (59); however, for large a this has a serious 
effect on (58) owing to the high powers which appear, 
and since there is agreement as to the correct functional 
form®:* it should probably be preserved. The effect on 
M (8) would be much less severe ; however, according to 
Nagasaka, in (60) it is more correct to make the re- 
placement 


1—2(1—87)'  1—[14+ (1—a?)*}(1—8")4. (61) 
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Pasie II. Energy dependence of the A-shell photoetiect total 
cross section, according to (65). ¢/ao is computed as a function of 
1= Zé and the photon energy & (in Mev 


10 


1,24 
0.90 
0.69 
0.47 
0.38 


1.12 
0.80 
0.00 
0.40 
0.31 


It is now desired to modify (57) so as to incorporate 
Gavrila’s’ recent further results on the energy de- 
pendence." This work is a complete evaluation of the 
cross section to order a; the result essentially is 


Tra 
M(a)( 1- )+ravia)} (62) 


A 


B* 


0 


=O 
| | 1 _ B?)} 


where M (8) was previously defined and 


I 4 I 
V(8)= + 


= (1— 7)! 
8 15 (1—*)! 5 


15 


“ 
(1—68?)!+ (1—8?)! 
15 


| I—p| 
- 8?) | In . 
28 


x [1—2(1—8?)' [1-(1 (63) 


i+e] 


Che term —7a/8 comes from expansion of the Coulomb 
exponential; this suggests that the energy dependence 
M (8) multiplies this Coulomb factor. 

lo incorporate (62) with the present results, write 
for the high-energy limit 


a Col (da) 


oa*{ exp(— 2a cos~'a) |L1— (49/15)a+R(a) |, (64) 


R(a) is detined by the equation. From previous 
discussion R(a) is small for all a; this would not be true 
if the Coulomb factor had not first been factored out 
from the power series. One is hence lead to the inter- 


where 


polation formula 


8° 
o=0y a*M(B8) exp| — 2(a/8) cos~'a 


k*(1—8?)! 


<{1+mal.V(8)/M(B)}+Ria)}, (65 
where = —1+ (1—a* 

Some calculations formula pre- 
sented in Table II, and for Lead the predictions are 
shown in Fig. 3. Good agreement is obtained with all 
three of Hulme’s numerical values at 1.1 Mev. The 
energy for the —4ra/15 which 


with the (65) are 


dependence i term 


% JT have been informed by Dr. Bengt Nagel that he has obtained 


a similar result by iterating the SM function 
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Gavrila’s work supplied is very important in deter- 
mining (65). Although \V(8)/M(8)=—4/15 for B=1 
in the limit of low energies it vanishes, and even for 
energies in the 0.5-2.0-Mev region ra.V/M is small in 
comparison to one. This also means that the limiting 
values (55) are approached very slowly: for Lead the 
cross section differs by less than 10% from (55) only 
above 50 Mev. 

The form (65) is presumably valid neglecting terms 
of order a*/k, and thus should be quite useful in the 
high-energy region, even for heavier elements. How- 
ever the extremely close agreement with Hulme, even 
for heavy elements, at so low an energy as 1.1 Mev is 
fortuitous. The following remarks demonstrate this 
rather strongly. The complete energy dependence of the 
Coulomb exponential (as distinguished from the factor 
M (8) which multiplies it) is known,** and indeed non- 
relativistically it becomes the Stobbe factor. Noting 
that R(a@) is very small, it is tempting to insert this 
Coulomb energy dependence and suppose that the main 
energy dependence of the cross section is thereby in- 
cluded. In fact this makes the result worse. From the 
power series work it may be seen that the smallness of 
R(a) is the result of the cancellation of many factors. 
There is no reason to believe that these have the same 
energy dependence or that the cancellation continues 
to occur at lower energies. Such effects must to some 
extent compensate the additional energy dependence of 
the Coulomb factor 

Hall and Nagasaka used similar interpolation pro- 
cedures. Since Hall omitted the —4ra/15 factor from 
his high-energy result, it is not surprising that he could 
get good agreement with Hulme’s low-energy result, 
for at low energies the factor indeed becomes negligible 
Likewise, the large positive a* term in Nagasaka’s 
power series tends to give a high-energy result similar 
to Hall’s, and so again it is possible for him to obtain 
agreement with Hulme without having the correct 
energy dependence of the power series. For Lead the 
Hall and Nagasaka interpolation formulas are also 


Fic. 3. Energy dependence of the K-shell photoeffect total cross 
section for Lead, according to Hall (I II), and the 
present work (III). ¢/e¢o is plotted against inverse photon energy 
1/k in (Mev Hulme’s numerical value (X 


Nagasaka 


is also show n 
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shown in Fig. 3. It is seen that the errors of these esti- 
mates do not appear until quite high energies--above 
3 Mev for even a 10% effect. 

A definite prediction has thus been made for K-shell 
photoeffect total cross sections at high energies.” In the 
high-energy limit these cross sections are smaller (by a 
factor of two for heavy elements) then had previously 
been believed ; however the limiting values are reached 
very slowly, and photons of at least several Mev are 
needed to demonstrate large deviations from previous 
theories.* It has also been shown that in the high-energy 
limit the four vertex processes of Appendix A have 
identical cross sections. In particular this predicts that 
the one photon annihilation of fast positrons is even less 
common than had been realized. 
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APPENDIX A 


Four closely related bound vertex processes are 


(a) the photoeffect, (b) its inverse, (c) the inverse of ' 


one photon pair annihilation of positrons, and (d) the 
one photon pair annihilation of positrons. The matrix 
elements are essentially : 

u*e'P't x e'* Wa, 

Vpte** te’? rH ix yg 


vpte* te PEHiX gy 


Wy, 


(a) 
(b) 
(Cc) 


(d) 


p*e'P tix € 


where the signs have been taken so that the x’s of (12) 


* For many experimental purposes it is also necessary to know 
the cross sections from higher shells, as these are not distinguished 
from the X shell. The calculation of these will be the subjec. of a 
later paper. 

* For surveys of theory and experiment at lower energies, see 
references 1, 5, 19, and also G. W. Grodstein, U. S. Department 
of Commerce, National Bureau of Standards Circular 583 (U.S 
Government Printing Office, Washington, D. C., 1957 
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apply both to electrons and positrons. From (12) 


x.—x+=a In( pp)’, (67) 


so that, in the square of the matrix element 
x—(r) —x-(7') = x4 (7) —x4(1') +4 In(p/p’)?. 


However it has been shown that the integrals for the 
total cross section vanish unless p=’. Hence, for a 
discussion of total cross sections, no error is introduced 
by setting x. =x, in the matrix elements. Then 


M,=M,*, Ma=M,*. 


(68) 


(69) 


In the high-energy limit the densities of states and the 
expression for energy conservation are pairwise the 
same, and hence so are the total cross sections. 
M, and M, (and likewise M, and M,) are related by 
the substitutions 
k«< p, 


ue VU. 


(70) 


The second of these has no effect m the high-energy 
limit. For (c) and (d) the energy conservation require- 
ment 

(p?+1)i=k+e (71) 


is replaced by 


k= (p’+1)'+<, (72) 


which in the high-energy limit is again obtained through 
the substitution (70). All four total cross sections are 
thus the same, provided the weighting of states summed 
and averaged is equivalent. For the K shell, if (a) and 
(d) are defined as cross sections for capture by both K 
electrons, then in the high-energy limit 


Og=%=6.= 04. 


(73) 


The equality of these processes at high energies is 
needed in the discussion of dispersion relations for the 
scattering of light from a bound electron, to guarantee 
the convergence, at high energy, of an integral over 
energy of the difference of two cross sections.’ However 
the main contributions to the integral come from low 
energies and the value of the integral is not greatly 
altered by introducing present predictions for the 
photoeffect at high energy.™ 

A recent and interesting application of photoeffect 
cross sections has been to connect the cross section for 
the inverse photoeffect and the cross section for brems- 
strahlung near the high-frequency limit (the “tip’’).* 
For small Z, the matrix element for these processes 
(involving respectively a bound electren and a free 
electron of low energy) are shown equivalent up to a 
numerical factor. It is also argued that the connection 
of the cross sections is not restricted to small Z, and in 
this way Nagasaka’s predictions for the photoeffect 

“J. S. Levinger and M. L. Rustgi, Phys. 
also J. S. Levinger, M. L. Rustgi, and k 
106, 1191 (1957). 

%* U. Fano, H. W. Koch, and J. W. Motz, Phys. Rev. 112, 1679 
1958). Also reference 14, U. Fano, Phys. Rev. 116, 1156 (1959), 
and K. MeVoy and U. Fano, ibid., 1168. 


Rev. 103, 439 (1956) ; 
Okamoto, Phys. Rev. 
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have been translated into predictions for the brems- 
strahlung tip. Agreement with experiment is good, 
except for the case of highest energy (15 Mev). It is 
interesting to note that, of the cases reported, this is 
the only one in which (according to the present extrapo- 
lation) Nagasaka’s result is appreciably in error. It is 
uncertain, however, how seriously this can be taken as 
an argument in support of the present predictions for 
the photoeffect 


APPENDIX B 


Discussion of previous results for the K-shell cross 
section evidently should begin with the work of Hall,® 
who originally obtained (33) and then made the approxi- 
mation I(a)= (a/2)**. The nonanalytic form should be 
disregarded, and in estimating the accuracy of the 
approximation Hall essentially estimated the magnitude 
of the next term of a power series in a, taking the first 
term as 1. He concluded that the next term was small, 
rather than the large factor —49a/15 which has now 
established. Hall’s argument, which has been 
checked by Gavrila,’ rests on the assumption that the 
main contributions to (35) come from u and v near 0, 


been 


and that in slowly varying factors « and v can be 
replaced by 0 (or by an “average” value, taken to 
be 1/7). It is, however, ambiguous which factors may 
be considered slowly varying, and with similar pro- 
cedures Nagasaka could obtain a much larger value.* 
Presumably the integrand of (36), like that considered 
in Sec. V, is oscillatory, and although the magnitude 
may be greatest near u=v=0, the cancellations have 
the consequence that it is difficult to estimate in advance 
which regions of u and v contribute to the integral. 
The next relevant work on the photoeffect is that of 
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Nagasaka,* whose final result for the high-energy limit 
is essentially® (54), with the added term in the power 
series 1.476a?* —0.098a*. It is this large 
positive a? term which causes Nagasaka’s cross section 


instead of 


to rise for large a. It is believed that more confidence 


can be placed in the present results, where the power 


series (which was checked independently) and numerical 
computations are consistent. Nagasaka was apparently 
the first to realize the importance of the term of order a, 
as well as to point out the incorrectness of Hall’s non- 
analytic factor for /(a). 

Boyer”® obtained for Lead the value ¢=0.235e 0, in 
contrast to the Hall value 0.451¢ 9 (our result is 0.22209). 
In this way the disagreement with the Hall formula for 
large a was established. The small difference between 
Boyer’s number and the present result is probably due 
to the errors of Boyer’s numerical method.” 

Recently Gavrila’ and Banerjee'! have independently 
obtained the term —47a/15, and Gavrila also derived 
it from Hall’s double integral. Erber’s?’ method of 
evaluation yields a complicated expression in which the 
term —4a/15 can be identified in the limit of small a. 
His expansion parameter is £, the parameter a being 
l (43) Js and I 
correspond to an expansion in £ whereas J; and J, 


otherwise treated exactly. Thus in 


result from a further expansion in a. From (45) it does 


> 


not appear that & is a more suitable expansion param- 
eter, since all the integrals are of similar magnitude. 
The term Erber obtained is in moderate agreement with 
the present results, but no better than would be ob- 


tained simply from —47a/15 


46 In consequence of a minor arithmetic 
sistently evaluated as 0.832 instead of 0.837 
7 R. H. Boyer (private communication 


dr 15 is con 


error 
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Che methods developed in a previous paper for extending the neutron scattering formalism of Zemach 
and Glauber to any type of molecular rotator have been employed to derive generalized forms of the 
differential cross sections for rotator scattering. A mass-ratio expansion for the treatment of the high-energy 
limit is illustrated on the classical cross section and then employed in the treatment of the more general 


quantum-mechanical expression for the differential cross section 


rhe results apply to an arbitrarily 


asymmetric rotator. The very low energy approximation is carried out for the symmetric rotator, and 
the procedure is compared with the explicit summing of the partial cross sections for individual! rotational 
transitions. The inelastic correction to the static approximation for interference scattering is calculated 
to an accuracy of first order in the mass ratios for the case of the symmetric rotator 


1. INTRODUCTION 


HE formalism of Zemach and Glauber’ for 

treating the scattering of low-energy neutrons 
by chemically bound nuclei in a molecule was applied 
by them only to the simplest types of molecules as 
far as the effects of the rotational degrees of freedom 
are concerned. Procedures for generalizing their 
results to any type of molecular rotator have been 
given recently? and were used to calculate the distribu- 
tion of scattered neutrons over energy and angle up 
to the accuracy of the first quantum-mechanical 
correction to the classical cross section. The remaining 
generalized differential cross sections for rotator 
scattering corresponding to the other types of approxi- 
mations originally examined by them have now been 
derived and will be presented here. 

In the Fermi pseudo-potential approximation the 
differential cross section of the entire rotator for a 
given initial rotational state can be written in the 
notation of reference 2 as 


o,(8,€) = (k/2rko) > f e~***(X,,,)dl, (1.1) 


in which the expectation value in the integrand has 
the form 


(Xyy)= (Wi | aa,e™' exp(ix-b,-)e~™* exp(—ix-b,) | ¥;). 


Into this basic expression derived by Zemach and 
Glauber there has been incorporated by the use of 
operator techniques the summation over all final 
states allowed by the conservation laws. The total 
potential presented to the neutron by the rotator is 
composed additively of the individual! nuclear potentials, 
so that Eq. (1.1), which is based on the first Born approx- 
imation, has the form of a sum of terms which are of two 
general types. A direct scattering term is one which is 


1A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 
(1956). 

7H. C. Volkin, Phys. Rev. 113, 866 (1959). This paper will 
hereinafter be referred to as I and an equation appearing in it 
will be designated by the numeral I preceding the equation 
number 


attributable to a single nucleus of the rotator while an 
interference term involves two scattering nuclei. The dif- 
ferential cross section for the direct scattering from a nu- 
cleus in the classical or high-energy limit is developed in 
powers of the ratio of the neutron mass toan effective “‘ro- 
tational mass”’ of the molecule. The calculation is carried 
through up to terms of the fourth order in the mass 
ratio. The expansion of the general expression for the 
cross section in powers of mass ratios is then discussed 
and the calculations up to terms of the second order are 
presented. The very low energy region is considered 
next and an approximate cross section which is suitable 
for this limit is derived for the case of the symmetric 
rotator. When the neutron energy is very low, the 
number of energetically allowed rotational transitions 
may be so limited that a direct summing of the partial 
cross sections for individual transitions is feasible. 
This alternative procedure is compared with the 
preceding calculation where the low-energy approxima- 
tion was applied to a direct scattering term of Eq. (1.1), 
which contains implicitly the sum over all possible 
transitions. Finally the portion of the differential cross 
section which arises from the interference effects due 
to the presence of more than one scattering nucleus in 
the rotator and for which no classical approximation 
exists is treated by means of the mass ratio expansion 
and the calculation for the symmetric rotator is 
exhibited up to the first order terms. 


2. RESUME OF BASIC FORMULAS 


The notation to be used here is taken over directly 
from I. We consider the scattering of a neutron with 
initial momentum kp to final momentum k by a rotator 
with fixed center which is in the initial state |/M) 
having energy Zs, angular momentum J, and compo- 
nent of angular momentum along an axis fixed in 
space M. The third quantum number required to 
specify a rotator state is omitted for simplicity in the 
case of an asymmetric rotator energy eigenstate, where 
it has no relevant physical significance. Scattering with 
momentum gain x= k—k, to the neutron corresponds 
toa certain scattering angle d and energy gain e= (2m)~' 
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X (k?— ko?). The general expression for the differential 
cross section of the entire rotator is given by Eq. (1.1). 
The direct scattering term due to the vth nucleus is 
the term with »’=v, while the two terms involving »’ 
and v, with v’~v, are the interference terms contributed 
by the corresponding pair of nuclei. The states which 
differ only in orientation of the angular momentum 
vector, i.e., states of different M, are of course degen- 
erate in energy. The cross sections must therefore be 
averaged over the initial values of M. Also it is sufficient 
to consider the scattering as spin independent, since the 
consequences of spin dependence have been treated 
explicitly by Zemach and Glauber. Then the part of 
the differential cross section which is due to a single 
nucleus having position vector b relative to the center 
and scattering length a is 


os(3,€) = k(2rko) f dt e~***{x),, (2.1) 


x 


where the expectation value is given by 


J 
(x)s=@(2I+1)" DO (IM |e At8+0| JM). 
Tf J 


The Hermitian operators A, B, C are defined by 
A=H—E,, 
B= —«-Q-L+hie-x. 
—~L-Q'-x—}ie-x, 
C=4x-R-« 


The rotator Hamiltonian may be written as H=4$L-G 
-L, where L is the angular momentum operator. The 
tensor G is the inverse of the moment of inertia tensor, 
G=I"'. We further define the tensor quantities B,; 
= €imj0m, R= B'GB, O= B'G, and the vector c,=),Gin 
~ (Trace G)d,,. 

In evaluating the matrix elements (2.2) it will be 
necessary to express the vector and tensor quantities in 
terms of components relative to some system of body 
axes fixed in the rotator, but not necessarily the system 
of principal axes. When so taken the components of 
the vector b and of the tensors given above are constants 
and commute with the components of L and « as well 
as with each other. The momentum transfer vector x, 
which is fixed with respect to space axes, becomes a 
dynamical variable when seen from the rotating system. 
The components of x and L may easily be shown to 
obey the following commutation relations in this 
description. 


(LiL; |= —tevjnle, [x:,L;]= 


— L€ijkK ky 
(xix; }=0. 


Let us now designate the set of body axes along which 
components are being taken by xyz and a set of space 
axes by XYZ, one of the latter, say Z, being taken for 
convenience as parallel to x and as the space direction 


(2.3) 


( 
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for which M specifies the component of angular momen- 
tum. Then a complete set of commuting observables 
for the rotator is L*, the component of L along a body 
axis, say L,, and the component of L along a space 
axis, say Lz. The corresponding set of quantum 
numbers J, K, and M label a complete orthogonal set 
of basic states |/KM) for the system. An energy 
eigenstate |/M) can always be expressed as 
J 
IM »B 


A 


JKM). (2.4) 


COR 


It is to be understood that in the expansion the compo- 
nent K refers to the z axis of the body system chosen 
to resolve components of the vector and tensor quanti- 
ties. Then the operation of L in (2.2) is specified by 

L,|JKM)=K\/JKM), (2. 
(Lz L,)|JKM)=((J#K)(J+K+1) }} 


4 


<x |J, K+1, M). 


5a) 
5b) 


In terms of the basic set of states we may write the 


expectation value (2.2) in the form 


(x)\y=@ 
A 


~ * 
> aKc*an(x)sKK’; 
A 


with 
JKM | e~‘#(4+8+©)| JK'M). 


(2.6) 


(x)sxK: = (2J+1) >” 


The Euler angles which specify the orientation of the 
body axes relative to the space axes are defined as 
follows: 6 and ¢ are the polar and azimuthal angles, 
respectively, of the z axis and y is the spin angle about 
this axis. The wave function representatives of the 
basic seit in these variables may be specified by 


WVexu(ouw)= [ (27+1) 8x? |'U J ku (¢,0), 


where n= cosé and UY) xy is the KMth matrix element 
of the /th irreducible unitary representation of the 
rotation group. These matrix elements of the rotation 
operator are given explicitly as 


UD pm= (jk| U (¢,0,~) | jm), 
with 
U (¢,0,p) = 87 1c! teted s, 

where the J; satisfy the usual angular momentum 
commutation relations and 
and J;. Because of the different conventions which 
have been used by various authors we mention that the 
rotation operator U given here transforms an arbitrary 
state vector (| and arbitrary operator O in the 
following manner: (£ U(a,8,7) and U-Ol the 
state vector and operator which look in the reference 
system XYZ produced by the rotation (@87) from the 
original reference system X YZ as (£’| and O do, respec- 
tively, in XYZ. In terms of the spherical harmonics 


jm) is an eigenstate of J? 


are 
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Yim defined by Condon and Shortley’ it may be shown 
that 

UM os (¢,0) = (44/(2I+1) }'¥su(6,¢), 

U Kol ¢,0W) = (—1)¥[4e/(21+1) PV sx Oy). 
For certain purposes it will be advantageous to use the 
principal body axes #92 in which case the tensor I is 
diagonal. We write the expansion (2.4) explicitly in 
this case as 


(2.7) 


JM)= Dra&r|JRM), 


where K is the component of L along the principal 
2 axis. The form (2.8) is the one generally presented in 
the literature. It was shown in Appendix C of I that 
the expansion coefficients are related by the transforma- 
tion law 


(2.8) 


ax= LR GrU” rx (a,8,7), (2.9) 


where a, 8, y are the Euler angles of the principal axes 
system relative to the system xyz. The principal axes 
have the advantage that for a symmetric rotator the 
states | JKM) are themselves the energy eigenstates if 
the 2 axis is the axis of symmetry, i.e., under these 
conditions the expansion (2.8) reduces to &g=1, 
&r =0 for R’#K. 


3. CROSS SECTIONS FOR THE DIRECT 
SCATTERING 

For large values of kob the term C in the exponential 
operator of (2.2) dominates. The terms A and B are 
of order (xb)-* and (xb) relative to C. If we write 
\=-—il and the exponential operator as exp(AC) f(A) 
with f(A)=exp(—AC) expA(A+B+C), the classical 
approximation corresponds to replacing f(A) by the 
unit operator, while the first quantum-mechanica! 
correction consists of retaining terms in the expansion 
of f(A) up to order (xb)-*. These cross sections are 
derived in I, Sec. 3. The result of the classical approxi- 
mation can be written as 


e1(,€) = 2a*k[ 4 (17 i72) eoxtx 1K (p) 
for —4rex?<e<0, 
= 2a*k[ x (rire) kox*x |g K (q) 
for —4ryn? <e < —4hrx’, 
otherwise, 


(3.1) 


=0 


where 7; and rz (r;>r2>0) are the two nonvanishing 
eigenvalues of R, K is the complete elliptic integral of 
the first kind, and 


= 1+2e(r*) 
pP=qr=r'(x?*-1), 
r=9o(7;—f2)'. 

The values of 7; and r2 are given explicitly in terms of 


the principal moments of inertia and the components of 
b relative to the principal axes in I (3.2). 


*E. U. Condon and G. H. Shortley, Theory of Alomic Spectra 
Cambridge University Press, Cambridge, 1935), p. 52 
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On introducing the dimensionless variables 


A= kko'[1+6(1— kok cosd) F", 


6= mr ,(1—°), 


we find the differential cross section o(8)= /a(0,e)de 
becomes 


i 
Go\(8) = 2a" (rire) e(r; —f#2)} \f dp pK(p) 
0 


I 
* A(1+rp*) +f dq qK (q)A(r+¢@) | (3.2) 


With the help of the relation kko@'= (1+46)~"(6 cosd 
+(1—# sin*#)'], we may express A in terms of the 
variable 6 alone and can then carry out the power 
series expansion 


A= > d,s". 
n=O 
The first few expansion coefficients are 
do = ie 
d.=4(1—cosd)(5—3 cosd), ds= —3(1—cos?)?, 
d,=}(1—cosd)?(27— 10 cosd — 5 cos*#). 


d,;= —2(1—cos#), 


As a function of p the variable 6 has the form 6=mryrp’ 
x (1+rp*)* while as a function of g it takes the form 
6=mryr(r+¢)—. 

If we insert the series expansion of 4 and use the 
appropriate functional form of 6 in the two integrals of 
Eq. (3.2), we are led to the relation 


(8) = (2a*/x)[r(1+r) }! >, d,(—2mry)* 
«(E+ +- (2n4+1)*](8/dr)"g(r), 


with g(r)=h(r)+rh(r") 
XK (r+¢)3 

In order to evaluate the integral A(r) one can derive 
from certain differential relations for the complete 


elliptic integrals the indefinite integral* 


where h(r)= So'dg qK(q) 


r f dq qK(q)(r+¢@)!=@K(q)(r+¢)3 
—I(r; q)(r+¢), 


where II is the complete elliptic integral of the third 
kind. Substituting the desired limits yields 


h(r)=(r(1+r) P4e—tan (r!) J, 
so that 
g(r) =4e[r(1+r) }. 


We obtain finally the expansion of the classical cross 


‘ Integrals similar to this have been calculated in full detail by 
K. F. Miller, Arch. Electrotech. 17, 336 (1926) 
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section in powers of the mass ratio mr, 


a (3) /a?= 1+ 4(mr,) (1+ 2r)(1+7)—d)+ (1/15) (mr,)* 
XK (3+ 897+ 8r?) (14+-7)-*d.+ (1/35) (mr,)* 
X (5+ 1894-2497? +- 16r*) (1+7)-*d; 
+ (1/315) (mr,)*(354-160r+ 2889" 


+-256r?+- 128%") (1+9r)-*d,4 (3.3) 


The mass ratio expansion for the general expression 
(2.2) will now be considered. Following Zemach and 
Glauber we take the Taylor expansion of the exponential 
operator and obtain thereby a corresponding expansion 
of the expectation value in powers of (it) which we 
write as 


(x)y= y Be e,n(il)". 


n=O 


rhis is substituted into (2.1) and then the integration 
over the variable ¢ is performed. The differential cross 
section takes the form of a series expansion in powers of 
the mass ratios (mb,*//,), 


ko > [ (mk-'d/dk) "ke, |k =ko 


In the expansion of expl—i/(A+B+C)] we see 
immediately that terms having A all the way to the 
left or right give no contribution to the expectation 
values in Eq. (2.2) since A!JM)=0. Terms of odd 
degree in B likewise contribute nothing to the expecta- 
tion values. It may be seen from Eq. (2.6) that they 
lead to integrals of the form (44) which vanish since 
their integrands are odd. When we retain only contribut- 
ing terms the expansion of (2.6) to third order in ¢ has 
the form 


(3.4) 


Oy (3 ) 


bxx+(2J+1)" dow (JKM | (—it) 

+4 (it)?(B?+C?*)— (1/6) (it)? 

<X (BA B+CAC+ BC+CB+ BCB+C*) 
x |JK'M 


X/JKK 


(3.5) 


One choice of body axes that suggests itself for 
evaluating the matrix elements (3.5) is the system in 
which R is diagonal. The position vector b is an 
eigenvector of R corresponding to the eigenvalue zero, 
and we take the direction of the z axis along this vector. 
The components of Q, G, and c in this system are given 
in terms of r;, r2 and the principal moments of inertia 
in I, Sec. 3 

The procedure for evaluating the expectation values 
(2.6) first to commute the angular momentum 
components all the way to the right or left of the terms 
in which they appear. Their operation on the basic 
states is described by Eqs. (2.5). We then go over to 
the Euler angle representation. Since no factors depend- 
ent on M have been introduced, the average over M 
can be carried out immediately by using the unitary 
property of the wave functions. This is illustrated in 
the Appendix where the resulting integrals are eval- 
uated. Finally the expansion coefficients ¢, are inserted 


is 


Cc 
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into Eq. (3.4). We note that the contributions of ¢ 
and C? in Eq. (3.5) are formally independent of the 
choice of body axes. This can be seen as follows. Since 
C does not contain the angular momentum operator, 
an arbitrary function f(C) does not connect states of 
different K regardless of the axes system in which 
components are taken. More precisely we have that 


(2J+1)7 Sow (JK'M! f(C)'|JKM 


(1/87 bKK f f(C)dw, (3.6 


right-hand side being taken 
over all orientations of the rotator. Since C is a scalar 
invariant, of the 
rotator is independent of the choice of body axes, and 
therefore the integral is likewise. Using axes which 
diagonalize R and the evaluation of integrals in the 
Appendix, we easily find that the right-hand side of 
Eq. (3.6) for the case /(C)=C 
and for {(C) 
The complete computation to second order in the mass 
ratios yields 


with the integral on the 


its value for a given orientation 


equals LiKK K*(%71+72) 


1/00) bx xx! (3r2+ 27)72+-372"). 


C? equals 


ay(3)/a?=1—3m(r, +12) (1—cosd)+ (1/30)m? 


XK (3r°+ 2rire+3r.7) (1—cosd)(5—3 cos? 
bm? (Rob) *{4 (92 +9r2)[ J (J+1)— (kK? 
b (ri tre)? +64(Gi?+Go3?)[ (K?)+4 | 

Vx (U—K+1)(J+K) }b%Gy(2K—1 
X R(ax*ax_1)+4(r2—r?)(J—K+2 
xX (J+K—1 


+-1b'7r,Ge 


>| +» 
N\QK aK 


(2K—1 (3.7 


}, 


j denote the 


J(ax*ax_1) 

(K*)=) x ax*axK? and ® and 
oe 

real and imaginary parts, respectively 


where 


In the case of the symmetric rotator the symmetry 
about the principal Z axis permits placing the nucleus in 
the plane of the principal Z and Z axes. The components 
of b relative to the principal axes are then (6;,0,63). Thus 
the z axis lies in the £2 plane and makes an angle 8)=tan™ 
X (6;/b3) with the symmetry axis. The Euler angles of the 
principal axes relative to xyz are seen to be (0, —Bo, 0) 
JKM), we have in Eq 


For the energy eigenstate in 


(2.8) that 
aGQr=1, a&gr=0 for A’#K 3.8 


The coefficients ax are then given by the transformation 
law (2.9) as 


axk=UY gx (0, Bo. O (39 


K 


Formally an average over A and 
the cross section for the symmetric rotator is in general 


is required, but 


even in KA, since the states |JAM) and |J —K —M 
have the same value for the matrix element in Eq. (2.2) 
and an average over all values of M is taken. That the 


expression (3.7) for o7(#) is even in A may be verified 
explicitly by using the relatior 


US _pgr(0, —Bo, 0) —1)K+K] 
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In I the expression for the first quantum correction 
to the classical cross section was based upon the use of 
body axes which diagenalize R. It was erroneously 
asserted there (p. 871) that the special case of a sym- 
metric rotator corresponded to the condition (3.8) on 
the ax. The coefficients given by (3.9) are instead the 
generally valid ones. Only when the scattering nucleus 
lies on the symmetry axis is (3.8) also applicable to the 
ax, for then UY gx(0,0,0)=8gx. The results for the 
examples of symmetric rotators discussed in I remain 
unaffected, since for the spherical and linear rotators 
the axes xyz defined above are also principal axes. 

An alternative form for the mass ratio expansion of 
the cross section may be obtained by using the principal 
body axes #72 to evaluate the matrix elements (3.5). 
Again the results will be given to second order in the 
mass ratios. When the principal body axes are used, G 
is diagonal and in terms of the principal moments of 
inertia J; is given by G;;=J,—. The quantities appearing 
in the operator B then take the form 


Cm=bm(Gmm— Trace G), (3.10) 
and 
0 bly 
Q= —b;J > 0 


boJ 


—b ls 
bly? 
—b J 0 


(3.11) 


where the components 6; are, of course, taken with 
respect to the principal axes. The same procedure used 
to obtain (3.7) is employed to evaluate the contribution 
of B in Eq. (3.5). 

The alternative expression which is found for the 
differential cros} section by the means described is 
perhaps a more useful one than Eq. (3.7). The expansion 
coefficients ag are the ones generally evaluated in 
computations of molecular wave functions and they 
possess the more elementary form (3.8) when the 
molecules are symmetric. The differential cross section 
may be written as 
os(3)/a* 

=1—3m(Trace R)(1—cosd)+ (1/30)m? 

XK (37 2+ 2rir2+-3r2?) (1—cosd) (5—3 cos?) 

+ 4m*khy (411? (62? +63) +127 (67 +52) | 
«(J (J+1)— (R*))4+-177(62+62) (R) 
+4[b2(/; +157 +b2(1,'+ 77°? 
+b2(1,7°+7°)Y]4+EDe ((J—K+1)(J+R)}} 
* {—(2K—1)1 sb 1b, R(ag*ar_,) 

+ ils beg (Gr*ag_s) |+$[117(62+5;") 
—I5*(byb#) I (J -—K+2)(J+K-—1)}} 

X R(Gx*aR_»)—il Ts 1bybe 


x((J-—K+2)(J+K—1)]'g(ar*ag_2)}). (3.12 


In order to specialize (3.12) to the case of a symmetric 
rotator, let us take the 2 axis as the axis of symmetry. 
Then J,=J, and the symmetry permits taking }.=9. 
Furthermore the condition (3.8) is satisfied, so that the 
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summation term vanishes and (K?)=K?. The resulting 
expression is even in R. With /;=J.=7 and ®=b2+6; 
the differential cross section for the symmetric rotator 
becomes 


as(3)/a* 
=1—3(m/11;)(b1,+671+621,; |\(1—cosd) 
+ (1/30) (m /1T 3)" 3b'T 24-2877 (67 +67/;) 
+3(b?1+677;)? |(1—cosd)(5—3 cosd) 
+4(m/kolls)*{412(0+62)(J (J4+1)—R?] 


+1°b2R?+162(1+1,)+b2/2}. (3.13) 


Two special cases of symmetric rotators are of 
particular interest. For the spherical rotator we set 
I;=I1 and average over all values of K, which has the 
effect of replacing K® by 4/(J+1), obtaining 


ay(8)/a*=1—4(mb?/1)(1—cosd)+ (4/15) (mb?/7)? 
x (1—cosd)(5—3 cosd)+ 4 (mb/kol)? 


x(RJ(J+1)+1). (3.13a) 


For the linear rotator we need only set K=O and 
b,=0 in (3.13). The differential cross section for a 
linear rotator is thus 


oy(8)/a?=1—4(mb?/T)(1—cosd)+ (4/15) (mb?/7)? 
< (1—cosd)(5—3 cost) + 4(mb/kol) 


x(J(J+1)4+1], (3.13b) 


which agrees with the results stated by Zemach and 
Glauber. 

We consider next the region of very low neutron 
energies where the preceding approximations are 
inadequate. Here the mass-ratio «xpansion may be 
expected either to converge slowly or, for neutron 
energies less than the rotational level spacing, to 
diverge. The low-energy approximation is based on 
the property of Eq. (2.2) that in this limit the term A 
dominates in the exponential operator. In the approxi- 
mation to order (kod)? the operator is expanded and 
terms up to second order in B and first order in C are 
retained. The desired form of the operator can then be 
written as 


AaB m= 14 N(B+C)+ f an’ f dy" Be’ 4B 


+A(+--)+(-+-)A+0O(BC). (3.14) 
\s explained above the terms with A all the way to 
the left or right give vanishing contributions in (2.2) 
and the term linear in B does likewise in the matrix 
elements (2.6). The matrix elements of C between states 
JKM) are known from the previous calculations. In 
order to handle the integral term explicitly, we now 
restrict our considerations to the case of a symmetric 
rotator. The symmetric rotator Hamiltonian and 
consequently the operator A are diagonal in the basic 
set of states for which the body-axis component of 
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angular momentum refers the symmetry axis. 
Moreover the eigenvalues are known exactly. Calling 
the symmetry axis the Z axis and the common moment 
of inertia about the other two principal axes /, we 
write the well-known result 


to 


H\|JRM)=E(J,R)|JRKRM 


E(J,R)=41-J (J +1)4+4U°-I-)R*. (3.15 


To find the contribution of the integral term in 
(3.14) components will be taken in a system of principal 
axes bearing the notation just given. The symmetry 
about the 2 axis further allows us to select the £2 plane 
so as to contain the scattering nucleus, and hence we 
may set b.=0 in Eqs. (3.10) and (3.11). Since the 
body axes thus specified are the only ones entering the 
calculations, we shall for simplicity omit the bar on K 
which has heretofore been associated with the use of 
(2.8). 

Let us specify the initial state of the rotator by 

JKM). In order to evaluate the expectation value 
(JKM |B exp(\"A)B| JKM), we determine the opera- 
tion of B on the state vector. Once the vector B| JKM 
is known we need only operate on it with the exponential 
operator using (3.15) and then take the scalar product 
of the result with the adjoint vector since B is Hermi- 
tian. The desired evaluation can be effected in the 
explicit representation given by the Euler angles 
w=(¢,0y~) of the body axes. The components of « 
relative to these axes are given by 


« siné cosy 


Al 


y— fet 


' 1olw 
« 31n@ sing 
Violwi+l 


Kk COS? 


Che operation of B on the symmetric top wave function 
V,U“ «(w) is found as follows. Insert (3.16) into one 
of the forms given for B. Then the products of matrix 
elements of LU’ are reduced by means of the tabulated 
Clebsch-Gordan coefficients (JK/ik| JijK+-k) and the 
operation of the body-axis components of L is given by 
(2.5). The relevant reduction formula® is 


UO p(w) UY Kw\w 


J+J 
> TKIR| JUG KR +R)U® pie ulw 
y J 


X(JMIO| JI7M). (3.17 
After performing the computations outlined and 
averaging over M, we collect the contributions of the 
various terms in (3.14) to the expectation value (2.2) 
and obtain finally for the scattering cross section of a 

’ See, for example, A 


Quantum Mechanics 
1957), p. 60 


R. Edmonds, Angular Momentum in 
Princeton University Press, Princeton 


( 
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symmetric rotator in this approximatior 


osx (#,€) a’ 

= hho 1 — hb? + tbs (J +1) 1K? ale 

+ hhkko be (2I+1)-'{ (J +1—K)(J+14+4) 
xX (J+1)~SL e+ A(J+1, K) 

+ (J—K)(J+K)J~8[ «+ A(J—1, K)}} 

+ (1/12) Rob, (J +1)(2J+1)] 

«K {(J+1+K)(J+24+K)ile+ A(J+1, K+1 
+(J+1—K)(J+2—K)éle+A(J+1, K—1)]} 
+[J (J +1) }?'((J—K)(J+14+4) 
KdLe+A(J, K+1)]4+(J+K)(J+1-—K) 
<Xole+ ACJ, K—1)]}4+(/(2J4+1)}° 
X{(J—K)(J-—1—K)éLe+A(J—1, K+1) ] 
+(J+K)(J—1+K)a{ e+ A(J—1, K—1) }}), (3.18) 


where the rotational level spacing is written as A(J1,K,) 
= FE(J,,K,)—E(J,K). Writing p= — (2m/k*)A(J,,K1) 
we have for the transition (J,K) — (J;,K1) 


hho? = 2k? (1+) 1+4p— (1+ ))! cosd }. (3.19) 
The condition |p|<1 holds when the mass ratios are 
sufficiently small. We can expand the right-hand side 
of Eq. (3.19) in powers of p and obtain thereby a 
mass ratio expansion of the low-energy cross section 
(3.18). Retaining terms to second order in p yields the 
first, second, and fourth of the four terms presented 
in the more general expansion (3.13). This agrees with 
the observation of Zemach and Glauber that the mass 
ratio expansion of the approximation 
contains the terms which dominate at low energies in 
the more general expansion (3.5 

It is of interest to consider the explicit summing of 
the partial cross sections for individual rotational 
transitions. The procedures involved will be described 


low-energy 


for the symmetric rotator and the very low energy 
case will then be compared to the preceding calculation 
We begin with the expression for the differential cross 
section of the scattering process, in which the rotator 
undergoes a transition from the initial state y; to the 
final state Wy, 


+(8)= ¥ a,a,(k/ko)M,*M,, 3.20) 


taken over all nuclei of the rotator and 


vy exp 


where the sum is 


V, -ix-b, y 


[he complete cross section for a given initial state is 
the sum of the partial cross sections (3.20) over all 
final allowed by the conservation The 
component M of the rotator’s angular momentum L 
along «x remains unchanged during a collision, since the 
change in the neutron’s orbital angular momentum is 
perpendicular to x. Hence, with K again designating 
the component of L along the symmetry axis, we 
require the matrix elements for the transitions (J,K 


states laws. 
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— (J+n, K+k), which we write as 


Maxn=(J+n K+k M|\exp(—ix-b)|JKM). (3.21) 


The same system of principal axes as in the low-energy 
calculation will now be used, and we call # the polar 
angle of b with the Z axis or x and §» the angle which b 
makes with the symmetry Z axis. Recalling that the 
principal ZZ plane may be chosen to contain the 
nucleus, we have Bo=tan™'(b,/b3). Now consider the 
expansion of the exponential in (3.21) in Legendre 
polynomials P;(cos#o). The addition theorem enables 
us to express each P; in terms of the polar and azimuthal 
angles of b and « relative to the body axes, namely 
(80,0) and (—6, —w), respectively. Combining these 
two developments gives 


exp(—ix-b)= > [4ar(21+-1) }8(— a)! 71(xd) 
lo 


1 
X EE Vu(Go,0)U rw). (3.22) 
a 


The matrix elements (3.21) can be evaluated in the 
Euler angle representation by means of the reduction 
formula (3.17). It is seen that each higher 7 value in 
(3.22) introduces larger values of |J+-n| in the resolu- 
tion of exp(—ix- b)U™ xy. Of course, only energetically 
allowed transitions can actually occur. 

The nature of the low-energy approximation is 
revealed through the asymptotic behavior of the 
spherical Bessel functions for small arguments: 


julx) ~[1-3- ++ (2041) xl —4(2143)72] 


Since the cross section for a direct scattering collision 
(v’=yv) involves the square of the magnitude of the 
matrix elements (3.21), the approximation to order 
(xb)? is a consequence of retaining terms up to /=2 
in (3.22). In fact, this approximation gives precisely 
the cross section (3.18). For example, contributions to 
the elastic scattering come from the /=0,1,2 and k=0 
terms with the result that 


J 
(JI+Hi)" ¥& 


M=—J 


| Moo|?=1—4u2b?-+ 4262 (J +1) 7K? 


The inelastic terms in (3.18) come from the /=1 and 
k= —1,0, 1 terms. 


4 
4. INTERFERENCE SCATTERING 
The part of the rotator cross section due to inter- 

ference scattering involving nuclei 1 and 2 is obtained 
by replacing the single expectation value in Eq. (2.1) 
by the pair (Xy2)+ (Xa). If bi.=b,—b», the first 
expectation value is given by 
(X12)7 = @142(2J+1) -t You (JM | exp (ix: bys) 


Xexp[—it(A+B2+C.)]|JM), (4.1) 


where the subscript 2 on the operators B and C indicates 
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that they are taken with reference to nucleus 2. In 
the second expectation value the roles of 1 and 2 are 
interchanged. We shall again employ the technique of 
expanding the expectation values in powers of (i) 
and then applying Eq. (3.4). 

‘ The case of a symmetric rotator in the initial state 
| JKM) will be treated to first order accuracy in the 
mass ratios. For taking components we use the system 
of principal axes in which 2 is the symmetry axis and 
the #2 plane is parallel to by. Hereafter the bar on 
K will be omitted. We let yo be the angle which 
b;. makes with the Z axis and d=by. In the ex- 
pressions to come the notation will be simplified if we 
write components in this system as follows: d= (d;), 
x= (Kk), bi = (4),%42,u3), and be= (01,02,03). In (4.1) the 
quantities ¢ and Q are obtained from (3.10) and (3.11), 
respectively, by inserting for 6; the components of 
be. Similarly the tensor R has components Ry= 071, 
+0277, Ry=—veldy", ix jAxk. Throughout we set 
I,=I,=I. Then from the unitary property of the 
UY Ku we obtain 


(23 +1)" Sou (JKM | exp(ix-d)| JKM) 
= (18x) f exp(ix-d)dw, 


(27+1)" Sw (JKM | exp(ix-d) By| JKM) 


=(1/8e') f exp(ix-d)[—Qi,Kii— Qa Kiko 
+-hicmim \dw, 
(27+1) Su (KM | exp(ix-d)C2| SKM) 


= (1/80) f exp(ix:d)} Rmnk mind. 


In (4.2). the integrals are taken over all orientations of 
the rotator. 
The integrals occurring in (4.2) can be expressed as 
a linear combination of integrals which are evaluated 
in the Appendix by the following transformation of 
variables in the integrands. The transformation 
corresponds to a rotation from the original principal 
axes to the system of body axes in which d is parallel 
to the new z axis, i.e., to a rotation through the angle 
vyo= tan—'(d;/d3) about the @ axis. 
Ki =K) COSYo+ks sinyo, 
k2= ke, (4.3) 
K3>= —k) sinyot Ks COSY o- 
For example, the use of the transformation (4.3) in 
the second integral of (4.2) yields in the notation of 
the Appendix 
(2I+1)7 Sow (JKM | exp(ix-d)B,| JKM) 
(1 Sm) (—O1aK + fics) sinyo 
+ }icy cosyo \J (001). 
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After evaluating the integrals in (4.2) we then have the form x;"x2"*«;™, where the m, are integers. The x; 
(Xi2)y to the desired accuracy and it can be expressed in are the components with respect to a set of body axes 
terms of jo and j; alone by means of the relation xyz fixed in the rotator of a quantity x directed along 
ja(x)= 3x" j,(«)— jo(x). The corresponding expression the Z axis fixed in space. Going over to the representa- 
for (Xi) is obtained by interchanging 1 and 2 in the tion in the Euler angles w=(9,0,~) of the body axes 
previous result. Adding the two expectation values we have 
and averaging over +K and —K, we obtain finally 
from Eq. (3.4) Rs gl 

——— YO UKM |«:"«2"%;"| JK'M) 
int" (8)/aia2 (2J-+1) M—vJ 


: ’ m nt Ll b,)? , 1B. - 
= 2jo(xd)—— —) —(bi Xb2)? jo(xd 
T «Oo ere 


dw UY cm (w)U D eo 


XK (w)Kr™x2"«3™. (Al) 


+] (4 = ) bbs) — (bs xb Ce where d=udgdy sinéd@ and the integration extends 
I I? 


d over all orientations of the body. The sum over M 
can be carried out immediately with the help of the 
1 . _ ae unitary property of the matrix U/. The right-hand 
) | 2ases iad) + (we-+o2) q side of Eq. (A1) becomes (1/82")ixx-J (nmynon3) with 
3 


3 


3 ; 
x (<is(at)—ejuted)) |} . (44) J (nynn;) J K1™x2"%x3"8dw. (A2) 
r 


0 


APPENDIX Expressing the components in terms of the Euler angles 
as in Eq. (3.16) and letting n= ,+n2+ ns, we can write 


After the angular momentum components are the integral J in the product form 


allowed to operate upon the basic states in the expecta- 
tion value (3.5), there remains a collection of terms J (nynyns) = x"G(nyn2) F (nnn), 
each containing the expectation value of a product of where 


as wLit+(—1)™" [1+ (—1)" Pr 401.+-1) 94 (+1) )] 
G(mn:)=2e(—1) f dy (cosy)™ (siny)* = — ————____—_ ,  (A3) 
0 


and 


F(nynn;) -f d6 (cosd)"*(sind)™ ++! = [1+ (—1)"* JPL 4(m3+1) PL} (m14+-24+-2) J/ 2704 (n4+3)]. 


Combining these results gives Since G(nnz) vanishes unless m; and m2 are both even, 
we need only consider the case (n\+nz) equal to an 

FE integer. When in Eq. (A6) we raise (1—y?) to an 

J (nyngns) dell IT [1+(- D=EHne+)}} / integral power, each term contains an even power of 
n 


u. A typical term, say u*”, yields an expression of the 


r[h(n+3)]. ‘type 


The expectation values encountered in Sec. 4 led to 
integrals of the type 


l=—0 


1 2m+n3 > 
f in| > (214+1)i'j:(xd)Pi(u) e?™*™*. ~(A7) 
—1i 


The sum in (A7) is effectively over only even or only 
odd values of / depending on whether n; is an even or 
odd integer, respectively, because P;(—)= (—1)'Pi(u). 
The integrals in (A7) are all special cases of a general 
integral formula.* The particular integrals (A6) required 
to derive Eq. (4.4) are H(000)=2jo(«d), H(001) 

aa =2ij;(xd), H(200)=H(020)=4[ jo(xd)+ jo(xd)] and 
I (myngn;) =x"G(nyn2)H (myns), H (002) = 3[_jo(xd) —2j2(xd) }. 


Inman) = f CFF HI MI 2 2", (A4) 


which can be expressed in the form 


, * Bateman Manuscri j ; T , i 
; a 2} pt Project, Higher Transcendental Functions 
H (nnys) -f dy ef (1 — py?) (ertad yas, (McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1, 
al p. 171, Eq. (23). 
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The electrostatic self-energy of the liquid-drop-model nucleus has been divided into two parts, one of 
which has been evaluated. The problems arising due to difficulties in choosing limits of integration—diffi- 
culties which occur due to the presence in the integrand of the factor r::~'—are all contained in the formu- 
lation of that part of the self-energy which we have obtained. The evaluation of the other part of the self- 
energy poses no such limit problems. 

The shapes which we consider for the drop are the shapes adopted by a nucleus undergoing symmetric 
fission. 

The self-energy is expressed as a multiple-power series in the deformation parameters a,. The part of the 
self-energy which we calculate is zero through the general seventh-power term in the multiple-power series 


for the self-energy. 





T has been shown in a recent paper’ that in calcu- 
lating the electrostatic self-energy for the liquid-drop 
model of the nucleus one finds it convenient to formu- 
late two contributions to the energy. In this paper we 
shall consider in detail one of the two contributions. 


CHARACTERIZATION OF THE DEFORMED DROP 


The drop is allowed to have deformations which 
preserve an axis of symmetry (the z-axis) and a plane 
of symmetry (the x,y-plane). For the equation of the 
surface of any such drop, the distance from the origin 
to a point in the surface can be represented by 


finite 
R(yu)= Ref tact 4 


n=2,even 


R(cos#?) = on? (s) | 


where #@ is the colatitude (u=cos#), P, is the Legendre 
polynomial of degree n, and a, [=a,(#) ] is a distortion 
parameter. (A set of values a, defines a given shape.) 
We further demand that any spherical surface con- 
structed with its center at the origin of coordinates 
either has no intersection with the drop’s surface or 
intersects this surface twice: at }=d> and at d=xr—dp. 

In Fig. 1 we have the profile of a deformed drop 
which satisfies these conditions. The largest sphere 
which can be placed inside the drop has radius b. A 
somewhat larger spherical surface with radius r inter- 
sects the drop twice. The shaded region outside the 
drop’s profile represents an annular region interior to 
the sphere of radius r and exterior to the drop. 


Sed 





DROPS PROFILE 


Fic. 1. Profile of a deformed drop (with constructions). 


1 W. D. Foland and R. D. Present, Phys. Rev. 113, 613 (1959) 


FORMULATION OF THE PROBLEM FOR 
ELECTROSTATIC SELF-ENERGY 


The electrostatic self-energy of the drop is 


umf fore (2) 


with pi=p2=p=Ze/(4rR,*/3) for a drop with charge 
Ze. In terms of the electrostatic potential this becomes 


us=3 f oVdn, (3) 
in which 
v= f odra/ris (4) 


We expand 7," in terms of P;(ui2), where ui is the 
cosine of the angle between r, and re, to get 


2s 1 ri 
Virua)=o f der f us| f 
0 - 


R(wa) e 
+ f ined =~ piu) | (5) 


l= r,'+ 


o £2! 
dr,7? > — Pilmis) 


=O 7} 


We now note that the equation for V (91,4) is valid 
only when 7,;<6. (See Fig. 1.) For 7;>6 the limits of 
integration include regions outside the drop. We may 
use this expression for the potential for the entire drop 
provided we then compensate for the error introduced 
by using it for regions where it is incorrect. Using this 
potential for the entire drop, we get a contribution U° 
to the electrostatic energy of the drop. We then calcu- 
late a correction, U/;*, to the energy such that 

Ut=Ue'+ U1. (6) 
For regions where r;> we add to the above potential 
a potential correction AV 
2 Ya ri 1 1 
AV= of df | - dr, 2E —Piew) 
wo(ri) Rip) 1 


lO 7; 


R(»2) n r;! 
-f dr, r? > “—Piiss)| (7) 


1 lO 7 
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where yo(r,) defines the intersection of the drop’s of the drop that we are considering now in greater 
surface with a sphere of radius 71; i.e., R(uo)=r1. One detail and to higher orders of approximation. 

sees that this potential corrects for the error introduced 

by using V(r;,u:) in the regions for which r;>6. The EVALUATION OF THE CONTRIBUTION U: 
correction AV is to be added then when r,;>0. Thus For any given nuclide Z and Rp» are fixed, and U,° 


is a multiple-power series in the parameters ao, a2, Gs, 


Qn 1 R(u1) a I . ' 
, -++.* In order to establish the coefficients of the terms 
l i° =4p d¢yy dy dr, r2AV . ° . | 1: gr i 
3 Se in this series, we shal! differentiate Eq. (10) the requisite 


number of times for each term. We find it convenient 


@ f _ pk to reduce the problems of notation by defining 
21’ p" = dy P (yy) dr; r,? 
be o/ _y P é , (11) 


b 


Il 


po (ri) rl r; r,! ) é 
7 » Pilpe fet — — —}(8 . 
x du Pi(u2) dr 12 7 sa 5) and 3) G(r 
R Ts Lal 


BolT) t (2) 


1 


- |mi! G(r ») , (1) P(e) “ 
ooo _ ata 1,41,72,he2 i)f i\ pe 
2r’*p* > f du Pins) f dus P i(u2) l ever 2! rT; 
lo) 1 - 


lal 
We then have the problem of evaluating the function 
l 


Rip rl r;! fo 
xf dr; ry f dr» r?X —— (‘ ] . . , 
R(u2) / R(u2) r,'+! a le Ca dur dre G(r1,41,7%2,M2), (13) 


R(u2 
as one sees upon using the addition theorem for P;(2) after which we let NV . 
and then interchanging the order of integration for r; We can use a general &-fold differentiation of « to 
and we. Our surface demands have required that Rin) Gad the cocficients of all terms of Ath power* in the 
be an even function of uw, so the equation for U;* can multiple-power series. In order to obtain these general 
finally be written as differentiations and the resulting general terms we 


introduce two device n notation: (1 To denote an 


x 


a! “1 
le hy > (us) = Fe arbitrary a, we shall use the notation ai;. The index i 
1 8x°p ya du, Pry pe f i\fho - 
Iv7o ed « 


even 


0 is used to keep the a,’s arbitrary; the index 7 is used 
to allow a distinction between the arbitrary a,’s. Thus 


R( wi) ri I vel ~ 
xf ly tf bed ihe . (10) %1@i2@is---aix will represent any g neral kth power 
ary, ry ar, 72) — . . } . . : 
R(u2) 


>» > .» . . 1 ‘ Ah kl, 1 

S Riya) r,t y ttl member or the power seri n r uding a: 5 a2" a " 
etc.). (2) To denote any general k-fold differentiation 

Equation (10) has already been given in reference 1 we shall use the symbol 0*/(da This will include 
where it was shown that U;° vanishes through terms in any arbitrary choice of the a 0°/(da;)* includes 


1.°. It is this contribution to the electrostati: self-energy 0*/dai;’, 0/daivIdir, 0°/ Aai,dai*, and d 0411 0ai20ais |. 


The first general differentiation of € is 


de a *) “1 R(ay rl 
— / dy f dus f dr; f dry G(r1,441,7 2,42) 
Odi, Jai Ho 0 R(u2) R(u2) 
1 #1 | r ri AR(u1) R(m1) OR 2) | 
- du ‘S dus < dre G(r3,441,72,h2) _ f dr, G(r\,u1,7 22) . ee 
0 . R rim R(ui) re= R( ue) : 


(ua) den R(2) . s Oa 


R(m1) OR (yu) OR M2) | 
<. f dy f due f drs G(R (ui) ,1,72,42)- . = dr; G(ri,u R La) hl ) ; 15) 
dai, R(ua) Odi; 


Oaiy 


Upon interchanging r; and R(u2) in G(r1,41,R(u2),u2) in the second term of the integrand and then interchanging 
the names of r; and rz in the resulting term, one finds that Eq. (15) becomes 


R(u1) OR M1) OR pe 
—= fda f dos f dre | GCR(u1) 41,7 2,42) +-G(R (112) 441, 72,42) 16) 
Oai; ; 


Odi Oaiy 


‘The parameter ao is ultimately obtained as a function of the other a, by using the condition of constant volume; we are here 
ving it (seemingly) independent status in U,*. For the operations which we shall perform thi 
"Y By a kth power term we shall mean a term for which the sum of exponents of the a, is Im?” 2," 1, is a kth power 


term if pit+pmt+pat t ps=R. 
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Here we have used the antisymmetry of G with respect to an interchange of r; and 7; [see Eq. (12) ]. The equation 
for R(u) is linear in the ai;. We write Eq. (16), then, as 


de R(m1) 
—= f us f dps f dry [G(R (m1) 1,7 2,62) P ix (ur) +GCR (uo) 11,7 2,62) P in (ua) J. (17) 
Oat; 0 R 


(wa) 


Let S(r1,u1,%2,u42) be an indefinite integral of {dre G(r1,u1,72,42) ; then Eq. (17) becomes 


: =~ f de f diss (CCR (a1) ts R (un) sea) — GOR (ss) ts, Gt) ta) VP a (us) 
Odi 
| +( SCR (2) o1,R (41) 2) — GOR (ua) oer, R (2) te) JPin(ue)}. (18) 


We now differentiate nm additional times 


Onrtrle a" 
a -f in fi dus | [5-88 RO) Gay (ss) [Pal 


(aa, jet a, 


0” o” 
+: ya FOR (os) mas (os) Ha) — “aye 8CR OH) ou RG) [Pan f (19) 


da;)" da,)" 


When the indicated differentiations have been performed and the ai; remaining in the integrand have been set 
equal to zero, the resulting expression is proportional to the coefficient of the general (m+ 1)-power term in e. 
The particular coefficient being evaluated is determined by the choice of the n+1 ai,’s. Let the coefficient of the 
term @ij@i2diz* + - Ging, in € be Nays. (This coefficient obviously depends on the choice of the ai;.) We define « as* 


grt 
= ————@i,@ig* + *Ainss, (20) 
(da,;)"** 
and M,4; as kNy4:. Then we have 


1 pn an an 
Mau=f dus f dys | GOR (u1) ,o1,R (41) 42) — —— GOR) Ra) [Pio 
0 0 (da,)” (da,)” ‘ 


o” o” 
+|- k —G(R(u2) 1, (41) 2) — 2 SCR) Roe) | Pa) . (21) 
0a,)” (da,)" 
Set ail R(:)=1=R(ps). J 


For the differentiations arising we have 


o” n o7-* Of «m+1 
(Ra Ca = > \——sIl Put, 


(aa,)" 10 Or;"—* Org" jm 


n or-* og n—s+1 n+l 


an 
> SCR (er) oa R (2) He) = y oe —g> II Pij(1) II P ix(u2), 


(d a;)” 0 OF)"—* Ofo® an ju k=n—et+2 


where }/ a, sums all possible, nonrepeating permutations of indices i; and i,. Some care must be excised in forming 
the a, summation. (1) The summation must be performed before the actual choice of the as; is made—the permu- 
tations are made with the ai, diz, ais, etc., and not on the ds, a4, ds, etc. (2) A permutation, to be accepted, must 
give a term that has not already been included : interchanging indices among either the yi, or #2 polynomials does 
not produce new terms for the summation—for example Pi2(u1) Piz(u1) Pia (ue) is the same as Pig (yy) Pi2(us) Pig (us), 
and of the two expressions only one is included in an a, summation. 

We now note that no term arising from a differentiation (0°/dr.°)G can contribute to the value of M,41: These 
terms arise from differentiations / ‘dr, (@"G/dr,"); and upon entering the limits for the M,4; evaluation, one 
finds these terms, /,,*+'dr. (8°G/0r;"), are all zero. This result means that all summations > <0" in Eqs. (22) 
can be replaced, for our purposes, by }>,~:" summations. The fact that 1 is the lowest necessary value of s allows 
us to replace 0°G/dr,* by 0°"G/dr,*""— our indefinite integral G is, then, not needed as an explic it function. 


‘The value of « ranges from 1—the case for which none of the ai; are chosen to be the same—to (n-+-1)!—the case for which aé; 
= dig= ++ * = dings. 
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The integrand for M,,; has become 


n gy-* ge n+l 
z(* ) cm loap a yEpA SO RG) 1 RG) a) Pans) HT II Pi;(us) 


ol Or,"—* Ore" 


n or: ge! n+l 

Zz ( = G(R (2) ,u1,R(u2),o2)P (ue) TT Pij(u 
or,"-* or," —) 

a or o* 1 a~o+i 


n+l 
— 2 —— G(R (1) rR (a) we) Pron) TT Pis(mr) _il Pig(u 


o=1 Or,"—* Ore* an ju 


e @F* g-! n+l 
-+2— G(R (2) o1,R (ur) oe) P in (ua) Tl Pay wo) I] Pée(us). (23) 
sl any" ary an jut k=n—e+2 
When one has performed the differentiations in expression (23), he then sets R(u:)=1= R(u2) (this is equivalent 
to setting all ai; equal to zero). Upon entering these limits, one finds a single expression for ihe four types of 
differentiation demanded in expression (23) : 
oe ge = (1+-2)! ,[l—24+(s—1)]! 
G(1,jur,1u2)=(—1)" SS Pilws)Pi(u2)— (- " 
[l+-2—(n—s)]! 


Or,” * Ore" l l—0, even ( —?2)! 


With Eq. (24) one can write for M,,; 


1 “1 ‘ or" Pe 1 nN n+l n+1 
Men= f dus f dus >> ——- ——{;(] sl, 1,u2) ( )I Il P + (p41) oom II P ij(u2 | 
0 ) a1 Or;"—* Ore? Ss yl 
n—s+1 n+l 


n~e+1 n+l 
— Pi;(u)>- II Pi; (1) II P ix (ue) +P ix (u2)>, II Pi ;(2) IT Pix (y;) ° (25) 


Qn jf? k= n—e+2 an jf? k= n—e+2 
EXPLICIT EXPRESSIONS FOR M, THROUGH M, 


One can see from Eq. (13) that ¢ will have no general first or second-power terms in the ai;: the ranges of inte- 
gration for r; and fr are of first power in the ai;, and G(r1,1,%2,42) is of first or higher power in the ai;. We thus 
see that 


+ ( 


M,=0= M2. (26) 


Of the higher orders in the M,,; we have found the integrals for M; through My, and have evaluated these 
integrals for M; through M;. The integrals for M; through M; are: 


1 “1 3 
ui { du, f du, Sd (214+-1)Pi(us)Pi(we) [] CP isu) — Piy(u2) J, (27) 
P l fol 


0 =—0,even 


1 wi 
Mam f dn f dus > 2(21+-1) Pi(u) Pile) 


l—0, even 


x | | 11 Pi;(u2)— Il Pais) +E [Pa(ss)— Past) I Pi;(u2)+ IT Pai) . (28) 


on6,0 even 


1 ui 
Mi= f dus f due > H04+1)(21+1)Pus) Padus) TL [Pi;(u1)— Pij(us)] 
0 0 


1 ai 
+f du, f dus ys 2(214+1) Pin) Pils — Pix(us)> Il Pi;(u1) I P ix(u2) 
0 0 l 


—O,even aq p23 


+ Pix( u2)>_ Il Pii;(u2) I Pix(us)+ Pala P ia(ux) ut P ix(u2)— Pix(u2)>- Pow Pi;(u)}, (29) 


a jt a4 


Me= (30) 


ad The > Jay is as 1 of permutations different from the a permutation: for a’ one permutes the index on the two functions in the 
first factor—this index takes, one at a time, all four values 2), #2, i3, and #4; and the index j takes the remaining three of the four values 
for any sc ret 9 "The a’ permutation allows the negative term — Pi; (u2)Pi2(u2)Pia(u2)Pis(u2) and the positive term Pi; (y:) Pi2(u1) 
X Pis(ui)Pis(u:) to occur four times each in the summation; the a permutation would have allowed only one of each. 
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(All fourth-order derivatives of G are zero when r3= 1=72.) 


m= f dus f du, D0 (214-1)Pifus) Pius) (l+1) (14+-2) (1-1) II CP és(ui)— Pig(ua) J. (31) 
0 0 o- 


l=, even 


We have not been able to evaluate Ms, and M,; we have formulated the integrals for these two quantities, 
using Eq. (25) and the results of the differentiations. For Ms we have the differentiation 


= (—1)" SX (20+1)Pi(us)Pr(us) (14-2) (14+-1)1(1—1) f(p) 
( ro? T?? l—0,even 

: [/(0)= —6=— (6); f(1)=—4=— (5); f(2)=—2=— (4); f(3)=0], (32) 
and for M, the differentiation 


a7"G 
mae =(—1)? DO (2b+1)Pi(ui) Pius) (+1) (14-2) I— D+ 1) +2(9) J 


Ory’? Ore” l—0,even 
[g(0)=36=g(7); g(1)=18=g(6) ; g(2)=6=4(5) ; g(3)=0=¢(4)]. (33) 


We have not considered Ms and M, to be of sufficient importance to merit numerical calculations: in performing 
calculations for the liquid-drop model, one terminates his power series after a few, low-order terms. We find 
that M; through M; are zero. [Equation (26) gave M;=0= M;. | 

Three general integrals are evaluated in an appendix to this paper. With these three integrals we can evaluate 
M:, M,, Ms, and M;. These integrals are 


i z N 


Lf de | dy X (2n+1)Pa(2)Paly)(?—¥)F (x,y) =0, (34) 
0 0 


n=—O,even 


1 z N 
JB, fa dy > (2n+1)n(n+1)P.(x)P.(y)(2—y*)*F (x,y) =0, (35) 
0 0 


n=—( even 


1 z N 
Lf fe dX (2m+1)n(n-+1)(n—1)(m+2)P a(x) P aly) (x2— 9) *F (x,y) =0. (36) 
0 0 


n=O), even 


These integrals are valid for any F (x,y) whose power-series expansion (in x and y) : (1) contains only even-integral, 
positive powers of x and y and (2) terminates with some finite power for each of x and y. Equation (34) shows 
that M; and M, and the second integral in M;, are zero.* The first integral in M; is shown to be zero by Eq. (35), 
and M; is shown to be zero by Eq. (36) alone. We thus see that M,,:=0 for 0<n<6. This statement tells us that 
« and thus U;° has no term of order less than eight in its multiple-power series. 
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APPENDIX 
By twice using the recurrence formula for Legendre polynomials on each of P,(x) and P,(y), one can show that 
(2n+1) (2*— 97) P a(x) Pauly) = (m+ 1) (m+2)/(2n+3)[Pape(x) Pay) —Pate(y)Pa(x) J 


— (n—1)n/(2n—1)(P.(x)Proly)— Pally) Pn-2(x) ]. 
From this expression one obtains immediately 


N 
DL (2n+1)(2?— 9) P a(x) P aly) = (N+1)(N+2)/(2N+3)[Pw42(x)Pw(y)— Pws2(y)Pw(x)]. 


n=0,even 


* That the integrands of M,4;’s meet the requirements needed for the validity of Eqs. (34), (35), and (36) is assured by the require- 
ment of finite » in Eq. (1)—the F(x,y) can be found in every case. 
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We shall now use this summation to show that 
. s N 
 e fa f dy SS (2n+1)(2—y)P,(x)P.(y)F (x,y) =0 (I) 
Neo 
’ 0 0 n=(,even 


provided that F (x,y) is an even-multiple power series of x and y with only finite powers of either occurring. So 
MA M,A both finite 
F (x,y) => ZZ By yx? *y? 
ad uw, positive, integral. 
Use the above summation in this integrand, and consider one of the two terms of the summation 
(N+1)(N+2) ¢' . 
ne dx Pyy2(x) | dy Py(y)F(x,y). 
2N+3 0 0 
Express F (x,y) in terms of Legendre polynomials 


F(x,y)=>d ¥ A(L,m) P2(x)Pom(y), 
lt om 


and consider the contribution of one of these terms to the last integral above 
(N+1)(N+2) 


1 z 
A Gm) f dx Py42(x) P2;(x) { dy Py(y)P2x(y). 
2N+3 4 } 


0 


Remove the products of polynomials by using the summation formula, and consider one of the terms arising 


1 


ACB f dx P(x) f dy Px (y). 
0 0 
Perform the y integration 


(N+1)(N+2) 1 , 
—A ( j,k) B ee f dx Pa(x)LP x4 1(x)— Pyyv_ (a 
2N+3 WN’ +144 


We now note that (1) A(j,&) is independent of N and is some finite number, (2) B is a number arising from 
products Py42(x)P2;(x) and Py(y)P2(y), and for large N is of zero order’ in NV, and (3) Jt and Yt’ are both even 
numbers, and both are nearly equal’ to V. As 


7D 


1 
JL f dx P»(x)Pa41(x) 
: 0 


behaves like N~! as N — , each of the two terms of the integral being considered becomes zero in the limit. 

We have considered now only two of many terms of the original integral ; these terms have a zero limit. In each 
of the four cases where we have considered a single term of a number of terms, the number of terms was finite 
i.e., independent of V. We can thus add all terms to show that 


. “ N 
yb fafa > (2n+1)(2—y)P,(x)P.(y)F(x,y) > LN 
ar 0 


n=0,even Nx 


which establishes Eq. (I). 
We shall now use Eq. (I) to show that 


1 z N 
L fa dy > (2n+1)n(m+1)P,(x)Pa(y)(e—y)*0(2,y)=0 
Ne 0 0 n=0,even 

provided Q(x,y) satisfies the demands placed on F(x,y) in Eq. (I). 


7 The demand for finite powers of x and y in F(x,y) allows one to choose N so large that 2k and 2j are both quite small compared 
with NV. 
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Rewrite the left side of Eq. (II) as 


: * N d d 
- f as dy > Qnt+Pa(a)—| (1-¥)—Paly) | P'OCeo) 
0 0 dy dy 


n=0,even 


Integrate once by parts (on y) 


+- ‘d ‘d 3 2n+1)1 ‘ . ( ) 
> — . = i 2 a2) 380) (x 
J “f y DL (2n+1) ar n(y) (1 arn x? —¥*)*0(x,y) J, 


n—O,even 


and now a second time, to obtain 
1 z N 

fa f dy > (2n+1)n(n+1)P,(x)P.(y)(x2?—y*)*O(x,y) 
0 0 n=0,even : 


d d 
\—} (1-—¥)—[(#*— y*)40(2,y) ] }. 
d dy 


n=—(),even 


. sd N 
--f af dy > (2n+1)P,(x)Paly 
0 0 


The integrand on the right has a factor («*®— y*) — («*— y*)*—is differentiated at most two times—and 
(d/dy){ (1— y*) (d/dy)| (x?°— ¥*)°O (x,y) ]} 
can be written as (x*—¥y*)-F (x,y) for some F(x,y) satisfying the demands on F(x,y) of Eq. (I). Thus Eq. (ID) 
is established. 
We finally use Eq. (LI) to establish 
1 


' N 
we fia dy S (2n+1)n(n+1)(n—1)(m+2)P,(x)Pa(y)(x*2—y*)§S(x,y) =0, 
Bins 0 


n=0,even 


provided that S(x,y) satisfies the demands placed on F(x,y) in Eq. (1). 
Replace (n—1)(n+2) by n(n+1)—2 and note that 


n=—0),even 


1 z N 
fa dy > (2n+1)n(m+1)(m)(m+1)P (x) Paly)(2—y)'S (x,y) 
0 0 


has the same value as the left side of Eq. (III): the difference between the two is shown to be zero by Eq. (II). 
Repetition of the partial integrations performed in establishing Eq. (II) for this last integral shows that 


1 z N 
fia dy > (2n+1)n(n+1)n(n+1)P,(x)P.(y)(2—y*)5S(x,y) 
0 


n=0,even 


n=O),even 


1 z N d d 
--f ax f dy  (2n+1)n(n+1)Pa(x)Pa(y)—j{ (1-y¥)—L(2?— 9) S(x,y) ] }. 
9 0 dy dy 


The integrand on the right has a factor (x?—*)® and 
(d/dy){ (1—y*) (d/dy)[ (x*—y*)*S (x,y) J} 


can be written as (x*—y*)*O(x,y) for some Q(x,y) satisfying the demands on Q(x,y) of Eq. (Il). We thus have 
established the validity of Eq. (IIT). 
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The gamma rays of Cs following the eiectron-capture decay of Ba™ were studied using a coincidence 


scintillation spectrometer. Gamma rays with the following energies (in kev 


were observed: 386, 356, 301, 


276, (220), 162, 82, 80, and 54. The energies (in kev) of the nuclear levels of Cs™ with their spins and parities 
are: ground state (}-+-), 82 (§+-), 162 (§+-), 383 (3+-), and 438 (4+-). The electron-capture transitions and 


their relative intensities are as follows: (a) to the 438-kev level, 76% 


b) to the 383-kev level, 11% (c) to 


the 162-kev level, 13%. In the decay of Xe™, (1.541.0)% of the beta transitions was observed to go to 
the 162-kev level in Cs and the remaining go to the 82-kev level. 





I, INTRODUCTION 


N recent years the electron-capture decay of Ba’® 
has been studied by several authors,'’~* but the re- 
sults have been somewhat conflicting. In the use of this 
isotope in our laboratory, it became apparent that there 
were additional unreported gamma rays. Thus it was 
decided to reinvestigate the decay of Ba’. While this 
investigation was in process, the report by Crasemann 
et al.* was published which also reported two of the new 
transitions. In addition, the reports by Gupta et al.3 and 
Koicki et al.5 were published which are more in agree- 
ment with our results. 


II. SCINTILLATION SPECTRUM 


A spectrum of the Cs’ gamma rays following the 
decay of Ba™ is shown in Fig. 1. The source was pro- 
duced by the reaction Ba™ (n,7)Ba™ at the Oak Ridge 
National Laboratory using unenriched BaCl». The data 
were taken with a 22-inch Nai(T]) crystal, a Dumont- 
6363 photomultiplier tube, and a RCL-256 channel 
analyzer, with a source to crystal distance of 10 cm. 
In Fig. 1, the two main groups at the high energy end 
can be resolved into four separate gamma rays with 
energies of 386, 356, 301, and 276 kev; the line shape 
for a single gamma ray was determined from the 323- 
kev gamma ray in the decay of Cr. The bump at 190 
kev is probably the Compton edge associated with the 
356-kev gamma ray, and the bump at 220 kev may be 
the Compton edge for the 386-kev gamma ray, but it 
may also be a weak gamma ray as will be shown later. 
The scattering peak is at 155 kev, and the very weak 
line at 115 kev is probably the sum of the Cs K x-ray 


t A preliminary report of this work was presented at the May, 
1958 American Physical Society meeting in Washington, D. C. 
(Bull. Am. Phys. Soc. 3, 208 (1958) ]. 


* Contribution No. 691. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1 R. W. Hayward, D. D. Hoppes, and H. Ernst, Phys. Rev. 93, 
916(A) (1954). 

2M. Langevin, Compt. rend 238, 1310 (1954); and 240, 289 
(1955); Ann. Phys. 1, 57 (1956 

*?R. K. Gupta, S. Jha, M. C. Joshi, and B. K. Madan, Nuovo 
cimento 8, 48 (1958) 

4B. Crasemann, J. G. Pengra, and I. E. Lindstrom, Phys. Rev. 
108, 1500 (1957). 

5S. D. Koicki, A. M. Mijatovic, and J. M. Simic, Bull. Inst. 
Nuclear Sci. Boris Kidrich (Belgrade) 8, 1 (1958). 


and the strong line at 82 kev. The line at 53 kev is 
mostly the iodine K x-ray escape peak associated with 
the 82-kev gamma ray. For an 82 kev gamma ray, the 
ratio of the escape peak to the photopeak should be 
about 6.7%.° However, the spectrum of the region of 
0-100 kev, shown by the curve through the solid 
circles in Fig. 2, indicates that the escape peak is 
approximately 11% of the 82-kev peak. The higher 
than normal ratio suggests that there may also be a 
gamma ray of approximately 53 kev. Since a 0.044-inch 
copper absorber would attenuate a 53-kev gamma ray 
about five times as much as it would attenuate an 
82-kev gamma ray, it is evident that in a comparison 
of two spectra, one with the absorber and one without, 
a change in the ratio of the escape peak to the 82-kev 
photopeak would indicate the presence of an additional 
gamma ray. The low-energy spectra with and without 
the absorber as well as their difference are plotted in 
Fig. 2. The difference spectrum gives a line at 54 kev. 
The position at which the sum of two Cs K x-rays 
would appear (61.6 kev) is also indicated, so that it is 
apparent that the difference in the two spectra is not 
due to the summing of these x-rays. 


Ill. COINCIDENCE SPECTRA 


The coincidence spectra were taken with the 256- 
channel anaiyzer gated by the output of a single- 
channel analyzer. The resolving time of the combina- 
tion is 0.2 microsec. The spectrum from the 2X2 inch 
crystal was fed into the 256-channel analyzer, and this 
counter we shall refer to as the “spectrum” counter. 
The single channel analyzer was used to select a given 
energy gamma ray from a 14X1-inch NaI(TI) crystal 
and this counter we shall refer to as the gating counter. 
Figure 3 shows a spectrum of the gamma rays that are 
in coincidence with the 82-kev gamma ray. For com- 
parison, a plot of the singles spectrum is shown on the 
same figure. The two spectra are normalized to the 
same number of counts at 356 kev 

It is seen that (1) the 386-kev gamma ray is not in 
coincidence with the 82-kev gamma ray; (2) the 356- 


*P. R. Bell, in Beta- and Gamma-Ray 
K. Siegbahn (Interscience 
p. 155. 


S pectrosce 


Publishers, Inc., New 


py, edited by 
York, 1955), 
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Fic. 1. Spectrum 
of the gamma rays 
following the decay 
of Ba™. 
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kev and 301-kev gamma rays are in coincidence with it; 
(3) the 276-kev gamma ray is in coincidence with it and 
is enhanced with respect to the 301- and 356-kev gamma 
rays; and (4) there are two gamma rays at about 82 
kev which are in coincidence. 

In the coincidence spectrum, the line which was at 
82 kev in the singles spectrum has shifted to about 81 
kev. Since in the coincidence spectrum this line is 
composed of equal numbers of the two gamma rays, 
the less intense gamma ray has an energy of about 80 
kev. Hence, the reason for the enhancement of the 
276-kev line is that it must be in coincidence with both 
the 80- and 82-kev gamma rays. The last peak is the 
Cs K x-ray which must be in coincidence with all of 
the gamma rays since Ba™ decays by electron capture. 

The position at which a 220-kev gamma ray would 
appear is also shown in Fig. 3. The statistics are not 
good enough to say definitely that a line of this energy 
does exist, however, the counting rate in this region of 
the spectrum appears somewhat higher than one might 
expect from that of the three higher energy gamma rays. 
In this spectrum there can be no confusion with the 
Compton edge for the 386-kev gamma ray since this 
line is not in coincidence with either the 80- or 82-kev 
gamma rays. 

Coincidences with the 383-kev, 356-kev, and 301-kev 
gamma rays show that these gamma rays are in co- 


(20 140 
PULSE HEIGHT 


incidence with nothing higher than the 82-kev gamma 
ray. It is difficult to tell whether or not they are in 
coincidence with the 54-kev gamma ray, since it is so 
weak and falls on top of the escape peak for the 82-kev 
gamma ray. Furthermore, the 386-kev gamma ray 
cannot be selected cleanly in the coincidence gating 
channel without accepting an appreciable amount of 
the 356-kev gamma ray (see Fig. 1). 

Coincidences with the 276-kev gamma ray reveal a 
peak at 82 kev and one at 162 kev. This is shown in 
Fig. 4. The source was placed close to the crystal (solid 
angle ~50%) and a 0.016-inch copper absorber was 
placed over the crystal to keep out the Cs x-rays. It is 
shown in Appendix I that the peak at 162 kev cannot 
be entirely due to the summing of the 80- and 82-kev 
gamma rays, but must be partly due to a gamma ray 
with an energy of 162 kev. 


IV. THE DECAY SCHEME 

Figure 5 is a decay scheme which is consistent with 
the experimental results. It is shown in Appendix IV 
that there must be about 13% of the electron capture 
transitions going directly to the 162-kev state, 11% to 
the 383-kev state, and 76% to the 438 state. The rela- 
tive intensities of the transitions in Cs™, listed in 
Table I, are estimated from a knowledge of the number 
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Fic. 2. The low-energy spectra of the gamma rays following the decay of Ba'™. The curve d 
trum with no absorber, and the curve through the open circles is the spectrum with a 0.044-inch copper absorber. The 


the two spectra is shown by the triangular points 


of counts in each photopeak, the detection efficiency,’ 
the peak to total ratio,® and the conversion coefficient® 
for each transition. The ratio of the intensities of the 
501-82 kev cascade gamma rays to the 386-kev cross- 
over gamma ray is 2.7+0.4, and that of the 80-82 kev 
cascade to the 162-kev cross-over is 3.8+1.2. These 
values agree with the values of 2.5 and 4.5, respec- 
tively, obtained by Fagg" from the Coulomb excitation 
of Cs}33, 


V. SPIN ASSIGNMENTS AND MULTIPOLARITIES 
OF THE GAMMA RAYS 


The ground state of 5sCs™ has a measured spin of 3," 
in agreement with the shell-model prediction of g} for 
the 55th proton.” The next four single particle levels 

7R. L. Heath, Philips Petroleum Company, Report IDO- 
16408, 1957 (unpublished 

* Estimated from R. L 
reference 6, p. 139 

*M. E. Rose, Internal Conversion Coefficients (Interscience 
Publishers, Inc., New York, 1958); L. A. Sliv and I. M. Band, 
Leningrad Physico-Technical Institute Report, 1956 [translation 
University of Illinois Report 57ICCK1 (unpublished) ]; Leningrad 
Physico-Technical Institute Report, 1958 [translation: Univer- 
sity of Illinois Report 58ICCL1 (unpublished) }. 

LL. W. Fagg, Phys. Rev. 109, 100 (1958 

J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

2M. G. Mayer and J. H. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, Inc., New York, 1955). 


Heath, reference 7, and P. R. Bell, 


the solid circles is the spec 


ifference between 


predicted by the shell model have the assignments of 
d$, d3,.s}, and 11/2. The ground state of 5.Ba! has a 


spin of +,'* which agrees with the shell-model pre- 


I. Relative 


TABLI 


nsitions in Cs 
Relative 
total 
transition 
intensity* 


Theoretical 

Energy celative K+L+M 

Gamma kev) ar gamma-ray} conversion 
ray character intensity coefficient' 
7 386 
2 356 
Y3 301 (M1 
276 (M1 

220 (M1 

162 (E2 

82 : 1.77 

80 (M1 . 1.74 

54 (M1 3 5.4 


0.020 10+1 
0.026 100 
0.046 28+3 
0.058 8+1 
0.10 ~).. 
0.33 3 
+0.05 


E2 
E2 


® See Sec. V 

> See footnote 9. 

¢ The errors are estimated error 

4 Calculated from columr 

¢ Calculated from the 
pendix I. 

I, Bergstréim, Arkiv Fy 
A. H. Wapstr str 


the + 
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Fic. 3. Spectrum of the 
gamma rays, following the de- 
cay of Ba™, that are in co- 
incidence with the 82-kev 
gamma ray. For comparison, 
the solid curve shows the 
singles spectrum which has 
been normalized to the coin- 
cidence spectrum at 356 kev. 
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diction of s}, and decays by electron capture to the 
162-, 383-, and 438-kev levels in Cs. The 411/2 state 
will not be reached in the decay of Ba™ since a transi- 
tion to this state would be highly forbidden. For the 
first excited state, an assignment of d} would be in 
agreement with the known decay of Xe™."* The fact 
that the 82-, 162-, and 383-kev levels can be reached 
by Coulomb excitation” indicates that the spins of 
these levels must not differ by more than two units 
from the ground-state spin. Furthermore, since the 
438-kev level cannot be reached by Coulomb excita- 
tion,” it probably has a spin differing by at least three 
units from the ground-state spin or else the E2 transi- 
tion probability for the excitation of this state is 
abnormally small. 

Since it is expected that all the states reached in this 
decay scheme will have plus (+) parity, the electron 
capture transitions will be either allowed (AJ=0, +1; 
no) or second forbidden (AJ=+2; no). For an allowed 
transition, the log ft value should be about 3-5" and for 
a second forbidden transition about 10. If the Q value 
for the Ba! decay is about 700 kev,’® the transitions 
to the 438-, 383-, and 162-kev states have log/t values 
of 7.8, 8.8, and 9.2, respectively. This 0 value, however, 


% Nuclear Data Sheets, National Academy of Sciences—Na 


tional Research Council NRC—58-6-49, 1958 (National Re 
search Council, Washington, D. C., 1958). 

16 Reference 12, p. 129. 

16K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 


ele) 120 160 
PULSE HEIGHT 


is estimated from beta-decay systematics and is not a 
measured value. The true Q value cannot be less than 
474 kev, since the 438-kev level in ‘Cs™ is fed by at 
least some K capture from the Ba® decay,” and it 
probably is not higher than 1.0 Mev, which is 40% 
higher than the estimated value. One may then set 
limits on the /t-values. 

For the transition to the 438-kev state, the lower 
limit for the logft value for K capture may be made 
arbitrarily small by adopting a Q value that approaches 
an energy of 474 kev. The upper limit is 8.5. For the 
transition to the 383-kev state, the limits are 7.4 to 
9.4, and for the transition to the 162-kev state, the 
limits are 8.7 to 9.6. 

Since the log ft value for the transition to the 438-kev 
state is less than 8.5, this is an allowed transition. This, 
in conjunction with the Coulomb excitation data, makes 
this a spin } state. The transition to the 383-kev state 
has a log ft value between 7.4 and 9.4 and is, presumably, 
an allowed rather than a second forbidden transition. 
Again in conjunction with the Coulomb excitation data 
this assigns a spin of § to the 383-kev state. The log /t 
value for the transition to the 162-kev state is between 
8.7 and 9.6. This is close to the log ft value for second 


forbidden transitions. However, of the known second 


? Even neglecting the absorption in the crystal niounting, one 
cannot account for al! of the K x-rays unless it is assumed that 
there is K capture to the 438-kev state. 
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Fic. 4. Spectrum 
of the gamma rays, 
following the decay 
of Ba™, that are in 
coincidence with the 
276-kev gamma ray. 








PULSE HEIGHT 


forbidden transitions, the lowest log/ft value is 10.8 
in the decay of Fe™.'* Thus it seems probable that the 
transition to the 162-kev state involves a spin change 
of one rather than of two units. This would assign a 


spin of § to the 162-kev state in Cs™, 

If the 438-kev state has a spin of 3, this is not in 
disagreement with either the shell model or the Cou- 
lomb excitation data. If it has a spin of 3, then the £2 
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Fic. 5. Proposed decay scheme for Ba™. 


18Eugene Feenberg, Shell Theory of the Nucleus (Princeton 
University Press, Princeton, 1955). 


transition probability for the excitation of this level 
must be retarded and the predicted s} state must lie 
still higher. It seems not unreasonable to suppose that 
the 438-kev state does indeed have a spin of }. If single 
particle configurations are given to the levels in Cs, 
then we must choose between the 383- and 162-kev 
levels for the d} assignment. If it is given to the 162- 
kev level, then one would expect the d} ground state 
of Xe! to decay to both the 82- and 162-kev levels 
with about the same log/t value. However, from the 
gamma-ray intensity measurements of Pleasonton,'® 
the log/ft value for the beta transition to the 162-kev 
level has been estimated” to be 7.2 while the transition 
to the 82-kev state has a log/t value of 5.6. Thus, it 
seems likely that the d} assignment should be given to 
the 383- and not to the 162-kev level. A determination 
of the intensity of the beta transition to the 162-kev 
level in Cs'* was also made in this laboratory, but since 
there is some contamination from the 164-kev gamma 
ray of Xe", it was decided to observe the coincidence 
counting rate between the 80- and 82-kev gamma rays 
rather than the relative intensities of the gamma rays. 
(See Sec. VI.) 

With the above spin assignments, the 386-, 356-, and 
162-kev gamma rays must be electric quadrupole 
radiation, while all the rest must be predominantly M1 
radiation. The M1 gamma rays could well have some 
E2 admixture since it appears that they are all retarded 
to some extent. For example, according to estimates for 


’%F. Pleasonton, Oak Ridge National 
ORNL-2430, 1958 (unpublished), p. 46 

*® Nuclear Data Sheets, National Academy of Sciences-National 
Research Council, NRC 58-6-49 and 58-6-46, 1958 (National 
Research Council, Washington, D. C., 1958). 
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single particle transitions,” the 276-kev M1 transition 
should be about 600 times more intense than the 356- 
kev £2 transition, while it is, in fact, about 12 times 
weaker. Table II shows a listing of the approximate 
retardation factors for the M1 transitions assuming the 
E2 transitions from the same level proceed at a normal 
rate. 


VI. THE DECAY OF Xe™ 


The 5.3-day Xe source was obtained from fission 
products from the Oak Ridge National Laboratory. 
Because the source also contained some Xe™™ which 
decays to the ground state of Xe™ from the 12-day, 
164-kev isomeric state, it was thought that the observa- 
tion of the coincidence counting rate between the 80- 
and 82-kev gamma rays would give a better deter- 
mination of the intensity of the 266-kev beta group 
from Xe'* than would a direct measurement of the 
intensity of the 162-kev gamma ray. It is shown in 
Appendix V that the fraction of the beta transitions 
leading to the 162-kev state in Cs'® is 0.015+0.01 of 
the total. This value agrees with that given in refer- 
ence 20. 


VII. DISCUSSIONS 


With the spin assignments of §, §, 3, #, 4, all the elec- 
tron capture transitions are allowed (AJ=0, +1; no) 
yet they all have rather large logft values. This might 
be explained when one considers the configurations of 
the particles undergoing the transitions. For example, 
consider the transition from the s} ground state of 
Ba'™ to the 438 kev, spin 4 state in Cs. Presumably, 
this is also an s} state. The spin of the ground state of 
Ba'® arises from the configuration of the odd neutron 
(s}), and it appears as though this would be an s} — s} 
transition which should have had a normal log/t value. 
However, it is not the odd neutron, but one of the 
protons that undergoes a transition. Since Ba’ has 
fifty-six protons, and fifty is a magic number, the last 
six protons will determine the proton configuration. If 


TaBLe II. Retardation factors for the M1 transitions in Cs. 





Energy of 
the £2 
transition 
from the 
same level 
(kev) 


Observed 
ratio of 
M1 to E2 
gamma-ray 
intensities 


Energy of 
the M1 
transition 
(kev) 


Calcu- 
lated 
ratio* 


620 
5 


M1 retarda- 
tion factor 


7800 
200 
220 

3506 
200 





356 

356 ; 
386 ‘ 590 
386 . 105 
162 5. 830 





* See footnote 21. 
> Assuming the £2 transition from the same level proceeds at a normal 
rate. 


"= S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII, p. 391. 
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the 438-kev state in Cs™ has a configuration deter- 
mined by an odd proton in the s} state, then the part 
of the Ba™ ground-state wave function that would 
contribute to the transition would have to come from 
configurations containing (s$) terms, e.g., (g})*(s})?. 
However, such terms may represent only a small frac- 
tion of the Ba wave function, so one would expect the 
total transition to be retarded. 

The transition to the 383-kev state in Cs™ is re- 
tarded even more and can be explained if one attributes 
the § spin of this level to an unpaired d} proton. Then 
the electron capture transition would involve a dj 
proton decaying to an s} neutron and would be /- 
forbidden. 

The transition to the 162-kev state has a still higher 
logft value, but it was seen that the beta transition 
from the d§ ground state of Xe™ to this level also has 
a high logft value. The spin of this level then cannot 
be attributed to an unpaired d} proton, but must arise 
from some more complicated configuration. 


APPENDICES 


In the subsequent discussions, the following notation 
will be used: 


No(£)=Total number of photons of energy E (in 
kev) emitted per sec by the sample. 

n.(£)=Over all probability that a photon of E kev 
from the sample be detected by the single channel 
gating counter. It depends upon the solid angle of the 
counter, the detection efficiency of the counter, the 
attenuating material in front of the counter, and the 
single-channel analyzer window setting. However, it 
has not taken into account the fact that some counts 
may be lost due to summing if another photon enters 
the detector in coincidence. 

%m(E) = Over-all probability that a photon of E kev 
from the sample be recorded under the photopeak by 
the multichannel analyzer. Like 7,(£), it has not taken 
into account the effect due to summing. 

Ne (E)=Number of photons of E kev recorded 
under the photopeak per sec by the multichannel 
analyzer, in coincidence with the detection of a photon 
of E’ kev by the coincidence gating counter. 

ag= Total internal conversion coefficient of the transi- 
tion of E kev. 

Ig=No(E)(1+a¢]}, total intensity of the transition 
of E kev. 

52=I12/> ele, the branching ratio of the transition 
of E kev. The summation is over all transitions originat- 
ing from the same level. 

Nw(E)= No(E)nn(E). 


APPENDIX I. INTENSITY OF THE 162-kev 
TRANSITION 


The existence of a 162-kev cross-over transition, as 
well as its branching ratio, can be deduced from Fig. 4, 
which is the coincidence spectrum taken with the single 
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channel gating counter set to accept pulses in the range 
from 261 to 278 kev. At this setting, a considerable 
fraction of the counts in the gating counter are due to 
the 301- and the 356-kev gamma rays. Therefore, the 
total number of counts under the 81-kev peak in Fig. 4 
represents the sum of No76(80)+N276(82)+N301(82) 
+N256(82). The counts under the peak at 162 kev 
represent the sum of N276(162)+ N26(80+-82) ; the last 
term is the rate of triple coincidences in which both the 
80- and the 82-kev cascading photons enter the ~ spec- 
‘rum’ counter: these coincidence rates can be written 


as follows: 


V ong (80 VN 9(276)n, (276)6s0(1+ a0) 


-"m(80)W - (1—Fg2)- 1—F, 


a factor to account for angular correlation 
equal to unity in this case since the spec- 


where W is 
effects; it is 
trum counter subtends a solid angle of 2x. F 2 is a cor- 
rection term which takes into account the possibility 
that a count would be lost to No76.(80) due to the occur- 


N ong(162)+N 276(80+82) 


80) + Nore(82)-4 


356) + N o(301)n, (301) (1— Fs) |/ 
N(276)n, (276 dso. From Fig. 1, A is de- 
duced to be 0.8+0.2. Using the values ,,(80)=0.33 
+ 0.03, R=0.17+0.02, and values of az’s from Table I, 
we obtain 6=0.15+0.03. This gives 6s9=0.87+0.03 and 
5162 0.13+0.03. 


where A [ No(356 n 


ind 6 516 


APPENDIX II. RELATIVE INTENSITIES OF THE 
80- AND 82-kev TRANSITIONS 


The relative intensities of the 80- and 82-kev transi- 
tions can be deduced from the singles spectrum and the 
with the 82 (and 80) kev 


Using same notations as before, 


spectrum in coincidence 
gamma rays in Fig. 3. 


we detine 
V, + N,,(82 V,, (80) N,,(82) 
k fo 20) 
aa 6° Nin (356) N,,(80) 


Vs2(80) N»(80) 
-%9) 


) 
NV 92(356)  Nyp(356) 
In the above formulation, effects due to summing have 
been negle cted, since the solid angles subtended for 
this measurement were of the order of one percent. R, 
and R. are simply the ratios of the counts under the 
81-kev peak to the counts under the 356-kev peak in 
the singles and coincidence spectrum, respectively, and 
can be directly measured from Fig. 3. 
Vn(82) 2R, 
—1=5.8+0.7. 


80) R. 
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AND D. 

rence of a triple coincidence in which either the photon 
or the electron conversion x-ray from the 82-kev transi- 
tion is detected by either of the two counters; F; is a 
similar term for the K-capture x-rays. Similarly, 


N276(82)=N 


276)n,.(276 
X ds +- ag tm (82 F go) (1—F;,), 
276)n,(27 
nm(162)-(1—F;,), 
356)n 82)-(1—F;), 
401 )n 
F54)(1—F;,), 
1(1+- ag.) 
80 )nm (82): (1—F;). 
In this measurement Fs) 
since n(80)—~n,(82), w ybtain, as the ratio of the 
peak to that under the 81-kev 


~0.87. Also, 


counts under the 162-kev 


peak, 


1m (80) +-5- (1+age) (1-4 


N301(82)+Na56(82) (1+ago)(1—F 0) + (1-44 


Thus, if n,, (5 


Furthermore, sir 
154+5 and /; 


I 30: = 28+3, Table I 


itl so, we get I 39 
isis Of I35g.= 100 (and 


APPENDIX III. RELATIVE INTENSITY OF THE 
54-kev TRANSITION 


In the spectrum of Fig. 2 the intensity of the peak at 
54 kev is partly du he es¢ ape pe aks of the 80- and 
the 82-kev gamma rays. Therefore, the ratio of the 
number of counts under the 54-kev peak to the counts 


J 


under the 80- and 82-ke, pe ik is 


where & is the escape-peak to pl io for an 


otopeak rat 
80-kev gamma ray immu ffects 
subtended was small. 


igain have been 
neglected since { 
When a 0044 


of the counter, the 


bsorber inserted in front 
54-kev and the 80-kev gamma rays 
different factors. 


ratio of the attenuation fa 


are attenuated by If « denotes the 


wr for the 54-kev gamma 
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ray to that for the 82-kev gamma ray, the ratio R then 
becomes 


N,,(54) 
m + 
N»(80)+N,,(82) 


The measured values are: R=0.109 and R’=0.073 with 
an estimated error of +10%. The value of yu is calcu- 
lated from known absorption coefficients,” using not the 
total cross section,-but only the photoelectric plus the 
back-scattering cross sections. It was assumed that all 
forward scatterings involved energy losses that are 
small enough so that the scattered gamma ray ap- 
peared in the photopeak. For a 54-kev gamma ray, the 
back-scattered fraction is taken to be 42%; for 82 kev, 
40%. This gives 1=0.18. Solving the above equations 
gives k=0.065+0.018 in agreement with the value of 
0.067 obtained from the graphs of Bell in reference 6; 
and 


Nn(54) Ts(1+ag4)— 1m (54) 


Ts0( 1 + ago) + 52( 1 +32) ' Nm | 80) 


=().044+0.015. 


Nn(80)+ Nn (82) 


For 9m(54)/nm(80) =0.94 and values of ag’s taken from 
Table I, we obtain J54=19+6 on the basis of J35¢= 100. 


APPENDIX IV. RELATIVE INTENSITIES OF THE 
ELECTRON-CAPTURE TRANSITIONS 


If 31, 82, and 83 are the branching ratios of the electron- 
capture transitions to the 438-, 383-, and 162-kev 


2C. M. Davison, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. II. 
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levels, we get 


2 Isse+Is01 +] 220—I 54 
~= ~ —_——=(0.15+0.06, 
I 356 +To7¢ +I 4 


T 162 +-T go y T o20—Tar6 
-=0.17+0.04. 
By T3s6+Tere+] 54 


Therefore, §,=(7644)%, B.=(1144)%, and p; 


= (134+3)%. 


APPENDIX V. RELATIVE INTENSITIES OF THE 
BETA TRANSITIONS FROM Xe™ 


If 8; and f: are the branching ratios of the beta 
transitions from Xe’ to the 162- and 82-kev levels. of 
Cs', respectively, then the coincidence counting rate 
between the 80- and the 82-kev gamma rays from the 
Xe'®# sample is 
N.= Ng0(82)+ No2(80) = 2-N,,(82)B15s0 

X (1—8 15:62)" (1+ a2g0)* «9, (80), 


whereas, the singles counting rate under the 82-kev 
peak is 


N,, = N,,(82)+N,,(80) 


1+<ag2 
Nn(82)( 1+ 84 —(1—B15i62) ‘) 


1+ ago 


The ratio of N,N, is measured to be about 4500, 
Knowing that as.=1.77, aso=1.74, 9,(80)=0.024 for 
this measurement, and 6s9=0.87, 6:62.=0.13 from Ap- 
pendix I, we can solve for 8; and obtain 6,;=0.015 
+(0.010, 
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The gamma-gamma directional correlation of the 356-82-kev cascade in Cs™ was measured. The direc- 
tional correlation coefficients were A:/A,=0.031+0.006 and A,/Ao = —0.006+0.010. This is consistent 
with a spin assignment 4(Q)§(D+(Q)}. The ratio of the £2 to M1 matrix elements for the 82-kev transition 


is 6 


0.139+0.007. The M1 transition is retarded by a factor of ~700 and the £2 transition is enhanced 


by a factor of ~20, compared to single particle transitions. The retardation of the M1 transition is consistent 
with the assignment d§ for the 82-kev state and g} for the ground state which would make the M1 transition 
| forbidden. The enhancement of the £2 transition indicates there is a cooperative phenomenon present. 


INTRODUCTION 

HE first excited state of Cs™ decays to the ground 

state by the emission of an 82-kev gamma ray. 
According to shell model predictions, this transition 
occurs between a d}(+) orbit and a g$(+-) orbit. With 
a spin change AJ=1 and no parity change, one would 
expect the radiation to be magnetic dipole. However, 
since the change in orbital angular momentum is 
Al=2, this is a so-called /-forbidden transition, and 
the matrix element would be strictly zero if it were not 
for configuration mixing and higher order terms involv- 
ing spin. One then expects that electric quadrupole 
radiation may compete favorably with the magnetic 
dipole radiation. 

An accurate measurement of the conversion coeffi- 
cient might possibly give an indication of the amount of 
F2 admixture. However, the conversion coefficients 
in retarded, transitions depend (maybe as much as 
20%) on the nuclear matrix elements'; and since the 
nuclear matrix elements are not accurately known, the 
multipolarity of a gamma ray cannot accurately be 
determined in this manner. 

In order to make any comparisons between observed 
values of the lifetime and conversion coefficients and 
the predicted values, the ratio of the intensities of the 
E2 radiation to the M1 radiation must be determined. 
In the decay of Ba™ if one assumes that the spin 
sequence for the 356-82-kev cascade is 4—§—$, 
then the £2 admixture in the 82-kev transition can be 
uniquely determined by means of a directional correla- 
tion measurement. 


DIRECTIONAL CORRELATION OF THE 
356-KEV 82-KEV CASCADE 


The 356-kev transition most likely occurs between 
an s$(+-) state and a d§(+-) state,? and hence, is pure 


+ Contribution No. 730. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

*A preliminary report of this work was presented at the 
May, 1958 American Physical Society meeting in Washington, 
D. C. [Bull. Am. Phys. Soc. 3, 208 (1958)] 

'G. Church and J. Weneser, Phys. Rev. 104, 1382 (1956); 
M. E. Rose and T. A. Green, Phys. Rev. 110, 105 (1958); L. S. 
Kisslinger, Phys. Rev. 114, 292 (1959). 

2M. G. Stewart and D. C. Lu, preceding paper [Phys. Rev. 117, 
1044 (1960) ] 


E2 radiation. The 82-kev transition occurs between 
the d}(+) state and a g}(+) state and can be considered 
as an unknown mixture of £2 and {M1 radiation. A 
directional correlation measurement these 
two gamma rays can be expressed as 


between 


w(6) = 1+ (A2/Ao) P2(cosd) + (A4/ Ao) Pa(coss), 
where P,(cos@) is the Legendre polynomial of order yr, 
and A,/ Ao is a coefficient which can be experimentally 
determined. These coefficients may be calculated in 
terms of 5, which is the ratio of the E2 to M1 matrix 
elements for the 82-kev gamma ray, the spins of the 
three nuclear levels involved, and the multipolarity of 
the 356-kev gamma ray. The only quantity that is 
not already known is 6. 

The source material, in the form of unenriched 
BaCle, was placed in a hollow cylinder made of 0.001- 
inch Mylar. The cylinder was 1 inch long and 0.036 inch 
in diameter. The probability for scattering of the 82-kev 
gamma ray in the source itself was estimated to be 
only 3-4%, and thus the correlation would not be 
appreciably attenuated due to scattering. The absorp- 
tion of the 82-kev gamma ray due to the photoelectric 
effect would be greater than this, but for these events 
the gamma ray is completely absorbed and cannot be 
scattered. 

The measured coefficients, after correcting for finite 
solid angle according to the method of Rose,? were 
Ao/Ap=+0.03140.006 and A,4/A 0.006+0.010. 
The results of this measurement are shown in Fig. 1. 
The asymmetry of the i.e., A=w(r)/ 
w(r/2), source in an 
aqueous solution. that the 
the inter- 
to an electric quadrupole 
interaction and consequently causing the measured 
asymmetry to be lowered. For this measurement the 
source was placed in a thin glass tube about 1 inch long 
and 0.040 inch in diameter. The measured asymmetry, 
not correcting for geometry, was A jiquiq= 1.053+0.010. 
This value is to be 


correlation, 

measured the 
This to insure 
nuclei were not being re-oriented while in 
mediate nuclear state 


was also with 


was done 


1, 
que 


compared with the measured 
asymmetry using the solid source 


and the same geom- 
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1 FORBIDDENNESS 


Fic. 1. Directional correlation of the 
356-82-kev cascade. The solid curve is a 
least squares fit to the experimental 
points. The dashed curve has been 
corrected for the finite geometry. 


IN 82-KEV 


TRANSITIONS OF Cs!#8 




















1 
90° 


etry. For this case, Agotia= 1.040+0.010. Although the 
asymmetry using the solid source is somewhat lower, 
the two measurements agree within statistics, and thus 
one can conclude that there are no serious perturbations 
during the time the nucleus is in the intermediate 
state. Even though the half-life of this state is fairly 
long, namely 6.0X 10~ second,‘ this result is reasonable 
since it is known that the quadrupole moment of the 
ground state of Cs™ is extremely small. It has been 
measured by Buck ef al.§ to have a value of — (0.33 
+0.39) kK 10-** cm’, and it might be expected that the 
quadrupole moment of the 82-kev state is also small. 


l 1 
105° 


If the 82-kev gamma ray were entirely M1 radiation, 
the directional correlation coefficients would be A2/Ao 
= —().0714 and A,/Ao=0.0. Since the measured value 
of A2/Ao is +0.03140.006, the 82-kev transition must 
be a mixture of M1 and £2 radiation. In Fig. 2 the 
coefficients A»/Ao and A4/Ao are plotted as a function 
of 6, the ratio of the £2 to M1 matrix elements. There 
are two curves for A;/Ao; one for positive values of 6 
and one for negative values of 6. A4/Ao depends only 
upon 6? so there is only one curve for this coefficient. 
It is seen that there are two values of 6 which are 
consistent with the measured value of A2/Ao. These 





Fic. 2. The angular distribution 
coefficients for the 356-82-kev cascade 
plotted as a function of 4, the ratio of 
the E2 to M1 matrix elements for the 
82-kev transition. 
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*R. L. Graham and R. E. Bell, Can. J. Phys. 31, 377 (1953); P. Lehman and J. Miller, Compt. rend. 240, 1525 (1955). A similar 
measurement in this laboratory gave the same result. 
*P. Buck, I. I. Rabi, and B. Senitzky, Phys. Rev. 104, 553 (1956). 
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TaBLe I, Conversion coefficients for the 82-kev transition in Cs™. 


aK 


Reference 


Xe a 
Xe'* 


aK at+am Source used 


1.51+0.15 
A7+0.05 
77+0.15 Xe'* 
3 +0.5 -0.5 Ba! 
40 : : Theoretical 
39 5. : Theoretical 


4.90+0.15 


* I. Bergstriém, footnote 6 

>I. Bergstrém ef al., footnote 7 

*R. L. Graham and R. E. Bell, footnote 4 

4B. Crasemann, J. G. Pengra, and I. E. Lindstrom, footnote 8. 

*M. E. Rose, Internal Conversion Coefficients (Interscience Publishers, 
Inc., New York, 1958). The M-conversion coefficient does not include 
finite nuclear size effects. An estimate of the effect of screening for aw was 
taken into account by reducing the calculated aw by 25%. The large error 
in the theoretical K/(L + M) ratio is due to the uncertainty of am. 

'L. A. Sliv and I. M. Band, Leningrad Physico-Technical Institute 
Report, 1956 (translation: Report 571CCK1, issued by Physics Depart- 
ment, University of Illinois, Urbana, Illinois (unpublished) ]; Leningrad 
Physico-Technical Institute Report, 1958 (translation: Report 58ICCL1, 
issued by Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) }. 

« Calculated for a 98.1% M1+1.9% E2 transition. 


are 6= —0.13940.007 and 6= —0.65+0.15, represent- 
ing mixtures of 98.1% M1+1.9% E2, and 7% M1 
4+-93% E2, respectively. The A4/Ao coefficient can be 
used to determine the correct value of 6. It is seen from 
Fig. 2 that the highest value of |5| consistent with the 
experimental A,/Ao is 0.4. Thus 6 is uniquely deter- 
mined and is —0.139, 


CONVERSION COEFFICIENTS 


Since the multipolarity of this gamma ray is now 
known, it is of interest to calculate the conversion 
coefficients for this transition and compare them to the 
measured values. Table I is a summary of the more 
recent measured values of the conversion coefficients 
for the 82-kev transition. The theoretical conversion 
coefficients for a 98.1% M1+1.9% E2, 82-kev transition 
for Z=55 are listed. The measured values of 
Bergstrém ef al.*:? are in agreement with the theoretical 
values. The K-conversion coefficient as measured by 
Bell and Graham,‘ and the K/L+M ratio as measured 
by Crasemann ef al.® are high with respect to the 
theoretical values. 


also 


TRANSITION PROBABILITIES 


The estimate of the transition probability of a 
single proton has been given by Moszkowski.’ The 
experimental half-life 7; is related to the gamma-ray 
transition probability for pure multipole emission by 


T,=0.693[ 7, (1+a) }-, 


®T. Bergstrém, Arkiv Fysik 5, 191 
I. Bergstrém, S. Thulin, A. H 

Arkiv Fysik 7, 255 (1954 

§ B. Crasemann, J. G. Pengra 
108, 1500 (1957). 

9S. A. Moszkowski in 
edited by K. Siegbahn 
1955), Chap. XIII 


1952 


Wapstra, and B. Astrém, 


,and I.E 


Lindstrom, Phys. Rev 


Beta- and Gamma-Ray Spectroscopy 
Interscience Publishers, Inc., New York, 


AND M. G rE 


WART 


where a is the total conversion coefficient. Since the 
total transition probability is the sum of the transition 
probabilities for each multipole order, we have for a 


mixed M1+-£2 transition 


and 
T.(M1)=T,: 


where 6 is the ratio of the £2 to M1 matrix elements. 
The half-life of the 82-kev state in Cs’ is 6.0+0.410~ 
sec, and the total conversion coefficient is 1.77+0.05. 
Thus 7,(£2)=(7.8+0.7)X10® sec T,(M1) 
= (4.1+0.3)10’7 sec. In terms of reduced 
transition probability” these become 


and 
the 


B(E2) 1.6+0.1)« 10-* e? cm‘, 
and 
B(M1)= (3.2+0.2) K 10~* e? cm?. 

From work on the Coulomb 
Fagg" gives a value for B(£2 
conversion coefficient for the 82-kev transition. By 
using the value atori=1.77 and multiplying by a 
factor of 0.75, which is a statistical factor that takes 
into account the different directions for the excitation 
and decay of the 82-kev state, his value for the 
reduced transition probability becomes B(£2)= (1.8 
+0.4)10-" e*? cm‘, which is in agreement with our 
value. 

Compared to the estimates 
transitions, we have 


excitation of Cs'™ 
in terms of the total 


for the single-particle 


and 


711. 


The M1 portion of this transition is 


of ~700 from single-particle 


retarded by a factor 
which is in 
interpretation that the orbital 
inits. The £2 


estimates 
agreement with the 


angular momentum changes by two 


portion is enhanced by a factor of ~20 compared to 
a single-particle transition. Thi 
phenomenon is exhibited. This 
the enhancement that 
197-kev £2 transition in | 


is some cooperative 
times 
in the 


about three 


} ] r ] 
yHserved, tor exampie, 


SUMMARY AND CONCLUSIONS 


From the directional correlation n 
the 356-82-kev cascade in Cs", the 82-kev gamma ray 
is found to be an admixture of 98.1% M1i+1.9% 2 


easurement of 


radiation assuming a spin sequence of 4 


I mg 
With a 


knowledg« of the hal ife 


and the total 


” Defined in footr 


UL. W. Fagg, Phy 





1 FORBIDDENNESS IN 82 

conversion coefficient of the 82-kev transition, the M1 
and £2 transition probabilities may be calculated. 
Compared to single-particle estimates, the M1 transi- 
tion is retarded by a factor of ~700 and the £2 transi- 
tion is enhanced by a factor of ~20. This is in agreement 
with the assignment of d§ to the 82-kev state and gj to 
the ground state which would make an M1 transition 
l forbidden. The fact that the 2 transition is enhanced 
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suggests that there is some cooperative phenomenon 
present in spite of the fact that Cs“ has an extremely 
small electric quadrupole moment. It is interesting to 
note that the enhanced £2 transitions are usually 
associated with nuclei which have large quadrupole 
moments, such as in the rare earth region where the 
quadrupole moments may be as much as a thousand 
times larger than the quadrupole moment of Cs™, 
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Total Neutron Cross Section for C’ from 500 kev to 1350 kev* 


C. M. HupptestTon, R. O. Lang, L. L. Lez, Jr., anv F. P. Moorinc 
Argonne National Laboratory, Lemont, Illinois 
(Received September 8, 1959) 


The total neutron cross section of C has been measured in an effort to observe resonances corresponding 


to states recently reported in the B"(He’,p)C™ reactions. No resonances were observed within the 5% 
accuracy of the measurement. Upper limits are set on the possible widths of the states. 


HE results of recent measurements! of the proton 
energy spectrum from the reaction B" (He’,p)C™ 
clearly indicate two weak proton groups that cannot be 
accounted for by known states in C™. Although the 
possibility that the two proton groups may arise from 
the reaction B"(He*,pn)C” cannot be excluded, the 
data can be interpreted as indicating the existence of 
two previously undetected levels in C™ at excitation 
energies of 5.5] Mev and 6.10 Mev. Since these levels 
have not been observed in the total neutron cross- 
section measurements of C”, it must be concluded 
that, if they exist, they are narrow states. The reported 
energy spread? in the earlier cross-section measurements 
was approximately 12-20 kev in the energy region of 
interest. To provide additional information concerning 
the existence of these states or to set upper limits on 
their widths, it was decided to repeat the measurements 
of the total neutron cross section of C® with better 
energy resolution and with the greater sensitivity 
provided by the self-indication technique.’ 
Transmission measurements were made over a 
range of neutron energies that comfortably span the 
resonant energies suggested by B"(He'*,p) results. 
Neutrons were produced by the Li(p,m) reaction. A 
fresh target was evaporated each day, and threshold 
curves were taken at the beginning and end of each 
day. The threshold curves indicate that the neutron 
energy spread was less than 5 kev over most of the 
range of neutron energies covered.‘ 


Transmission 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 
'C. D. Moak, A. Galonsky, R. L. Traughber, and C 


M ones, 
Phys. Rev. 110, 1369 (1958). J 

2D. W. Miller, Phys. Rev. 78, 806 (1950). 

3 J. E. Monahan and A. Langsdorf, Jr., Phys. Rev. 98, 1147(A 
(1955); A. Langsdorf, Jr., J. E. Monahan, and F. P. Mooring, 
Phys. Rev. 98, 1148(A) (1955); see also C. W. Kimball, thesis, 
St. Louis University, 1958 (unpublished). 

*A. O. Hanson, R. F. Taschek, and J. H. Williams, Revs 


0 


measurements were made at 1-kev intervals over each 
of two ranges of about 200 kev centered about the 
two expected resonant energies, and at 2-kev intervals 
elsewhere. 

A single transmission sample was used throughout 
the experiment. It consisted of a cylinder of pile-grade 
graphite 1.5 in. in diameter and 0.9 in. thick. The 
detector sample was a flat plate of pile-grade graphite 
3 in. X7 in. x4 in. thick. 

Figure 1 shows the results of the total cross-section 
measurements. If they are observable, resonances 
should be found at neutron energies in the vicinity of 
610 kev and 1250 kev. No resonance was detected with 
a peak height greater than 0.3 barn (5% transmission) 
above the smooth trend observed for the measured 
cross section. If one assumes a flat energy resolution 


| 

a = : J 
NEUTRON ENERGY (kev) 

Fic. 1. Total neutron cross section of carbon as a function of 

neutron energy. Neutron energy spread was 5 kev or less for 

most of the points. The rms error in the values for the cross 


section is 2.7% 


Modern Phy s. 21, 635 


1949); J. E. Monahan and F. P. Mooring 
to be published). 
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TaBe I. Upper limit for widths of possible resonances of total 
spin J for a neutron energy of 1250 kev. The neutron energy 
spread A is taken as 5 kev. Resonances with widths greater than 
the values given would have been observed in the present experi 
ment. For a neutron energy of 610 kev, I’ would be about half 
the tabulated values. 


barns 


function for incident neutron flux, one can place upper 
limits for the widths of the resonances if they exist. 
Table I gives, for various assumed J values, the 
maximum value for the width of a resonance not 
observable at a neutron energy of 1250 kev, i.e., one 
that would have resulted in a 5% dip in the transmission 
curve. The energy spread A has been taken as 5 kev. 
Since no resonance was observed near this energy, 
it is concluded that the postulated state in C'* must be 
narrower than the values given in Table I. At610kev 
the widths would restricted to approximately 
one-half of the values shown in Table I. 

Since some 660 points were taken in this experiment, 
and further since the results gave a smooth curve, a 
least-squares fit of the cross section by a function with 
only a few parameters gives a very accurate determina- 
tion of the cross section in this region. The use of such 


be 
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LEE, AND MOORING 
a procedure’ leads to the following power-series expan- 
sion for the cross section: 


or=4.710— (3.415) E+ (1.649) E?— (0.2606) E*, 


where E is in Mev, or is in barns, and the value of the 
cross section at zero energy was taken to be 4.710 
barns.* The rms error in this region is 0.075 barn or 
an average of 2.7%. While no data (other than the 
cross energy) below 500 kev were 
included in the fitting, the calculated curve lies within 
3% of other measurements*:*’ from 1 to 500 kev. 

For energies greater than 1400 kev the expansion 
quickly diverges from the measured cross-section values 
because of the large fourth-power term. 


section at zero 
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Dynamic Orientation of Nuclei by Forbidden Transitions in Paramagnetic Resonance* 


C. D. Jerrries 
Physics Depariment, University of California, Berkel 


(Received July 30, 1959 


Principally from the viewpoint of orienting radionuclei, this paper cor 
magnetic ions in crystals for various cases in which there is a non-neglis 
probability for inducing a simultaneous flipping of an electron spin and a nu 
forbidden in zero order in high magnetic fields, may be provided by 
direct dynamic nuclear orientation by applied rf fields. The transition p1 


general anisotropic 


allowed transitions. 


spin Hamiltonian; thermal relaxation transitions are qualitati 
resulting steady-state dynamic nuclear polarization and alignment are calculated for 
populations of pairs of levels by sufficient applied rf fields. The influence of various relaxation tra 
is considered and it is noted that the nuclear orientation available through the 
considerably less sensitive to competing relaxation transitions than that obtained by saturation 


tically dilute para 

quency transition 

rhese transitions, 
tions, and allow for 
ire calculated for a 
vely discussed. The 
the equalization of 
sitions 
forbidden transitions is 


of the 


The general predictions are found to be in qualitative agreement with the results at Berkeley of Abraham 


and Kedzie using radionuclei. 


The possibilities for dynamic alignment of radionuclei of diamagnetic atoms by forbidden transitions 


due t 


I. INTRODUCTION 
VERHAUSER' pointed out, and it was experi- 
mentally verified,? that the saturation of the 
* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 
1 A. Overhauser, Phys. Rev. 89, 689 (1953); 92, 411 (1953) 
2 T. R. Carver and C. P. Slichter, Phys. Rev. 92, 212 (1953). 


o weak nuclear-electron dipolar coupling are also brief 


scu 


fly al 1Ss¢ 
paramagnetic resonance transitions of the conduction 
electrons in a metal could, through suitable hfs relaxa- 


tion processes, lead to an appreciable nuclear polariza- 
tion. This extended® to paramagnetic 


°F. Bloch, Phys. Rev. 93, 944 (1954); A. Overhauser, Phys 
Rev. 94, 768 (1954); J. Korringa, Phys. Rev. 94, 1388 (1954); 
C. Kittel, Phys. Rev. 95, 589 (1954); P. Brovetto and G. Cini, 


ide a has be en 
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substances in general and many related proposals and 
experiments have been described. Abragam,* in partic- 
ular, has treated some cases of electron-nuclear coupled 
systems of general physical interest. The present paper 
is essentially an extension of Abragam’s treatment with 
these specific differences: we here consider in detail the 
proposal’ of utilizing radio-frequency (rf) induced 
“forbidden transitions” in which electron and nuclear 
spins are simultaneously flipped; we consider a general 
anisotropic spin Hamiltonian; and our principal view 
is ‘orientation of radionuclei for y-ray anisotropy 
studies. In particular, this paper presents the theory 
for the experiments on Co® by Abraham et al.,° and 
on Mn®-54 by Kedzie et al.” which will be described in 
full detail in following papers.** 

All of the experiments referred to above may be 
described as dynamic nuclear orientation experiments. 
By this we mean that the normal Boltzmann popula- 
tions of a system of spins in a lattice in a dc magnetic 
field is so changed by the application of resonant rf 
(including microwave frequencies) fields as to establish 
an appreciably greater degree of nuclear orientation 
than exists for the spins in thermal equilibrium with 
their lattice at the same temperature. The enhancement 
may be several orders of magnitude if the nuclear spins 
are coupled to electron spins. 

The nuclear orientation for a spin J may be described 
by a series of 2] orientation parameters 1, po, ps°*-, 
the first two of which are conveniently defined” as 
the polarization: 


f= (1/DI Xi i LIVON/EDGN Gs (1) 


Nuovo cimento 11, 618 (1954); P. Brovetto and S. Ferroni, 
Nuovo cimento 12, 90 (1954); A. Abragam, Phys. Rev. 98, 
1729 (1955); A. Abragam, Compt. rend. 242, 1720 (1956); 
F. Bloch, Phys. Rev. 102, 104 (1956); G. Feher, Phys. Rev. 
103, 500 (1956); G. Feher and E. A. Gere, Phys. Rev. 103, 
834 (1956); C. D. Jeffries, Phys. Rev. 106, 164 (1957); D. Pines, 
J. Bardeen, and C. P. Slichter, Phys. Rev. 106, 489 (1957); F. M. 
Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102 (1957); 
I. Solomon, J. Phys. Radium 19, 837 (1958); J. Combrisson, J. 
phys. Radium 19, 840 (1958); R. S. Codrington and N. Bloem- 
bergen, J. Chem. Phys. 29, 600 (1958); A. Abragam and W. G. 
Proctor, Compt. rend. 246, 2253 (1958); G. R. Khutsishvilli, 
Nuovo cimento 11, 186 (1959). 

*A. Abragam, Phys. Rev. 98, 1729 (1955). 

‘°C. D. Jeffries, Phys. Rev. 106, 164 (1957); C. D. Jeffries, 
Proceedings of the Fifth International Conference on Low-T em pera- 
ture Physics and Chemistry, Madison, Wisconsin, August, 1957, 
edited by J. R. Dillinger (University of Wisconsin Press, Madison, 
1958). 

*M. Abraham, R. W. Kedzie, and C. D. Jeffries, Phys. Rev. 
106, 165 (1957). 

7™R. W. Kedzie, M. Abraham, C. D. Jeffries, and O. Leifson, 
Bull, Am. Phys. Soc. 2, 382 (1957); R. W. Kedzie and C. D. 
Jeffries,§Bull. Am.' Phys. Soc. 3, 415 (1958). 

*M. Abraham, C. D. Jeffries, and R. W. Kedzie, Phys. Rev. 
117, 1070 (1960). 

*R. W. Kedzie (to be published). 

”R. J. Blin-Stoyle, M. A. Grace, and H. Halban, Progress in 
Nuclear Physics (Pergamon Press, London, 1957), Vol. 3, p. 63; 
M. J. Steenland and H. A. Tolhoek, Progress in Low-Temperature 
Physics (North-Holland Publishing Company, Amsterdam, 
1957), Vol. 2, p. 292. 


NUCLEI 


and the alignment: 


po= (1/7 (27-1) es 3M P| VON SD ND) 
—I(I+1)], (2) 


where NV, and WV; are the population and the normalized 
wave function for the i the energy level. The polariza- 
tion p; and the alignment 2 are so defined as to lie 
between the limits +1 and to vanish for a random popu- 
lation distribution. For /= 4, p2=0, etc. The measurable 
quantities in solid-state and nuclear physics experiments 
with oriented nuclei depend in various ways upon the 
orientation parameters. For example, in magnetic 
resonance absorption the signal intensity is proportional 
to fi in loosely coupled systems, but in more com- 
plicated systems the signal may depend on a partial 
sum of Eq. (1). On the other hand, if the nuclei are 
radioactive and are emitting y-rays or a-particles the 
angular distribution is a function of ps, ps-+-. The 
angular distribution of #-particles may depend on 
fr and pr. 

Generally speaking the dynamic nuclear orientation 
available may be of the order of py~hv/kT, pa~whv/kT, 

-, where » is the frequency of the applied rf field, 
h=Planck’s constant, k=Boltzmann’s constant, and 
T=absolute lattice temperature. Thus for »~3 X10" 
cps, and 7~1°K, appreciable orientations are obtain- 
able. This dynamic nuclear orientation may be either 
transient or steady state, maintained by the dynamic 
equilibrium of the applied rf fields with the relaxation 
processes. In either case it is “dynamic” in contrast to 
the usual static orientation obtained in thermal 
equilibrium at very low temperatures by static hfs 
coupling.” 

Before going into details we review in simple qualita- 
tive terms an idealized dynamic polarization experiment 
for a system of nuclear spins with J=4 in hyperfine 
coupling with electron spins with S=}4. For example, 
consider a magnetically dilute crystal containing well- 
separated paramagnetic ions, each in an I-S type of 
hyperfine coupling with its own nucleus. If this crystal 
is placed in an external magnetic field H the energy 
levels will be as shown in Fig. 1, if we neglect the direct 
interaction of the nuclei with H in comparison to the 
hfs. The levels are approximately characterized by the 
electron magnetic quantum number M=(S,) and the 
nuclear magnetic quantum number m= (/,), as shown. 
Thermal processes induce transitions between each 
pair of levels, and after sufficient time the population 
of each level reaches its thermal equilibrium value 
given by the Boltzmann factor exp(— E,/kT), Fig. 1(a). 
The energy spacings, A and 4, are in units of kT. We 
can think of the approach to thermal equilibrium as 
being due to relaxation transition probabilities which 
are greater for a downward transition than an upward 
one. We find for the static nuclear polarization p;~64/4, 
which is just the Rose-Gorter value.“ To obtain a 
dynamic polarization we may apply a sufficient rf 
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Fic. 1. Magnetic energy levels of a hyperfine system for J=} 
and S=4, showing the relative (unnormalized) populations and 
nuclear polarization p,; for: (a) thermal equilibrium; (b) dynamic 
equilibrium under the joint action of oscillator vy and relaxation 
transitions (AM=+1, Am=0); (c) dynamic equilibrium under 
joint action of oscillator v’ and relaxation transitions (AM=-+1 
Am=0) and (AM=+1, Am= +1). 


’ 


field from a laboratory oscillator at the frequency » to 
induce transitions between the levels shown, 
corresponding to flipping the electron spins up and the 
nuclear spins down. Let us assume that even if this 
transition is forbidden in zero order, sufficient rf 
fields are available to induce this transition with a 
transition probability much greater than any of the 
relaxation transition probabilities. Since the induced 
emission transition probability is equal to that for 
absorption, this will essentially equalize the populations 
of these two levels, i.e., 


two 


“saturate” them. The popula- 
tions of the other two levels will be determined by the 
relaxation transition probabilities and we assume that 
the dominant ones are those of the classical paramagne- 
tic relaxation, corresponding to AM=+1, Am=0. 
The relaxation transitions will establish the steady-state 
population ratios: 


N (4, —4):N(—43,—4)=1:exp(A—3S); 
and 

N(—4, $):N (4, 3) =1:exp(—A—8). 
The resultant unnormalized populations are shown 
in Fig. 1(b). From Eq. (1) we find for the dynamic 
nuclear polarization p;~—A/2, if A<1. This is larger 
than the static value by the factor 2/6~10*, typically, 
at helium temperatures. On the other hand, if the 
assumed relaxation transitions are not dominant, but 
are greatly exceeded by (Am=+1, AM=0) relaxation 
transitions, then the dynamic polarization is reduced 
to zero. Thus the all important question is, what are 
the relative relaxation rates, which we consider in 
detail in Sec. II. 

We note that, alternately, if we apply the oscillator 


at the “allowed” frequency v’ between the (3, —}) 


and (—4, —4) levels and assume the additional cross 
relaxation transitions (AM=+1, Am=+¥1), we can 
produce the populations of Fig. 1(c), leading to a 
dynamic nuclear polarization ~,;~A/4. This second 
method, which we will call dynamic polarization by 
saturation of allowed transitions, is a direct generaliza- 
tion’ of Overhauser’s original suggestion and is to be 
contrasted to the method in the preceding 
paragraph, which we will call dynamic polarization 
by forbidden transitions. The two methods are indeed 
very closely related and the relative advantages will 
be discussed in Sec. II. At this point we merely note 
that the essential feature of both 


nirst 


methods is a simul- 
taneous flipping of an electron spin and a nuclear spin. 
In the second method it is the cross relaxation transi- 
tions which flip the nuclei and give rise to a polarization ; 
in the first method it is the applied rf fields which 
directly flip the nuclei, producing a polarization. 

Our use throughout this paper of the term forbidden 
transition rf-induced simultaneous flip 
of an electron aud a nuclear spin is admittedly a poor 
notation, since the transition probability may, in some 
cases, be comparable to that for the usual allowed transi- 
tions AM=+1, Am=0. Furthermore, as Abragam"™ 
has pointed out, these transitions may be induced by 
ultrasonic waves, in which 
forbidden. 

It should be pointed out that a low-frequency 
prototype of dynamic nuclear orientation in solids was 
first performed by Pound” some time ago, essentially 
the only difference being that 


to denote an 


case they are not relatively 


instead of an electron- 
nucleus coupled system he used a pure nuclear system 
with unequally spaced levels due to both nuclear 

interactions. In his system, 
and the dynamic nuclear orientation was 
value, but still readily 
resonance 


Zeeman and quadrupole 
(A/6)~2 
only about twice the static 
detectable by magnetic 

For detailed adopt the spin 
Hamiltonian of Abragam and Pryce" for a system of 
electron spins and nuclear spins in a crystal in a 
magnetic field H at such low temperature that only the 
lowest electronic state is significantly populated and 
has a degeneracy 2S+1: 


considerations we 


+ g,BH- 1+-3.. 


The terms 
Zeeman, magnetic hyperfine, nuclear electric quad- 
rupole, nuclear Zeeman, and electronic crystal field 
interactions. It is assumed that the crystal is magnet- 
ically dilute. For the take 


repre sent, consecutively, the electronic 


resent we 


I 0; the more 
"A. Abragam and W. G 
(1958). 
2 R. V. Pound, Phys. Rev. 79, 685 
13 A, Abragam and M. H. L. Pr 
A205, 135 (1951 


Proctor, Compt. rend. 246, 2253 


London) 
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general case of 3C,~0 will be treated in a later paper® 
on Mn.®-*4 

Of the many possible systems of physical interest we 
choose to discuss in detail in Sec. II the case of diluted 
paramagnetic ions in a single crystal, each in relatively 
strong hfs coupling with its own nucleus. This system 
is particularly useful for dynamic orientation experi- 
ments with minute quantities of radionuclei para- 
magnetic atoms to determine their nuclear moments. 
We make the simplifying and not too restrictive 
assumptions that a set of crystal coordinates (x’,y’,z’) 
may be chosen which are the principal axes of all the 
tensors in Eq. (3). Only the diagonal terms remain 
and may be rewritten, assuming axial symmetry about 
z’, as: 
= g 8H, Sy+¢.8(AeSet+hySy)+ASrly 

+ B(Splet+Syly)+PLL7—-1U+1)/3) 
+2.8(Helet+Aylyt+dely). (A) 


Here g,, and g, are the electronic spectroscopic splitting 
factors along and perpendicular, respectively, to the 
z’ axis; S=effective electron spin; 7=nuclear spin; 
A=Ayy and B=Ayy=Ayy are the magnetic hfs 
coupling constants (in ergs) parallel and perpendicular 
respectively, to the 2’ axis and are proportional, for a 
given ion, to gn; gn=un/=nuclear g factor, where pa 
is the nuclear magnetic moment in Bohr magnetons; 
8=Bohr magneton; P is the nuclear quadrupole 
coupling constant and is rarely large enough to be 
detected. We have taken p= —g8S and u,=—z,5I 
in the definition of the algebraic sign of the g factors. 
In Sec. II, following Abragam,‘ we consider oi of 
Eq. (4) to be subject to the perturbations ,3C(¢) 
+7rK(t), where .5C(1) is a time-dependent perturbation 
on o3C due to applied rf fields and 75C(?) is a random 
time-dependent perturbation representing thermal 
relaxation interactions of the spin system with thé 
lattice, considered as a “‘bath.”’ The various transitions 
are discussed and calculations are made for the polariza- 
tion ~; and the alignment p2 to be expected upon 
saturation of various allowed and forbidden transitions. 

In Sec. III we similarly consider briefly a system of 
nuclear spins in weak long-range dipolar coupling with 
electron spins, particularly from the viewpoint of 
dynamic orientation of radionuclei of diamagnetic 
atoms. 

In Sec. IV are given explicit expressions for the y-ray 
anisotropy of dynamically oriented radionuclei and 
in Sec. V a brief comparison is made with the general 
experimental results.*.* 


Il. PARAMAGNETIC IONS IN STRONG 
hfs COUPLING 

A. rf-Induced Transition Probabilities 
1. Magnetic hfs 


We introduce a set of laboratory coordinates (x,y,z) 
in which the applied dc field H||z, and transform the 
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spin Hamiltonian Eq. (4) to these coordinates for two 
cases of crystal orientation: (1) the parallel (||) case, 
i.e., for 2’||z, x’||x, y'||y; and (2) the perpendicular (_L ) 
case, ie., for 2’||—x, x’\\z, y'\ly. Dropping for the 
moment the term in P and introducing the raising 
and lowering operators J,=J,+il,, Sy=S,+iS, we 
obtain 


oi = gi BHS,+AI,S,+4B(S_1,4+S,1_)+¢.6H1,, 


oy _ gSHS,-4 BI,S,4 ie { + B)(S_I,4+S, aD 
+3(A—B)(S_I_+5S,1,)+g.6HI,. (6) 


These matrix elements will be useful: 
(Mm| S,I¢|M'm’) 
(Mm|S,1,| M’m’) 


= Rarer sat 415 my m1, (7) 


Rarsbayargibmym'g1, (8a) 


where 
r,=[ (J+m)(1Fm+1)}, 


R,=((S4M)(S#M+1)}. (Sb) 


Usually we will have (electron Zeeman energy) 
> (magnetic hfs energy)>>nuclear Zeeman energy, in 
which case the energies are found from a second-order 


perturbation calculation, 


Ey = gu8HM+AMm-+ (BY/2g,8H){( 1 (1+1)—m* JM 
—m(S(S+1)—M?]}+¢,8Hm, (9) 


E.=g.8HM+BMm-+ (A?+ B*/4g,8H) 
LT (+1)—m? |M — (A B/2¢,8H) 


x (S(S4+-1)—M*]m+¢,8Hm. (10) 


We label the levels by the zero order quantum numbers 
(Mm), where M=(S,), m= (/,). Transitions between 
these levels are usually induced by applying suitable 
rf fields at a fixed frequency vo=g8Ho/h and varying 
the magnetic field H. For example, for S=4, allowed 
transitions (},m)<+(—4,m) occur at these fields, 
approximately, 


Am 
Hy =H) -( 
£8 


B 


- Ju +1)—m?*), 
2g:° "Ho 


for 2'\|H, (11) 


)crr+1)—me, 
2’ 1d. 


Bm A?+ B 
A,=Hy,- -( 


£.8 4973’ H, 


for (12) 


So-called forbidden transitions (},m) <> (—4, m+1) 


occur at these fields, approximately, 


A 
Ay=Ho— 
g£up 


(m+4)— 


B 
( ostabedl )oru+ 
2¢:7 Ho 


—m(m+1)+3—})+Hoge/gu, for 2'\|H, (13) 
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B A?+ B 
ie (mse) (- )err+y 
gif 42/°8°H, 


— 
—m(m+1)+4 }+ 


42,°3°H» 


+Hogn/gi, for 2’ LH. (14) 


We find the approximate wave functions of these 
magnetic hfs levels by taking zero order functions 
y’(M,m) corresponding to an electron and a nucleus in 
a huge magnetic field. The hfs term admixes these 
slightly and a first order perturbation calculation yields, 
for 2'||H, 

vii (Mm) = gol (Mm) +9-~(M+1, m—1) 
+q.~(M—1,m+1), (15a) 
where 
qo +g 2+9,?= 3 
and 
@4=+BRyrs/2g,,8H. 
For 2’ LH, 


¥i(M,m) = ap’(M ,m)+a,y(M —1, m+1) 
+a_y(M+1, m—1)+b,y(M+1, m+1) 
+by(M—1,m—1), (15c) 
where 
af+a,?+a?+5,?+57=1, 
and 
a,=+(A+B)Ryr./4g.8H, 


bs = o (A —, B)Rirs/4¢.8H. 


(15d) 
(15e) 


At this point we note that the spin Hamiltonian, Eqs. 
(5) and (6), and the above discussion applies, strictly 
speaking, to a single isolated electron-nucleus hfs- 
coupled pair. We are actually concerned with a system 
consisting of a large number, N~10"*, of such pairs, 
still more or less isolated from each other but coupled 
to a crystal lattice in which they are imbedded. We 
use the usual perturbation methods and optical con- 
cepts,**5 and accordingly we consider a typical pair 
to be described by the foregoing spin Hamiltonian, 
energies, etc., and distribute the N pairs over the 
energy levels of a single pair. 

The action of an applied rf field H, with components 
H,, coswt, Hy, coswt, Hy, coswt will be found by 
introducing a time-dependent perturbation ,5C(t) 
= 43 coswi. We take 


IC = guBAiS, + 42,8[ (Ai.— i y)S+ 
+ (Hi.+iH,)S_), for 
#0C,= g,8H,,S,+ Bl (Hiegu— tA yyg1)S4 
+ (HiegiitiHygs)S-], for 


e'\|H, (16) 


21H, (17) 


as perturbations on Eq. (5) and on Eq. (6), respectively ; 
4 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 


73, 679 (1948). 
16 J. P. Lloyd and G. E. Pake, Phys. Rev. 94, 579 (1954). 


terms in g, are quite negligible. Here H,; may be a 
standing wave field in a microwave cavity and H,, 
represents the component parallel to the dc field. 
Let the system be initially in a state ¥(M,m) and 
let »3C(¢) be turned on at time ‘=0. Then by the 
usual first order time-dependent perturbation theory 
the probability that the system will be found at time 
t=r in the state y’(M’,m’) is"® 


la(r)|?=h~ f v| 3 


Wii yp’) exp (iw t)dt . (18) 


where w’= (E— E’)/h. On considering the time-depend- 


ent factors in Eq. (18), we obtain 


a(r)|? « (w’—w (19) 


2 sin*{ r(w’—w)/2]. 


Now in the total system, i.e., N spin pairs, we may 
expect a distribution of values of E and E’, and we 
now assume a continuous distribution of states peaked 
about E and also about £’, in correspondence with a 
finite sample line width characterized by the line shape 
function g(v), so normalized that o*g(v)dv=1. If 
Eq. (19) is averaged over g(v) for a time r>T2, where 
T; is the inverse line width (Aw) one obtains rg(v)/4. 
Thus one obtains a transition probability per second 
averaged over the whole system, 


W(M, m— M’, m’) : la(r)| 2 l 
= g(v)(2h) 2 
X | (Mm| 45C| M'm’)|? sec, (20) 


which will be the same as W(M’, m’ 
Jc is Hermitian. 

We evaluate Eq. (20) for the crystalline axis 2’||H 
by using Eq. (16) and the wave functions of Eq. (15a), 
assuming go~l1, g,<<1 and neglecting terms of order 
(q,qg-)*, and find the transition probabilities 


W,(M, m 


+ M,m), since 


> M+1, m) 


Ce?(W,2+H,7)Re col (21) 


, 


W.2(M, m— M+1, m¥1 


Cg.7H1oRPry? sec, 


(22) 


W,.(M, m— M, m¥1 


Cg,’ H,2-4 H,,7 a’r,?M? sec! (23) 


where C=g(v)8?/4#?, a= B/2g and Ry, rz are 
given by Eq. (8b). For 2’ 1H we use Eqs. (17) and 
(15c) to obtain similarly 


W (MM, m— M+1, m) 


_ C(g.7Ai2 + ¢,°H;,7 R? (24) 
W.(M,m— M+1, m¥1) 
=Cg,H1,"7.2Re*74?_— ser (25) 


%L. I. Schiff, 
Company, Inc., New York, 1949 


Book 


Quantum Mechanics McGraw-Hill 


Chap. VITI 
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W;3(M,m— M+1, m+1) 
=Cg?Hi2y Ror? 
W .(M, m — M, m=1) 
=Clgu?AiP (y+ +7-) +2 iy? (¥4—7- 2M’, 


sect, 


sec", 


(26) 


(27) 
where y,= (A+ B)/4g,8H. 

The transitions, Eq. (21)-Eq. (27), are shown 
schematically in Fig. 2 for S=4 and J=1, arbitrarily 
chosen. W, corresponds to the usual allowed transitions 
induced by the perpendicular rf field component. 
Transitions W; and Ws, forbidden in zero order, 
correspond to a simultaneous flipping of electron and 
nuclear spins in the same and opposite directions, 
respectively, and are of interest in dynamic orientation ; 
they are induced by the parallel rf field component and 
are weaker than W, by the order a&’'~7y’~2X10%, 
typically, but are nevertheless often observed in 
paramagnetic resonance spectra.” For z’ | H we note 
that W./W;= (A+ B)?/(A—B)?, which becomes unity 
if |A| is either much larger or much smaller than | B}. 
For 2'||H, W;=0. Transitions W, correspond to low- 
frequency transitions, which are useful in double- 
resonance experiments.'* 

The spin Hamiltonian, Eq. (4), and the above 
discussion apply to paramagnetic ions in crystals which 
have at least a double degeneracy in the lowest state. 
By Kramer’s theorem all ions with an odd number of 
unpaired electrons have this degeneracy. An even 
number of unpaired electrons requires individual 
consideration in each case, but for some cases (e.g., 
Ni**, Ho**) an effective spin Hamiltonian of the form 
of Eq. (4) is valid and the above discussion applies. 
However other cases (e.g., Fe’+, Pr**+, Tb**) are 
approximately represented by a spin Hamiltonian in 
the crystal coordinates (x’y'z’) of the form!*: 


= giBSyH cosb+AlySy+heSy+hySy, (28) 


— (z°') 


Fic. 2. Rf-induced transi- 
tions, . (21)-Eq. (27), 
for an hfs system with 
S=4, [=1. The levels are 
characterized by (M,m). 





17 See, for example, B. Bleaney, H. E. D. Scovil, and R. S. 
Trenan, Proc. Roy. Soc. (London) A223, 15 (1954). 

18 G. Feher, Phys. Rev. 103, 834 (1956). 

‘“e M. Baker and B. Bleaney, Proc. Roy. Soc. (London) 
A245, 156 (1958 
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where @ is the angle between 2’ and the dc field H, 
and the small terms A,, Ay probably arise from a 
random distribution of crystal fields of low symmetry. 
An applied rf field has no matrix elements between the 
zero order wave functions ¥(M,m), since g,=0. The 
A terms admix the states so that ¥(41,m)=a@p/(M,m) 
+b,Y(M+1,m), and the rf field component Ai, 
induces transitions of type W, in first order. However, 
dynamic nuclear orientation by saturation of transitions 
of type W2 or W; will not be practicable in this case, 
since these transitions are highly forbidden, being 
induced only by the small (previously neglected) 
term g,8H,-I cosw4. 


2. Nuclear Electric Quadrupole Interactions 


Forbidden transitions obeying the selection rules of 
W, and W; may also be obtained through a mixing of 
the zero order functions by the quadrupole term P in 
Eq. (4), as discussed in detail by Bleaney.” To review 
this case’ we take a spin Hamiltonian in the laboratory 
coordinates : 


KH = gBHS,+AI-S+ PLC, cos6+TI, sind)* 
—I(I+1)/3], 
where @ is the angle between z and the crystalline axis 
z’, with y||y’, and we have assumed isotropic g and A 
tensors. Let PSA. Neglecting terms in A/g8H, the 
first order wave functions will be: 
¥(M ,m) = po (M,m)+ pi (M,m+1) 
+ pip(M,m—1) 
+s, (M,m+2)+sp(M,m— 2), 


(29) 


(30a) 
where 


pi= FP sind cos6(2m+1)r,/2AM, 
$,= FP sin?6(J+ m+ 2)(1Fm—1)r+/8AM. 


(30b) 
(30c) 


The quadrupole interaction adds to the energy, Eqs. 
(9) and (10), this term: 


E,= PL(4) cos*®—4 [ m*—1(1+1)/3]. (31) 


An applied rf field, represented by a perturbation like 
that of Eq. (16), induces the usual allowed transitions 
given by W, of Eq. (21). In addition, the following 
forbidden transitions are induced: 


W.(M, m—> M+1, m¥1)=Wipe(M41)7 
sec", 

>M+1, m+1)=Wp.?(M+1)* 
sec, 

W5(M, m— M+1, m¥2)=Wse(M+1)* 
sec, 

W.(M, m— M+1, m+ 2)=W,s,?(M+1)* 
sec, (33b) 


(32a) 
W;(M, m 
(32b) 


(33a) 


® B. Bleaney, Phil. Mag. 42, 441 (1951). 
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The positions of the allowed transitions W, are 
unchanged by the addition of E,, Eq. (31). However 
the transitions W, and W; above are shifted in position 
and a term P(1+2m)( (3) cos?@—4 |/g8 must be added 
to Eqs. (13) or (14). 

We note that in the quadrupole case W2 and Ws3, 
Eqs. (32a) and (32b), are weaker than W, by the 
factor ~(P/A)*, which in some cases will be consider- 
ably larger than the factor (A/g8H)* for the magnetic 
hfs case of Eq. (22). For example, all the transitions 
Eq. (32) and Eq. (33) have been observed in the 
paramagnetic resonance spectra of Cu®+* and U** 
with the intensities only about one order of magnitude 
less than the main transitions. There is no evidence in 
the spectra of most paramagnetic ions, 
however, of an appreciable quadrupole term, i.e., the 
data are consistent with P< A/50, typically. We note 
nevertheless that because of random lattice distortions, 
etc., there may exist in some cases an appreciable mean 
square quadrupole interaction (P*), with a vanishing 
average value of P. Thus the average positions of the 
transitions W, and W3; would be given by Eqs. (13) 
and (14), but the intensities by Eqs. (32a) and (32b). 

We generally conclude that quadrupole interactions 
are an important source of matrix elements for forbidden 


resonance 


transitions useful in dynamic nuclear orientation. 


B. Relaxation Transitions 


We make no proper attempt here to calculate 
transition probabilities due to thermal processes. We 
try, instead, to merely represent the various complex 
relaxation interactions by simple and approximate 
Hamiltonians of arbitrary magnitude. 
considered as time-dependent perturbations on the 
spin Hamiltonian, Eq. (5) or (6), and relaxation 
transition probabilities per second are calculated, the 
object being to find the selection rules and the relative 
transition probabilities for certain simple assumptions. 
We that the most important relaxation 
interactions may be approximately represented by 


These are 


assume 


rK(t)= ¥ CSBgell' ()+-SBr00(OAi+]D Beni (0) 
- 


+ SP gr tT; + Tpi(dli + Sipdyy t)S;,). (34) 


The first and second terms represent the electron 
spin-lattice interaction where H;'(t) is an equivalent 
fluctuating magnetic-field component due to thermal 
lattice, and A,:(t) is a fluctuating 
component of the g tensor due to thermal modulation 
of the spin-orbit coupling. The third term represents the 
direct interaction and will usually be 
quite negligible. The fourth term represents the thermal 


of the hfs interaction, where 


agitation of the 


nuclear-lattice 


modulation magnetic 
' B. Bleaney, K. D. Bowers, and D. J. E 
Soc. (London) A228, 147 (1955) 
2 P.B. Dorain, C. A. Hutchison, Jr 
105, 1307 (1957 


Ingram, Proc. Roy 


, and E. Wong, Phys. Rev. 


F,,(t) is a fluctuating component of the A tensor. The 
fifth and sixth terms similarly represent the fluctuations 
in the nuclear electric quadrupole interaction and in 
the crystal field interaction, respectively. 

We write Eq. (34 > 2 7H n(¢) and assume 
that each of the time variables has a broad and smooth 
frequency spectrum so that a typical term in Eq. (34) 
feg., Si .(t)1, ay be represented by 173,(2) 

=> >, 7K n’(t) where 73C,”(1)=),"0, cos| 2rvi+ yn"(t) | 
is the Fourier component at frequency v; Q, is a spin 
operator (e.g., S,/,). We assume that the phase ¢,’(t) 
is a random variable such that the correlation function 
is sharply peaked aboutr=0 
Chen in a 
(20) we find an average 


(Gn"(b) Gn" (l4 T)) In \T 
with a width ~7,’=self-correlation time. 
way similar to that for Eq. 
transition probability per second due to 73,(1) for 


times r> 


T Tr 
7 


Mm\QO,|M'm’)|?, (35) 


between v’ 


T,.(v’ Ap = mean 
density and 
f) alone. Other terms with 

, the same frequency »’, 
will simply add to tl sume, for the moment, 
that the cros ter! vanish because of incoherence, 
1.€., T>Tan 3s-correlation time, defined by (¢,"(t) 
XK Om’ (t+ tam) w= Fo, y 0 

As an example we cor 
hfs relaxation 


, 
where pv 

P »d } ; 7 ’ — 
square¢ Huctuation ens 
v’+ Av due to the 
the same matrix element 


term 


ly the magnetic 


the laboratory 


separate 
term, xpanding in 


coordinate s the « yMpo! frequen 7 Ps 


GS I, B 


(36) 


where 4B,=[F,.’+/ 
—F,,’+i(F; ; 
tif G=Pf,,’. U 
we find th 


y"i(Fy’—F,s”) |, 4C,=[F 2s’ 
|,2D,=([F.."+iF,,’ |, 2E,=(F,2’ 
ing zero order functions ¥(M,m) 
following transition probabilities per 
most general assumption that the nine 


second for the é 
!) are all independent and completely 


components F; 
uncorrelated : 


7rW y(M, m 
Fs Vi 


>M+1,m 


7W4(M, m— M, m¥1 
= (Ji2(vs)+Jey V4 ] VU Ts 16} 
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Here we have introduced the spectral densities J .2(v1) 
= |F,."|*Av, etc., where vA is the energy difference 
for transitions W,, etc. 

From Eqs. (37b) and (37c) we note that if we 
assume a reasonably flat spectral density, J.2(v2) 
= J ..(v3), then 7W;= TW2, i.€., the probability that an 
electron and a nuclear spin be simultaneously flipped 
in the same direction is equal to the probability that 
they be flipped simultaneously in opposite directions. 
This could cause the dynamic nuclear orientation 
obtained by saturating allowed transitions to vanish in 
first order, as shown below. On the other hand, if we 
assume the other extreme case, namely, that the nine 
components F,,’(t) are completely coherent, tram’, 
then 7W, and rW, are unchanged but cross terms add 
to 7W: and subtract from 7W3;, so that they are no 
longer equal. 

Furthermore in many cases, e.g., when S is a real 
spin vector,” the A tensor is symmetric and we expect 
the F tensor to be likewise: F,;’(t)=Fy’(t). This 
assumption does not change rW, or rW, but the 
bracketed factor in Eq. (37c) becomes [J 22+J yy+4J ey | 
and in Eq. (37b) it becomes [J.2+J,, ], again making 
7W 2% 7W;3, unless the off-diagonal term J ,, is negligible. 
Finally if we assume complete coherence, F,.=F yy, 
and vanishing off-diagonal terms (/,,=0, etc.), then 
7W 240, 7W1=7W3= TW,=0, which is the special case 
previously considered by Abragam.‘ Consideration of 
a definite model is necessary for a more specific estimate 
of the transition probabilities but we generally conclude 
from this discussion that 7W, rW.2, rW3, rW4 may all 
be of the same order of magnitude, perhaps even 
7W2=71W; in some cases, but only in special cases does 
7W,=0. 

Similar consideration of the first two terms of Eq. 
(34) show that they will produce relaxation transition 
probabilities 7W’ essentially given by Eq. (21)-Eq. (27) 
if we replace C by §?/4h? and g,7H,,? by K,(v), etc., 
where K,(v)Av is a component of the fluctuating 
magnetic energy density between v and v+Ayv. The 
transition probability rW,’ corresponds to the classical 
paramagnetic relaxation and will probably be dominant, 
particularly for paramagetic ions in hydrated crystals. 
The transition 7W,’ is weaker by the order (B/g8H)* 
and must be added to 7W:2 of Eq. (376), which may 
dominate it at high fields but not at low fields. For 
z|| 1, pW ;'=0 but for 2’ 1 H, rW;’ may be an important 
addition to rW; of Eq. (37c). 

The nuclear quadrupole term in Eq. (36) may be an 
important process in some cases. Even if the static 
tensor P,; vanishes, e.g., because of cubic symmetry, 
the fluctuating tensor px:(t) does not necessarily do 
so. This term induces relaxation transitions of the 
types W(M, m— M, m+1) and W(M, m— M, m+2) 
and could even be the dominant process if Px: is 
unusually large (~0.03 cm~”). 


% B. Bleaney and M. C. M. O’Brien, Proc. Phys. Soc. (London) 
B69, 1216 (1956). 
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Fic. 3. Relaxation transi 
tions for an hfs system 
with J=4, S=4. The levels 
are characterized by (M,m). 


The crystal field splitting term dy:(t) may also be 
important particularly if the static term Dy, is large. 
In zero order it induces relaxation transitions of the 
types W(M, m— M+1, m) and W(M,m— M+2, m). 
In first order, transitions of the type W(M, m— M+1, 
m+1) may also be induced, weaker by (B/g8H)*. 

We summarize this section by’ means of Fig. 3, 
which represents schematically for the case J=}, 
S=} the various relaxation transition probabilities. 
For example, w= >> rW, is the sum of all the transition 
probabilities per second for the transition (M,m-—> M 
+1, m) due to the various terms in Eq. (34); bw is a 
similar quantity for (M,m—» M,m+1), where } is 
a dimensionless factor; etc. In view of the above 
discussion we consider that it will not be unrealistic to 
suppose that c, 6, and f may have almost any values 
between zero and unity, approximately. In the following 
section we calculate dynamic populations for several 
“typical” cases. 


C. Populations, Polarization and Alignment 


We have N~10" electron-nuclear hfs coupled pairs 
to be distributed over a closed group of n= (27+1) 
(2S+1) energy levels; let V; be the population of the 
ith level. Under the simultaneous action of applied rf 
fields and relaxation processes the populations are 
given by the rate equations 


dN /dt= ¥ [N(Wt+U;)—N(WotU a], 


JA 


i=1,2,---m. (38) 


Here W ;;=W,,;=W(M, m<— M’, m’) is the rf-oscillator- 
induced transition probability per second between 
vy, and y;; Uj;= wy;,p; is the effective relaxation transition 
probability per second from y; to y% and Ui; =wyp; 
is the effective relaxation transition probability per 
second from ¥; to ¥;, where pj=exp(—E,/kT) and 
w= wy is the total transition probability per second 
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due to all thermal perturbations as calculated in B 
above. The Boltzmann factors p;, p; are introduced to 
reflect the fact that the relaxation transitions are the 
result of thermal processes and, in the absence of rf 
fields, yield after sufficient time the steady-state 
solutions N;/N;=p;/p:, corresponding to thermal 
equilibrium. If, in addition, rf fields are applied, we 
refer to the resulting steady-state condition as dynamic 
equilibrium. Take W,,+0 and all other W,;;=0. The 
resulting rate equations may be solved directly, or they 
may be put into the following form: 

I;=0= ss L(V; - Vi) Ry], 

j#i 


= 1, 2, 
3 [( V; - Vi) Rin) 
j#l 
= i [(V;- Vi)/Rie], 


jrk 


-««n, #k,1, (39a) 


I; =—J, 


(39b) 


if we define Ry=[wapprt', Vi=Ni/pi, and I; 

(Ni—N,)Wi. This result, previously obtained by 
Bloch™ by a different method, shows that the rate 
equations are formally equivalent to the Kirchoff 
equations Eqs. (39a) and (39b) for the net current 
Ti, Ix, It, «++, out of each junction point i, k, 1, ---, of 
a network of resistors Ry, Ru, ---, where the potentials 
at the junction points are Vi, Vs, Vi, ---. Thus the 
problem of finding the dynamic equilibrium populations 
is equivalent to finding the potentials in the passive 
network problem, subject to the normalization condition 
>: Ver=di Ni=N. We have used this method to 
calculate the resulting steady-state nuclear orientation 
in the following cases: 


1. For the system of Fig. 3 the nuclear polarization 
is given to a good approximation by p:=[N(4,}) 
+N(—4, 4)—N(4, —$)-—N(—}, —) VZNi. Let us 
induce the forbidden transition W2($, —4}— —}4, 4) 
with a sufficient rf field to equalize the populations: 
N(4, —4)=N(—}, 4); i.e., we saturate this transition. 





+ + ——— yy 
on | ‘ee oe ee rT 











Fic. 4. Dynamic nuclear polarization ; versus A for saturation 
of the forbidden transition W2(4, —4— —4, 4) of Fig. 3, for 
various relative values of relaxation transition probabilities. 


* F, Bloch, Phys. Rev. 102, 104 (1956). 
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Neglecting the hfs splitting A/2 in comparison to 
g8H in the expressions for the Boltzmann factors, 
the resulting nuclear polarization in the first order 
approximation, e*~1+-A, is 


(— A/2)(1+c) 


= 


— (40) 
2c+1+6 
where A=hy/kT. The exact behavior of p; with A is 
shown in Fig. 4 for various values of ¢c and 6. We note 
that p; is independent of f and not very sensitive to c; 
pi is appreciably affected by 6 only if b approaches unity. 
2. For the same system, Fig. 3, we instead induce 
strongly the allowed transition W,(4, 4 —> —}, 4) so 
that N (4,4) = (—4, 4). The resulting nuclear polariza- 
tion to first order is 


_ (—4/4)(f—o(1+5) 
P\~ 1 +bF0)1+0+/y—1 





(41) 


We note that: for c=b=0, this polarization is half as 
large as that of Eq. (40); if fc, pi vanishes; p, is 
appreciably reduced if b approaches f in value. The 
more exact behavior of f; with A is shown in Fig. 5 
for selected values of c, f, and 6; it shows that at 
sufficiently large value of A there is a nonvanishing 
second order term in pi, even if f=c, etc. 

3. For the hfs coupled system J=1, S=} of Fig. 6, 
we calculate the nuclear alignment, given to a good 
approximation by 


p2=LN (4, 1)\+N(—3, 1)+ N (3, —1)+N(—3, —1) 
_ 2N (4,0) —2N (—}3, 0) /> Nj. 


0, c=0 and saturate the allowed 
transition W,(4,1—> —4,1). The resulting dynamic 
nuclear alignment is shown in Fig. 7(A). If, instead, 
we saturate the forbidden transition W.(—4, 1— 4, 0) 
the resulting alignment is as in Fig. 7(B); etc. for the 


First we assume 0} 


Fic. 5. Dynamic nuclear polarization p, versus A for saturation 
of the allowed transition W,(4,4— —4, 4) of Fig. 3, for various 
relative values of relaxation transition probabilities. 
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other transitions. If the dc magnetic field H is slowly 
varied with constant applied rf frequency y, the 
transitions corresponding to Fig. 7(A), 7(B), ---, may 
be successively saturated and the resulting pattern 
of the steady-state nuclear alignment 2 versus H is 
shown in Fig. 8 for the case 6=0, c=0, which yields 
the maximum alignment. One finds that the alignment 
produced by the forbidden transitions is not appreciably 
reduced unless c and 6 become comparable to unity, 
whereas the alignment produced by the allowed transi- 
tions is, in first order, reduced to zero if c~/f, or if 
b> f. The results are similar to those for p; in Figs. 4 
and 5, and one draws these general conclusions: 


Polarization or alignment produced by the saturation 
of the forbidden transitions is a process in which the 
nuclei are directly flipped (simultaneously with an 
electron) by the applied rf fields; since the transition 
probability for this process can, in principle, be made 
as large as desired by increasing the rf power, the 


competing relaxation processes, bw and cw in Fig. 3, 


do not appreciably reduce the orientation unless they 
are comparable to the major process w. On the other 
hand, the saturation of the aliowed transitions produces 
in first order in A, an orientation only through a cross 
relaxation process, say fw. That is, the nuclei are 
indirectly flipped by a relaxation transition and the 
orientation is appreciably reduced if the competing 
relaxation processes cw and bw become comparable to 
fw; this is a more severe restriction. For A> 1, second 
order effects partially nullify this advantage of using 
forbidden rather than allowed transitions. For example, 
Fig. 5(E) shows that at A2>1, saturation of the allowed 
transition will produce a polarization ~:~} even in 
complete absence of the cross relaxation transitions 
cw or fw. 

In all of these methods the dynamic orientation is 
obviously reduced to zero at all values of A if b>1; 
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Fic. 7. Dynamic nuclear alignment 2 versus A for rf saturation 
in Fig. 6 of these transitions: curve A, W,(4, 1 + —4, 1); curve B, 
W2(4,0— —4, 1); curve C, W,(4,0—+ —4,0); curve D, W2(4 
» —}, —1). It is assumed 


—1-—+ —},0); curve EZ, W,(4, —1 
b=c=0. 


however, this is not a very realistic assumption, at 
least for paramagnetic ions in hydrated crystals. 

For a general spin J in a system similar to Fig. 6 
with c=0, b=0, the saturation of the forbidden 
transition W2(4, m—+ —4, m+-1) yields the polarization 
and alignment 


1 (e-4—e*)[7(1+1)—m(m+1) ] 
ey: (1-6-4) (1—m)+(1-+e4)(I-+-m-+1) 


po= pi(2m+-1)/(27—1). 


The saturation of the allowed transition W,(4, m— —}4, 


D2 








Fic. 8. Dynamic nuclear alignment p2 versus field H for rf 
saturation, at two different values of A, of the transitions A, 
B, ---, of Fig. 7. 
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m) yields 


1 (e8—e4)[1(1+1)—m(m+1) ]+(1+64)2m 
2I (1+-e-4) (+m) +2+ (1+e4)(I—m) 


1 (e8—e~4) (m+4)[1(1+1)—m(m+1) ]+ (1—e)[3m?—1(T+1 


1(21—1) 


We have considered only steady-state values of 
dynamic nuclear orientation. Pipkin and Culvahouse”® 
have the transient important in 
systems with long relaxation time, such as in doped 
silicon. We note further that dynamic orientation by 
forbidden transitions is in a rough sense the steady-state 
analog of Feher’s”® transient method using two successive 


discussed case, 


adiabatic fast passage inversions of populations. 


Ill. DIPOLAR COUPLING 


The case of an electron and a nucleus in weak dipolar 
coupling in crystals has been discussed by Abragam,*‘ 
who showed that essentially no dynamic nuclear 
orientation was to be expected upon saturation of the 
usual allowed electron transitions. However, forbidden 
transitions which simultaneously flip an electron spin 
and a nuclear spin will indeed produce a dynamic 
polarization, as was first demonstrated by Abragam 
and Proctor" in a slightly modified way in a crystal of 
LiF: the nuclear spin involved was that of Li® and the 
“electron spin” was in effect that of F'®. The method 
has been used to obtain appreciable nuclear polarization 
of H!,?7.28 Si?9 29 F!9 % and others. Here we are concerned 
principally with nuclear alignment, however. 

We do not treat the general case of an electron spin 
surrounded by many nuclear spins, but instead take a 
simpler model in order to estimate the dynamic y-ray 
anisotropy obtainable. Consider a single diamagnetic 
crystal containing a small fraction of paramagnetic ions 
and an even smaller fraction of some radionuclei of 
diamagnetic atoms, all at helium temperatures and in 
an external dc field H of a few thousand gauss. For a 
“typical pair” consisting of a paramagnetic ion § and 
a radionucleus I, separated by a distance r, we take as 
the spin Hamiltonian in the principal coordinates 
(x’y’s’) of the ion g tensor 


KH= g BS» (Hy+Dy)+g¢.8[ S2(Het+ Der) 
+Sy(Hy+Dy)] 
a + OB (Aelet+Hylyt+Aele)+K,, (46) 


25 F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 109, 1423 
(1958); J. W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 
(1958); F. M. Pipkin, Phys. Rev. 112, 935 (1958). 

26 G. Feher, Phys. Rev. 103, 500 (1956). 

27E. Erb, J. L. Montchane, and J. Uebersfeld, Compt. rend. 
246, 3050 (1958) 

#8 J. Borghini and A. Abragam, Compt. rend. 248, 1803 (1959); 
O. S. Leifson, P. L. Scott, and C. D. Jeffries, Bull. Am. Phys. Soc. 
Ser. IT, 4, 453 (1959). 

* A. Abragam, J. Combrisson, and I. Solomon, Compt. rend. 
247, 2337 (1958). * 

* M. Abraham, M. A. H. McCausland, and F. N. H. Robinson, 
Phys. Rev. Letters 2, 449 (1959). 


(1+6-*) (I+m)+2+(1+e)(l—m 


JEFFRIES 


(44) 


(45) 


where the magnetic dipolar field at § due to I is given 
by D {I—3rr*(I-r)], and 3, is the nuclear 
electric quadrupole interaction of I. For simplicity we 


g,pr 


omit all other interactions of the paramagnetic ion. 

We transform Eq. (46) to the laboratory coordinates 
(x,y,2; 7,0,¢) as in Sec. II A for 2’||2||H. For ,, gu 8D 
<Kg,BH, the first ord 


order wave functions are 
vi (Mm) = da (M,m)+diY(M, m+1 


+dwy(M,m--1), (47a) 


where 


d= +(3)g,,6r-*H™ sind cosdMr (47b) 


exp(+¢). 


An applied rf field, Eq. (16), induces the allowed 


transitions W, given by Eq , and in addition, the 


forbidden transitions 
W.(M,m— M+1, m¥1 
W;(M,m— M+1,m+1 


where o gn Br-*H— sind « 

For 2’ 1H one obtains y, by replacing g,, by g, in 
Yu; and rf perturbation, Eq. (17 
transitions W, of Eq. (24) and the forbidden transitions 
obtained from Eqs. (47c) and (47d) by replacing gi, by 
Thus anisotropic ions where 


(47c) 
(47d) 


; osé 


. induc es the allowed 


g, in the expression for oa. 

inducing the transitions W2 

tation 2||H 1 2’ 1 A. 

in Fig. 9 for the case 
and Ws; were first 

and Zeldes® and appear on the 


g1>£1,~0 may be used for 
and W; if one takes the oriet 

The energy levels are 
S=4, [=1. The 


observed by Livingston 


shown 

transitions W 
paramagnetic resonance spectra as two satellite lines 
he main transition line W,. 
~o’~ 10 §H-, 
For r~10 A, 


ion concentration of 


spaced +¢,H/g gauss about t 
The relative intensity is of order W2/V 
where r is in angstroms and H in gauss. 
characteristic for a paramagnetic 
~ 10-7, and H~ 10‘ gauss, the 
is too small to permit direct observation of W, and W; 
effective in dynamic 


6 


relative intensity o’~ 10 


but they may nevertheless be 
nuclear orientation if they are theoretically resolved, 
which, for the moment we assume: the electronic line 
width AH <g,,H/g. 
We assume* that the important relaxation processes 
he 


are represented by the first, second, third, and fifth 
terms of Eq. (34); i.e., we neglect the fluctuations in 


the dipolar coupling.The principal relaxation transitions 
v.(M,m— M+1, 


will be: w;(M,m— M+1, m) an 
ingston, Phys. Rev. 96, 1702 (1954); 


Livingston, Phys. Rev. 110, 


and R. Liv 
( mell, H. Zeldes, and R 
630 (1958). 


# N. Bloembergen, Physica 15, 386 (1949 
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m*1)=w;(M,m— M+1,m+1) due to the first 
and second terms (electronic); and w4(M,m— M, 
m+1) and w;(M,m— M, m+2) due to the third and 
fifth terms (nuclear). These relaxation transitions are 
represented schematically in Fig. 9, where f, 6, and d 
are dimensionless parameters; we expect f~o’, and 6 
and d to be determined by residual paramagnetic 
impurities and quadrupole interactions. 

Let us saturate the three coincident allowed transi- 
tions W,(4, 1 —4, 1), Wi(4, O— —4, 0), and W,(3, 

1—+ —43, —1) in Fig. 9. Then the populations of 
all the levels become equal in the steady state and the 
dynamic nuclear orientation remains zero for all 
values of A=hy/hT. 

Let us, instead, saturate the two coincident forbidden 
transitions W2(4,0— —}4, 1) and W.(}, —1— —4, 0). 
If b, d, {<1 the steady-state dynamic populations take 
the values shown in Fig. 9(a), corresponding to a 
nuclear polarization (p1) w2= (1+-e~4—e4—e*4)/(2+-2e4 
+¢~4+¢*4) = — (3)A and to a nuclear alignment 


(p2) wo= (e~4— e4— 1+ 64) / (24+ 2e4+e-4+ 4) = A?/3. 


If instead of W. we saturate the two forbidden transi- 
tions W;(4,1— —43,0) and W;(4,0—+ —4, —1), the 
populations become those of Fig. 9(b), corresponding to 
a polarization (p:)ws=—(pi)we and an alignment 
(p2) ws= (p2) we. Thus the polarization is reversed, but 
the alignment, being only a A? effect, is not. At a 
frequency »~ 3X10" cps and a temperature 7~1°K, 
the second order alignment is considerable, however, 
and would yield y-ray anisotropies of ~ 10%, typically. 

It is clear that the values of p; and p2 thus calculated 
are optimum values and will be appreciably reduced if 
b or d or f become comparable to unity. 

In the event that the electronic line is homogeneously 
broadened over a width AH>g,H/g, the transitions 
W,, Ws, and W, can essentially occur simultaneously 
throughout the sample, equalizing the populations, 
with a negligible resultant nuclear orientation. However, 
if the line is inhomogeneously broadened a polarization 
is observed,” reduced by a differential effect due to 
the fact that (p:)w;=—(pi)we. Since (po) w2= (po) ws 
one would not expect a corresponding differential 
reduction in the alignment and the y-ray anisotropy. 
For an inhomogeneously broadened line width AH 
=gnll/g it may be possible at feasible rf powers to 
sweep through the line, saturating the W2 and W; 
transitions, in a time short compared to the times 
~ (fw), (bw), (dw) required for the saturation of 
the W, transition to destroy the alignment produced by 
W. and W;. 

Finally, if we consider the case where the quadrupole 
term 3K, in Eq. (46) is comparable to the nuclear 
Zeeman term, then the ($,m) levels and the (—}4, m) 
levels in Fig. 9 are no longer equally spaced. Instead of 
two, there are four forbidden satellites about the main 


# A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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Fic. 9. Magnetic energy levels (Mm) and relaxation transitions 
for S=4 and /=1 in weak dipolar coupling. Column (a) gives the 
populations for rf saturation of forbidden transitions Ws, Eq. 
(47c), assuming b, d, <1. Column (b) is for saturation of transi- 
tions W,, Eq. (47d 


line. Saturation of any one of them produces a first 
order term A in the alignment. 


IV. y-RAY ANISOTROPY 


The angular distribution of y radiation from oriented 
nuclei has been adequately treated” and we use the 
results and notation of Steenberg.** Consider a system 
of nuclear spins distributed over a set of magnetic 
energy levels of the types in II or III above, where NV; 
is the population of the ith level. Assume, for the 
moment, that m, is a good quantum number: (¥;| J,|¥«) 
=m,;. If the nuclei are radioactive ana decay by 
emission of a series of y-rays and particles, the angular 
distribution of a given y-ray transition can be written 
in the form: 


G0)=¥; NGm,(0)/X; Na 


Gn(0)=14+E, all, (mD)P.(0), & 


(48a) 


2,4-++,2p. (48b) 


Here 6 is the angle between the y-ray detector and the 
z axis; the a, are nuclear parameters given explicitly 
by Steenberg,” which depend on the various angular 
moments involved in the decay scheme; the P,(@) are 
the Legendre polynomials: ?,= (4) cos*@— (4), P2= (2) 
[(35/3) cos?— 10 cos*#+-1], etc. The Il, are essen- 
tially Clebsch-Gordan coefficients and have the property 


I 
>- M=0, 
me—I] 


the first two being Il,(m,J)=3m’—I(I+1), and 


11 ,(m,1) = (p5)[ 35m*— 5 (612+61 —5)m? 
: , +31 (I+1) (I+ 2)(I—1)]. 
*N. R. Steenberg, Proc. Phys. Soc. (London). A65, 791 (1952). 
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The upper value of & is restricted to 2p, where p is the 
smallest of the various angular momenta involved in 
the decay scheme, including those of the initial and 
intermediate nuclear states and the y-photon. We 
restrict our discussion to k= 2, 4, which is sufficient to 
include dipolar and quadrupolar radiations. 

For the system of II the angular distribution G(@) 
will show an anisotropy even in the absence of a 
dynamic nuclear orientation because of the various 
static orientation processes. In the usual static orienta- 
tion experiment one observes the temperature variation 
of this anisotropy at very low temperatures, in order to 
determine, say the hfs coupling constants and the 
nuclear spin. It is convenient to do dynamic orientation 
experiments at a constant temperature in the liquid 
helium range, where the anisotropy from static processes 
is usually quite small and negligible in comparison to 
that from dynamic processes. Then it is useful to 
define a dynamic anisotropy 


e=[G(x/2)—G(0) //Go, (49) 


where G(w/2) and G(0) are the y-ray counting rates in 
the directions perpendicular and parallel to the H field 
(z axis), respectively, under conditions of dynamic 
orientation, and G» is the average (essentially isotropic) 
counting rate in the absence of dynamic orientation. 
This differs somewhat from the usual definition of 
anisotropy, but it is the parameter actually measured 
in our experiments.*. The anisotropy can be re-written 


e= (— ; Jar pe’ — (3 usp’, (50) 
where 
be’ =>: NM, (m,)/> Ni, 


k=2, 4. (51) 


It is seen that the alignment 2 defined in Eq. (2) is 
simply a normalized generalization of 2’ to include 
the case where m, is not a good quantum number; etc. 
for ps, pa’. If ps or ay are negligible, and the forbidden 


TABLE I, Summary of dynamic nuclear orientation experiments on radionuclei at Berkeley 


transition W.(3, ? +1 
— 3Aael (27—1)(27+1), which has the typical order 
e~0.05 for A=hv/kT~0.3, a2~0.05, 
{~2. If the various transitions, forbidden and allowed, 
are in turn saturated by varying the dc field at constant 
frequency a y-ray anisotropy pattern similar to the 
p2 pattern of Fig. 8 will be observed, from which the 
spin J and the hfs constant A may be directly deter- 
mined. In effect the paramagnetic resonance spectrum is 
observed through the y-rays, 
Bloembergen and Temmer.*® 


is saturated, e~ 


of magnitude 


an idea suggested by 


To estimate the sensitivity of this type of experiment 
we note that the number of nuclear decays necessary is 
of order D~ (s/e)*(C/F), where s is the signal to noise 
ratio in observing an anisotropy «¢ in each of a total 
of C “channels” of the resonance spectrum, and F is 
the y-ray loss factor due to geometry and detector 
inefficiency. With the typical values s~10, e~0.01, 
F~0.003, C~ 100, the total number of decays required 
is of order D~ 3X10". For a half-life of a few hours we 
may equate this number to the minimum number of 
radionuclei required; this is to be compared to direct 
paramagnetic resonance absorption where approxi- 
mately 10" nuclei are required in a typical experiment. 


V. COMPARISON WITH EXPERIMENTS 


In Table I are briefly summarized some of the results 
at Berkeley of Abraham et al.,°* and Kedzie et al.,’-® 
in attempts to dynamically orient radionuclei of para- 
magnetic ions in hyperfine coupling, Sec. II. 
Several crystal structures with widely differing para- 
magnetic parameters are represented. All the experi- 
ments were performed at an rf frequency of »~9X 10° 
cps and a temperature 7~1.5°K. h case, all 
the y-rays in the total decay 


strong 


For eac 
scheme were counted in 
The counting rate was such 
that an anisotropy e2 10~* would have been detected. 


measuring the anisotropy 


1d Kedzie et al.”). 


Experiment 

No. Nucleus Crystal 
1 ‘o® LasMg;(NOs);.-24 DO, site I 
2 ‘o® La2sMg;(NO;);2: 24 D,O, site II 


LaeMgs(Nos);2° 24 HO, site I 
LazsMg;(NO;)i2-24 HO, site U 


Ce La2Mg3(Nos3):2: 24 H:O 


Np™* 239 UO.,Rb(NO,); 


* See footnotes 6 and 8. 
> See footnotes 7 and 9. 


%5.N. Bloembergen and G. Temmer, Phys. Rev. 89, 883 (1953). 


y-Tay 
€ 


Paramagnetic par observed 


gu~er~4.3; A~B=0.006 cr ~1% 


gu~8, gu~2; A~0.018 cm™, B=0 0 


D=0.025 cm™ 


1(5 B(54 0.0075 cn 
gi eu 2; A(52)= , 


0.0035 cn 


D=0.006 cm™'; A B (54) =0.0075 cn 
gim~gu~2; A(S2 B (52) ~0.0035 cm™ 


gu~0.2, 2: ~1.8; A~O, B=0.013 cr 
estimated 

{~0.1 cm™ 
B~0.01 cm 
0 P-0.03 cn 
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If Co** ions are substituted for Mg in La2Mg;(NOs)12 
-24H,O, there are two possible sites, magnetically 
unequivalent. In experiment 1, Table I, we are con- 
cerned with Co™ in the almost isotropic site. A y-ray 
anisotropy of e~0.01 was observed when the forbidden 
transitions W.2, Fig. 2, were saturated. Essentially no 
« was observed for saturation of the allowed transition 
W,; this is probably because of appreciable relaxation 
transitions cw or bw, Fig. 6, as discussed in Sec. II B 
above. 

In experiment 2, we consider Co ions in the other, 
very anisotropic, site in the same crystal. No y-ray ¢ 
for saturation of either forbidden or allowed transitions 
was observed. We explain this as follows: For 2!|H, 
approximately, the transition probability W, is too 
small because of the size of B to allow for the forbidden 
transitions to be saturated. For 21H, approximately, 
we see from Eqs. (25) and (26) that since A>B, 
W.~W;. These would give rise to equal but opposite 
alignments at very nearly the same dc field resulting 
in a greatly reduced net anisotropy. Dynamic nuclear 
alignment by saturation of allowed transitions fails 
probably for similar reasons: fb at 2||H and c=, 
at 2LH. 


If Mn** is substituted for Mg?* in the double nitrate, ' 


two sites are possible, one with a considerably larger 
zero-field splitting than the other. In experiment 3 no 
clearly detectable € was observed for radioactive 
Mn® or Mn*® at the site with the larger splitting. In 
experiment 4, for the site with small splitting, anisotro- 
pies of the order e~ 10~? were observed corresponding to 
saturation of either types of forbidden transitions W, or 
W;, which occur in the case of Mn™ at appreciably 
different dc fields; also saturation of the allowed 
transition W, produced an anisotropy. These experi- 
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ments have resulted in a measurement of the nuclear 
moments: J(Mn™)=6, |u(Mn*)|=3.0040.15 nm, 
I(Mn*) = 3, |u(Mn*) | = 3.29+0.06 nm. 

In experiment 5, Ce’ was substituted for La in 
the double nitrate crystal. Since g;,~9.2 required a dc 
field higher than was available the forbidden and 
allowed lines were saturated in the orientation 21H. 
No y-ray ¢ was observed, probably because the in- 
equality BA makes W,~W,; these transitions would 
be nearly superposed for Ce™. 

In experiment 6, Np™* and, separately, Np™* were 
substituted for U in a uranyl rubidium nitrate crystal. 
No y-ray ¢ was observed for the approximate orientation 
z\|H by saturation of either the allowed or forbidden 
transitions. Possibly the appreciable quadrupole inter- 
action P in this case makes the relaxation process bw 
stronger than any others, significantly reducing the 
maximum alignment attainable. 

Many miscellaneous pieces of information point to 
spectral diffusion*** effects as additional and independ- 
ent reasons for the failure to observe an alignment in 
some cases. 
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An experiment to dynamically orient Co™ nuclei is described, using a method di 
paper ; the orientation is detected by the y-ray anisotropy. The Co® is contained as 
isotropic sites of a single crystal of LaaMg;(NOs3),2:24D.,0 at 1.5°K and in a field of ~ Iss 
of an rf field at a frequency »~9400 Mc/sec produces an orientation when the forbidd 
» M+1, m#¥1) are induced; m and M are the magnetic quantum numbers of the Co® 
ion, respectively. With a few milliwatts of microwave cavity powé tate 
nuclear orientation is reached in a time less than a few seconds yielding : | 


W2(M,m 
and the Co** 


1 the preceding 
magnetically 

Application 

n hfs transitions 

nucleus 
lynamic 

smaller by a 

| 


factor 2.7 than the theoretical optimum value. No y-ray anisotropy is obser when the allowed hfs 


transitions W,(M, m 


> M+1, m) are induced. Also, no y-ray anisotropy is four 
or W; for Co** located in the magnetically anisotropic sites in the crystal. All the above 
general agreement with the theoretical expectations. An anomalous orientation of 

allowed hfs transitions of abundant stable Co® in the same crystal are strongly induce 


lucing either W, 
»bservations are in 
” is observed when the 

1. This is explicable in 


terms of a mutual spin-flip process between the two systems. 


I. INTRODUCTION 


HIS paper presents the details of an experiment to 
dynamically orient 5.3 yr Co™ nuclei by the 
methods discussed in the preceding paper,’ which we 
refer to as I, and which notation we follow. The experi- 
ment has been briefly described earlier? and consists in 
saturating certain (forbidden) transitions in the para- 
magnetic resonance spectra of divalent Co™ ions in a 
crystal and observing the resulting y-ray anisotropy. 
We have used the deutrated double nitrate crystal 
LaeMg;(NOs3),12:24D.0, in which a small fraction of the 
Mg** ions have been replaced by Co** ions. Paramag- 
netic resonance was first observed, for the hydrated 
crystal, by Trenam,’ who found two magnetically un- 
equivalent sites for Cot* ions, designated as site I and 
site II, with the relative populations I: II&1.6:1. The 
spectra of the deutrated and the hydrated crystals are 
very similar and can be fitted to a spin Hamiltonian of 
the form of Eqs. (5) and (6) of I, with § 
mental values for the constants in the spin Hamiltonian 
are given in Table I. The values A(Co®) and B(Co*) 
were determined directly from the paramagnetic reso- 
nance spectra of stable Co™, for which J= 4}. For Co®, 
I=5, and we obtained A(Co™) and B(Co®) from the 
measured value A (Co™)/A (Co™®) =0.573+0.001 in the 
Tutton salt,‘ by assuming that the ratio A (Co™)/ A (Co™®) 
B(Co®) ( 
salts ; this is well justified to the precision involved in the 


}. Our experi- 


B(Co™) is a constant for all paramagnetic 


present experiment. The energy level diagram, the rf- 
induced transition probabilities, and the relaxation 
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transitions for Co™ in the double nitrate crystal would 
2 and 6 in I, generalized to spin J=5. We 


arbitrarily assume, for the sent, that the hfs constant 


be as in Figs 


A is posit ve 

Co® decays by 8 lission, followed by two y-rays 
(1.17, 1.33 Mev) in cascade to the ground state of 
Ni®:5(81)4(y2 prompt 
(~10-' sec) t] ed in neglecting reorienta- 
tion effects in the interm te states. Then the angular 
distributions of identical and the 

50), of I, where 

the orientation parame- 
ed by the dynamic equi- 


states of Co™. 


rays ire so 


dynamic anisotropy 

a2= — 1/63, as 

ters pe’ and ps’ ure rat tern 
librium populations of the magnetic 


Il. APPARATUS AND EXPERIMENTAL 
PROCEDURES 
Mg)2La3(NO 


tant temperature (~ 20°C) 


Single crystals of (Co, 24D.0 were 


grown in a desiccator at cor 


by seeding an alm ivy water solution of 
LaeMg;(NO 


Co® in the form of typical crystal (~10 
hours growing-time) weighed ng 


idded pile-produced 


contained ~2 
abundance 
crystals grow in 


mC of Co™ act 
ratios Mg:Co™:Co' 
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TABLE I. Measured values of spit 
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nance measurements and Co® for y-ray measurements, 
was mounted in the resonant cavity of a 3-cm microwave 
paramagnetic resonance spectrometer. The cavity is a 
silvered glass cylinder operating in the TE,,, mode, 
connected to a magic-7 bridge through a rotating 
waveguide joint, permitting rotation of the cavity and 
hence the angle between z’ and the dc magnetic field H. 
A mode supressor fixes the direction of the major com- 
ponent of the cavity rf field 1, allowing for orientations 
between these approximate extremes: (a) 2’||/H_1 H, and 
(b) 2’1 H\\H;. Thus orientation (a) will preferentially 
induce the allowed transitions W, of Eq. (21) in I, while 
orientation (b) preferentially induces the forbidden 
transitions W, and W; of Eqs. (25) and (26) in I. Be- 
cause of the curvature of the rf flux lines, however, this 
is only approximately so, since for any cavity orienta- 
tion there will be nonvanishing components of H, both 
parallel and perpendicular to H. 

The cavity is immersed in and filled with liquid 
helium, pumped to 1.5°K. The H field is provided by an 
electromagnet with 12-in. diameter pole faces and a 
5}-in. gap. The rf field H, is supplied by a klystron 
coupled to an arm of the magic 7, furnishing up to ~ 100 
mw of power to the cavity, corresponding to H,~0.1 
gauss. Paramagnetic resonance of the abundant Co™ is 
observed in the usual way by modulation of H at 100 
kc/sec or at 80 cps and recording on a paper tape the 
derivative of either the absorption or dispersion as H is 
slowly varied. 

The Co® ¥ rays are detected by two identical NaI (TI) 
scintillation crystals, 1 in. in diameter and 1 in. long, 
mounted in the magnet gap at a distance of 1} in. from 
the sample crystal in directions parallel and perpen- 
dicular to H, respectively. The scintillation crystals are 
each connected by Lucite light pipes, 18 in. long and 
1} in. in diameter, to matched photomultiplier tubes 
(RCA type 6655), well outside the magnet gap. The 
phototubes are magnetically shielded and aligned in 
such a way that variation of H in the gap from, say, 
3000 gauss to 1000 gauss does not change the y counting 
rate by more than ~0.2% in the absence of dynami: 
nuclear orientation. The two phototubes are supplied by 
a common regulated power supply (~ 1200 volts) but 
with individual voltage adjustment potentiometers. The 
anode currents are each integrated with a capacitor 
across the anode resistor (time constant ~10 sec), 
yielding average voltages G(0) and G(x/2), proportional, 
respectively, to the total y-ray intensity in directions 
parallel and perpendicular to H. The supply voltages 
are so balanced that G(0)=G(#/2)=Gp in the absence 
of dynamic nuclear orientation. The voltage difference 
G(x/2)—G(0) is recorded on a paper tape as the field is 
slowly varied, thus directly plotting the dynamic ani- 
sotropy «=(G(r/2)—G(0) |/Go as a function of H. 

We note that this simple anisotropy detector does not 


allow for discrimination of y-ray energies by pulse- 
height selection. However it is adequate in the present 
experiment, where there is a simple decay scheme; it is 
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‘ atic and . +s at a highc ing rate (~ 108 
automatic and operates at a high counting rate 

sec'), allowing anisotropies as small as 0.1% to be 
detected in a moderate counting time. 


IIL. RESULTS AND CONCLUSIONS 
A. Orientation z’ | H||H, 


For Co** ions in site I, Fig. 1(a) shows the recorded 
paramagnetic resonance hfs spectrum of Co™ in a double 
nitrate crystal so oriented that 21H ||H,, approxi- 
mately. The temperature was held at 1.5°K, the micro- 
wave frequency at v=9400 Mc/sec, while the field H 
was slowly swept from 1700 to 1200 gauss by a motor 
drive. The line shape is the derivative of the dispersion, 
distorted by modulation effects. 27+-1=8 lines are seen 
and are clearly the usual allowed transitions W,; this is 
evidenced by their correspondence with Fig. 1(b), which 
shows the calculated positions of these lines as given by 
Eq. (12) in I to second order. We note that even though 
H,\\H, approximately, there is still a sufficient com- 
ponent 7,’ | H to make W,>W». The high field line at 
1636 gauss corresponds to W,(4, —5—+ —4, —5), etc. 
The line width AH~25 gauss. The thermal relaxation 
time T7,;=wy," was estimated to be of the order of 10~ 
sec from the transient response of the signals. 

Figure 1(c) is the observed y-ray anisotropy of Co” 
in the same crystal, recorded simultaneously with Fig. 
i(a) on the same AH scale. The maximum anisotropy 
observed is about 1%. Figure 1(d) presents, on the same 
ordinate and abscissa scales, the anisotropy given by 
Eq. (50) in I, with po’ and py,’ calculated under the 
following assumptions. The solid lines in Fig. 1(d) give 
the positions and intensities of the steady state ani- 
sotropy assuming that the relaxation transitions bw= cw 

0 in Fig. (6) of I, and that the allowed transitions W, 
are individually saturated in turn as H is varied. The 
dashed lines in Fig. 1(d) give the anisotropy when the 
forbidden transitions W, are individually saturated in 
turn. We neglect the anisotropy due to saturation of the 
W; transitions, since W;=(A—B)?/(A+BYW.= 
X10-*W.. We have assumed that the fraction 1.6/2.6 of 
the Co nuclei is in ionic site I, the anisotropy being 
reduced proportionately, since the remaining fraction is 
in nonresonant site II. The positions of the lines in 
Fig. 1(d) were precisely located with respect to those of 
Fig. 1(b) using the known ratios A(Co™)/A(Co™) and 
Eqs. (12) and (14) in I; an exact knowledge of H or the 
crystal orientation is not necessary. 

A comparison of Fig. 1(c) with 1(d) shows that the 
observed anisotropy is in good agreement in both posi- 
tion and in sign with that calculated for saturation of 
the forbidden transitions W». The magnitude is about 
2.7 times less than that calculated, but the relative 
intensities are in reasonable agreement as shown in 
Table II. Saturation of the allowed transitions W, pro- 
duces an anisotropy much less than that calculated; in 
fact no anisotropy lines were detected, except for the 
small high-field line in Fig. 1(c). 





ABRAHAM, 


in Lop Mg, (NOs),,* 24 020 


JEFFRIES, 


AND KEDZIE 


3 LHIH, 


{ Fic. 1. (a) Paramagnetic 
resonance hfs spectrum of 





$e (0) Co® (site I ions) 
LazMg;(NOs3)i2-24D,0 
9400 Mc/sec and 1.5°K, 
oriented that the crystal 
axis 2’ is perpendicular to 
the dc field H, which is 
parallel to the major com- 
ponent of rf field Hi; (b) 
calculated position of al- 
lowed Co® transitions; (c) 
observed y-ray anisotropy e 
of Co in the same crystal; 
d) calculated (ideal) ani- 
sotropy obtainable by satu- 
ration of allowed transitions 
W;, (solid lines) or forbidden 
transitions W:; (dashed 


ines) 











' 
| 
I 
| 
' 
' 
' 
\ 
I 
gual 


ail 











There are many independent reasons why the ob- 
served anisotropy may be less than that calculated, 
besides insufficient rf field (which we do not believe to 
be the reason here). We have assumed c=0 and 6=0 
and, as discussed in I, if 6 approaches f or if ¢ ap- 
proaches f, this will appreciably reduce the anisotropy 
obtainable by saturating W,, whereas 6 must become 
comparable to unity before the anisotropy due to 
saturation of W, is reduced appreciably. Also, y-ray 
scattering can easily reduce the observed anisotropy by 
a factor two. We note further that if the resonance line 
width AH is due to inhomogeneous broadening,' i.e., 
“thermally” isolated spin packets, then only a small 
fraction of order H,/AH~10~ of the sample can be 


5A. M. Portis, Phys. Rev. 91, 1072 (1955). 


saturated, reducing the anisotropy proportionately. This 
cannot be the case in the present experiments, however, 
since the observed anisotropy is only 2.7 times less than 
the ideal theoretical maximum; the experiments show, 
in fact, that the spin packets are brought into thermal 
contact in a time less than a few seconds by some kind of 
spectral diffusion process.*:? The whole line becomes 
saturated in the steady state. The anisotropy was found 
to be independent of the modulation field. 

The observed anisotropy did not noticeably change 
for variations of cavity power over the range ~ 1 mw to 
~50 mw. In some runs at temperatures 7~1.3°K the 
cavity power could be reduced to a few microwatts 


6A. M. Portis, Phys. Rev. 104, 584 (1956). 
7™N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 


Phys. Rev. 114, 445 (1959) 
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TABLE IT. Relative intensities of y-ray anisotropy lines, Fig. 1(c) and (d), normalized to 100 for the W2(4, —4-—+ —4, —3) transition. 





Observed —7347 —66+7 —48+5 —19+2 +1642 +5446 +7347 + 100+ 10 +7149 


Calculated 57 —71 —46 — 16 +16 +50 +81 +100 +87 





without reducing the anisotropy. Sweeping the H field from Eq. (25) in I for the lowest cavity powers used 
four times more slowly than the indicated rate in Fig.1 {~1 mw). 

did not change the observed anisotropy. If H were fixed The paramagnetic resonance hyperfine structure of 
at the value for an anisotropy peak and the rf field H, Co in site II was observed at a field of about 3000 gauss 
switched off, the anisotropy decayed to zero in the time and consisted of several nearly superposed lines (B~0), 
constant of the photocurrent integrating circuit, which which spread apart as the orientation 2 1 H was changed 
could be made as short as ~10 sec. Switching H, on by a few degrees. No dynamic y-ray anisotropy was 
restored the anisotropy in the same time, which may be observed for Co® in site II, probably because W2~W, 
regarded as an upper limit to the time required for the and these two types of forbidden transitions are nearly 
populations to approximately reach their steady-state superposed, giving equal and opposite anisotropies, 
dynamic equilibrium values. A lower limit to the relax- which cancel. 

ation time (fw) is obtained from the condition re- We have arbitrarily assumed A to be positive and if 
quired to saturate the levels: (fw) SW2)min~10 sec", now A is taken negative, this will not change the posi- 
where W2)min is the transition probability calculated _ tions of the lines in Fig. 1(d), or their relative intensities 
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ration of allowed transitions 
W, (solid lines) or forbidden 
transitions W, (dashed 
lines). 
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as long as the dynamic anisotropy < static anisotropy. 
The second order enhancement of the high-field ani- 
sotropy lines over the low-field anisotropy lines is inde- 
pendent of the sign of A(Co®). 


B. Orientation z’||H | H, 


For the almost isotropic site I ions, the essential fact 
for this orientation is that the rf field is now so directed 
as to considerably increase the ratio W1/We2 over its 
value in case A above. For the same crystal the experi- 
mental results are shown in Fig. 2, where (a), (b), (c), 
and (d) represent the corresponding quantities in Fig. 1, 
except that the paramagnetic resonance line shape (a) 
is now the derivative of the absorption. It is clear from 
the sign of the observed anisotropy that the nuclear 
orientation is again due to the saturation of the for- 
bidden transitions W». No anisotropy due to saturation 
of the W, transitions is detectable. The relative in- 
tensities and positions of the anisotropy lines do not 
agree well with those calculated, however, and a careful 
examination shows that a W,(Co™) line [Fig. 2(d) ] 
which happens to lie near a W,(Co™) line [Fig. 2(b) ] 
results in an anisotropy line [Fig. 2(c)] which is 
enhanced and even slightly shifted in position toward 
the W,(Co™) line. 

This anomalous effect can be explained in terms of a 
spin-spin coupling between a pair of Co™ hfs levels (a 
system) and a pair of Co™ hfs levels (8 system). Since 
the abundance ratio Co®:Co*®=1:60, it is probable 
that each member of the a system in the crystal lattice 
has several members of the 8 system as its closest mag- 
netic neighbors. We have said that the observed ani- 
sotropy is due to saturation of the W2(Co™) transitions; 
this means, more precisely, an equalization of popula- 
tions of the pair of levels $.($,m_) and Pa'(—}, ma+1). 
In the event that the transition probability W2(Co®) is 
relatively small and unable to establish V.~N,’, then 
other processes which may equalize these populations 
become important, such as the following one, discussed 
in detail by Bloembergen, Shapiro, Pershan, and 
Artman.’ The dipolar coupling between system a and 
system 8 will provide matrix elements for the mutual 
spin flip process: Pa(4$,ma) — Wa’ (—4, mat1) simul- 
taneously with ¥s’(—4, ms) — Ws(4,mg). Energy will be 
conserved, or very nearly so, if Eg—E,’=hva=~hvs 
= E,g— E,'. Suppose that an rf field is applied to strongly 
induce W,(Co™ 
lations Vg 
are not too strong, the population equalization Na~N. 
may be approximately established, in a ‘‘cross-relaxa- 
tion” time 7,’ which in the present case could be as 
short as 10~' sec. That is, rf saturation of the allowed 


) transitions, i.e., to equalize the popu- 
Va’. Then, if thermal relaxation processes 
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transition W,(Co™) will, 


lying level W2(Co' 


in effect, “saturate’’ a near- 
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on the direct effect d W.(Co®) transitions. 

Comparison of Fig b) and (d) shows that six of the 
Co™ forbidden lines lie, by chance, 
the major anisotropy 
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y-ray anisotropy is anomalou 


to rf-induce 


Ve ry close to Co 
allowed lines. These gi rise to 


peaks, probably by the ibove process. 
Co” lines and are probably due to the direct proc ess 5 
they disappear hrst 
Six anisotropy pe aks near the Co™ lines. 


it lower cavity powers, leaving only 
Although this 
it is consistent with the 
above, that the resonance line 


explanation is only qualitative 
observation, in A 
saturated, 


process. Clearly this process could be 


whole 


becomes very likely by a similar spin-flip 


a source of con- 
fusion in measuring nuclear momen 


the y-ray anis y)tropy pat- 


ts of radionuclei by 

dynamic nuclear orientation 

tern would tend to correspond to the hfs pattern of a 

ly abundant. Con- 

versely, it affords the observation of magnetic resonance 
of stable isotope by a ‘y-ray detector. 

No y-ray of Co! 


stable isotope if it were relative 


ions in site II was 


orientation 2’||H 


anisotropy 


obse rved, probably be 
- and B Is too 


all cry tals w ‘good,” 1. 


W.« (B/H 
Not 


orientation and that 


for both this 
we failed to observe a 
several double nitrate 
nisotropy was observed but 

not resolved into the peaks, e.g., as in Fig. 1(c) ; instead, 
ly one broad ne gative peak at high 
field, crossing over to a broad positive peak at lower 
fields, was observed. This behavior was also observed for 
72-day Co*® and 72-day Co** in the double nitrate. 
These failures were generally ociated with either a 
poor crystal specimen, or else with extraneous para- 
in the La) or 
Co*. No doubt 
jualize the populations 


dynamic anisotropy for Co™ in 
crystals. In other cases an a 


a curve showing on 


magnetic impurities (Ni** in Co 


else with excessive amounts of stable 


spectral diffusion effects which « 
of several adjacent hfs levels are important processes in 
Radiation damage to the crystal at the 
probably not important, 
good” crystal, giving an 
1 comparable anisotropy 


these cases 
levels used here (~1 Me 
since we have observed that a 
anisotropy as in Fig. 1(c), gave 
under the same conditions six months later, having been 
stored at room temperature in the meantime. 

No dynamic y-ray anisotropy was observed for Co™ 
crystal of the Tutton salt 
Although the 


ions grown in a single 
Zn(NH,)o(SO,4)2-6H.0. paramagnetic 
anisotropy A4/B~12 is not as large as for site II in the 
double nitrate, this failure may be due to similar 
reasons. 
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Alpha-Alpha Scattering in the Range 36.8 to 47.3 Mev* 


Homer E. Conzett, Georce Ico,t Haran C. SHaw, anp Ropoiro J. SLtosopriant 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received September 3, 1959) 


Absolute differential cross sections for the elastic scattering of alpha particles from helium have been 
obtained at 36.8, 38.8, 40.8, 41.9, 44.4, 46.1, 47.1, and 47.3 Mev. Measurements have been made at intervals 
of 2 degrees over an angular range from about 15 deg to beyond 90 deg in the center of mass system. The 
angular distribution shows a single minimum at 65 deg at the two lowest energies, and two minima, at about 


35 and 70 deg, at the other energies. 


INTRODUCTION 


HE elastic scattering of alpha particles from 
helium has been investigated in detail in the 
energy range from 0.4 to 23 Mev,'* at 30 Mev,‘ and 
from 23.1 to 41.2 Mev.®® The 0.4- to 23-Mev data have 
been analyzed by the various authors in terms of the 
method of partial waves, and the nuclear phase shifts 
that were determined have given evidence for several 
virtual excited states in the compound nucleus, Be*. The 
alpha-alpha differential cross sections are very strongly 
energy-dependent, and consequently data at several 
neighboring energies are needed to explore resonance 
effects in the phase shifts. Since it is expected that data 
at more closely spaced energy intervals above 23 Mev 
will become available soon,* we have explored the region 
from 37 to 47 Mev. It should then be possible to deter- 
mine the phase shifts smoothly as functions of the 
energy up to 47 Mev. 

In addition, at energies above 34.7 Mev there can be 
other end products of the interaction of two alpha 
particles, namely, Li’+, Be’+n, He‘+/+ p, He*+ He’ 
+n, and Li*+d. These reactions may proceed through 
the compound nucleus, Be’, or through a direct-inter- 
action mechanism. Consequently, the technique oi 
optical-model analysis may be very useful. The optical- 
model parameters determined from alpha-alpha scat- 
tering along with those determined for the elastic 
scattering of alpha particles from other elements should 
enable one to get an estimate of the size of the alpha- 
particle, a quantity which contributes to the size 
parameter determined by the optical-model analysis for 
other elements. 


* Work done under auspices of the Atomic Energy Commission. 

+ Summer 1957 visitor from Department of Physics, Stanford 
University, California. 

~ Comision Nacional de 
Argentina. 

1M. P. Heydenburg and G. M. Temmer, Phys. Rev. 104, 123 
(1956), 0.4 to 3 Mev. 

2 J. L. Russell, Jr., G. C. Phillips, and C. W. Reich, Phys. Rev. 
104, i35 (1956), 3 to 6 Mev. 

+R. Nilson, R.O. Kerman, G. R. Briggs, and W. K. Jentschke, 
Phys. Rev. 104, 1673 (1956), 12 to 22.9 Mev. 

*E. Graves, Phys. Rev. $4, 1250 (1951). 

*W. E. Burcham, W. M. Gibson, D. J. Prowse, and J. Rotblat, 
Nuclear Phys. 3, 217 (1957). 

* D. J. Prowse, University of California at Los Angeles (private 
communication); G. W. Farwell, University of Washington, 
Seattle, Washington (private communication). 
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EXPERIMENTAL PROCEDURE 


The general experimental details concerning the scat- 
tering chamber, the beam-monitoring, and the energy- 
measuring methods have been described earlier.” The 
external 48-Mev alpha-particle beam of the Crocker 
Laboratory 60-inch cyclotron was directed down an 
evacuated pipe and through sufficient absorber, placed 
at the entrance to the scattering chamber, to degrade it 
to the desired energy. An Al absorber was used except 
for the three lowest energies, at which Be was used in 
order to reduce the loss from multiple scattering. 
Following the absorber was a carbon collimation system 
consisting of three apertures of }, 7x, and ;%-in. diame- 
ter, separated by 104 and 6} in., respectively. Their re- 
spective functions were to (a) stop most of the excess 
beam, (b) define the cross-sectional area of the beam, 
and (c) act as an antiscattering baffle. Following the 
last collimator was a 0.001-in. Al vacuum foil (for the 
two 47-Mev runs, a 0.0005-in. Ni foil was substituted) 
through which the beam passed from the evacuated pipe 
into the helium-filled scattering chamber. The foil was 
44 in. from the center of the chamber. 

After passing through the chamber, the beam was 
collected in a Faraday cup and integrated. The mean 
energy of the beam was determined by measuring the 
range of the alpha particles in Al absorbers with the 
scattering chamber evacuated. The absorbers were 
located immediately in front of the Faraday cup. A plot 
of beam intensity at the Faraday cup versus thickness of 
Al absorber was used to determine the thickness of Al 
absorber corresponding to one-half maximum beam in- 
tensity. Range-energy tables* based on experimental 
proton range-energy data® were used. 

These tables use projected ranges, and hence can be 
used directly to determine beam energy from thickness 
of Al absorber at half-maximum beam intensity. A cor- 
rection to the energy was made for the length of path 
traversed by the alpha-particles in helium gas before 


‘ arriving at the center of the scattering chamber. An 


estimate of the energy spread in the beam was obtained 

7R. E. Ellis and L. Schecter, Phys. Rev. 101, 636 (1956). 

*R. E. Ellis, R. G. Summers-Gill, and F. J. Vaughn, Lawrence 
Radiation Laboratory, Berkeley, California (private communica- 
tion). 

*H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 
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TaBLe I. Differential cross sections for alpha-alpha scattering. 
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from the measured integral range curve. The width of 
the differential range curve derived from it, reduced by 
the theoretical width due to range straggling alone, gave 
the range spread in the beam itself. This corresponds to 
a 0.75% energy spread in the incident beam. 

The elastically scattered alpha-particles were detected 
with a CsI(TI) scintillator placed approximately 10 in. 
from the center of the chamber. A collimating system, 
consisting of a 0.125-in. diam aperture immediately in 
front of the scintillator and a 0.133 in. wide vertical slit 
placed 6.75 in. in front of the aperture, defined the 
target volume and the solid angle subtended by the 
counter. The angular resolution achieved with this ge- 
ometry was 1.4 deg. The counter collimation system in 
the scattering chamber was aligned radially by optical 
methods. 

At laboratory angles less than about 12 deg, the 
counter and its associated mounting obscured the 





Faraday cup from the direct beam. Under these condi- 
tions, another scintillation counter was used as a beam 
monitor. It was placed outside the chamber at a fixed 
laboratory angle near 19 deg. It viewed the chamber 
through a window port with defining apertures attached, 
so that it detected alpha particles scattered only from 
the central region of the scattering chamber. Calibration 
was done directly by recording its total counts and the 
corresponding charge collected in the Faraday cup while 
running at large angles where there was no possibility 
of the counter obscuring the Faraday cup. 

Pulses from the scintillation counter were amplified 
and fed into a 10-channel pulse-height analyzer. Figure 1 
shows a typical spectrum obtained from this counter. At 
the higher energies, the background was quite low ex- 
cept at angles near the minima in the cross section. At 
the lower energies, however, the correction for back- 
ground became quite appreciable. 
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TABLE I.—Continued. 








Eiah = 46.12 + 0.02 Mev 
(218,.24+0.15 mg/cm? Al) 
(de /dQ)e.m 

(mb/sr) 


+ 35 


Eis» = 44.41 +0.02 Mev 
(204.33 40.15 mg/cm* Al) 


(do /dQ)e.m. 
(mb/sr) 


+ 37 
+ 33 
+ 25 


6e.m. 
(deg) 
12.2 1319 
14.0 1012 
16.0 857 
17.8 666 
19.8 580.0 
21.6 456.1 
25.8 224 
27.8 147 
29.8 95.1 
31.8 48.8 
33.8 23.7 
35.8 15.3 
17.8 17.4 
39.8 
41.8 
43.8 
45.8 
47.8 
50.0 
52.0 
54.2 
56.2 
58.4 
59.8 
61.8 
63.8 
65.8 
67.8 
09.8 
71.8 
73.8 
75.8 
778 
79.8 
81.8 
84.4 
86.4 
88.4 
90.4 
92.4 


Oe m. 
(deg) 
12.2 
14.0 





1820 
1602 
16.0 1263 
17.8 1058 
19.8 905 
21.6 711.4 
24.8 382 
26.8 258 
28.8 176 
30.8 121 
32.8 64.4 
34.8 28.4 
36.8 13.6 
38.8 14.2 
40.8 26.0 
44.8 72.9 
45.8 87.6 
47.8 112.6 
50.0 134.4 
52.0 144.2 
54.2 143.5 
56.2 139.9 
58.4 124.9 
60.8 91.6 
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Eva» = 47.28 +0.03 Mev 
(227.93 40.25 mg/cm? Al) 
(do /dQ)o.m. 

(mb/sr) 


Eis» = 47.1040.04 Mev 
(226.43 +0.40 mg/cm? Al) 
8c m (da/dQ)e.m 
(deg) (mb/sr) 


Be = 

(deg) 
18.3 639 
20.3 437 
22.3 336 
228 

155.0 

104.5 

59.3 

34.0 

24.5 

17.8 

27.3 

43.1 

67.0 

85.6 

111.1 

120.9 

136.9 


NR 

~ 
+ 
-d 
= 
= 


368 
275 
196.6 
127.5 
774 
46.0 
25.5 
18.6 
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35.5 
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142.5 
138.3 
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In order to provide a check on the consistency of the 
results, the data were taken at alternate angles in such 
a way that each angular distribution was taken at least 
twice. In addition, several points on each distribution 
were remeasured one or more times toensure that no elec- 
trical or mechanical drift was present in the apparatus. 
Since the scattering of identical particles imposes angu- 
lar-distribution symmetry with respect to 90 deg c.m., 
some check-points were taken at center of mass (c.m.) 
angles larger than 90 deg. 

Second-order geometry corrections to the cross sec- 
tions were made, based on the calculation of Critchfield 
and Dodder.” These corrections became as large as 35% 
at the narrow minima of the angular distributions. At 
other angles they were of the order of 1% or less. 

The pressure of the helium gas in the chamber was 
measured with a mercury manometer, and the tempera- 


” C. L. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 (1949). 


ture was measured with a thermometer in thermal 
contact with the chamber. 


ERRORS 


The charge-collecting system was calibrated against 
voltage and capacitive standards and was estimated to 
have an over-all accuracy of +0.50% relative, and 
+0.75% absolute, for each cross section. 

The helium gas used in the scattering chamber was 
supplied by Liquid Carbonic Company from the U. S. 
Bureau of Mines bottling service at Amarillo, Texas, 
and was specified to have less than 0.005% of impurity, 
mainly air and hydrogen. The measurement of tempera- 
ture and pressure of the helium gas in the chamber was 
estimated to introduce an absolute error in the determi- 
nation of the density of the helium gas varying from 
+0.3% to +1.0%. This depended mainly on the helium 
gas pressure for each run, and the percentage accuracy 
with which it could be determined. 
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The angular position of the counter with respect to 
the beam direction was reproducible to +0.1 deg in the 
laboratory system (or +0.2 deg in the c.m. system). 
This affects the calculation of the cross section through 
a tan), factor, causing a relative error varying from 
+0.54% at a laboratory angle of 20 deg to +0.36% at 
45 deg. 

The calculation of the solid angle subtended by the 
counter telescope was affected mainly by the accuracy 
of measurements of the 0.125-in. diam collimation aper- 
ture directly in front of the crystal. The resulting abso- 


lute error in the solid angle was estimated to be +3%. 
The calculation of the effective length of the target 


volume of helium gas also di pe nds mainly on the accu- 





racy of measurement of the crystal collimation aperture. 


Since this is a linear quantity, the resulting absolute 
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error is only + 
At each angle, the energy spectrum was obtained with 
sufficient points above and ow the peak corresponding 
to elastically scattered al particles to enable the 
Te background curve to be well determined. This curve 
was then extrapolated into the elastic peak, and those 

counts arising from background were subtracted from 
Pulse height (volts) the total counts in the peak. The background correction 
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Pulse-height spectrum of alpha particles scattered from was quite small, and generally negligible at the higher 
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section. Below 41.9 Mev, however, the size of this back- 
ground correction became considerably larger, and, 
consequently, at the lower energies the error associated 
with this background correction accounts for most of 
the tabulated relative error on each cross section. 

At the low pressures of helium gas in the chamber, the 
possibility of the loss of some beam from the Faraday 
cup by multiple scattering in the gas was negligible, and 
was calculated to be less than 0.1%. 

The errors listed in Table I are relative errors. The 
absolute errors were compounded separately and result 
in a +3.8% error which should be applied to the ordi- 
nates of each bombarding energy. 


RESULTS 


The measured differential cross sections are tabulated 
with their relative errors in Table I and plotted in 
Figs. 2 and 3. Angles and cross sections are in the c.m. 
system. The single prominent minimum seen at 36.85 
and 38.83 Mev, gives way to two minima at the higher 


RANGE 36.8 


TO MEV 1079 
energies. This transition from one to two minima with 
increasing energy is also present in the 12- to 23-Mev 
alpha-alpha data, where resonance scattering from a 
virtual excited state (4+) around 11 Mev in Be® is 
observed." 
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An optical model analysis using a complex potential 
V+iWw 
1+exp[ (r—ro)/d] 


has been made of the elastic scattering of alpha particles from helium. In the data which are analyzed the 
bombarding energy ranges from 23.1 Mev to 47.1 Mev. The best agreement with the angular distributions 
taken at eight different bombarding energies was obtained when the parameters V, W, ro, and d were —112 
Mev, —1 Mev (for bombarding energies near 40 Mev), 1.8 10°" cm, and 0.640.1K10™" cm, respectively. 
The value —112 Mev for V is an average value; V decreases by 15% when the bombarding energy is 
increased from 23 Mev to 47.1 Mev. Since W is small, the central depth of the real part of the potential V 
has significance. This isin contrast to the scattering of alpha particles from heavier elements where the absorp- 
tion is so large that the central part of the potential is not easily determined. No lower limit was placed 
on ro, however, ro must be less than 2.7 10~" cm. The phase shifts obtained from this analysis are in good 
agreement with the preliminary results of Snyder below 42 Mev 
slowly with no new states of Be* appearing up to 47.1 Mev 


Above 42 Mev they continue to vary 


INTRODUCTION have been reported. The parameters ro and d which 


enter into the Woods-Saxon potential® 
(V+iW)/{1+exp[(r—ro)/d]}, 
are expected to be increased due to the finite size of 


the projectile. By analyzing the scattering of alpha 
particles from helium, the contribution to ro due to 


HE optical model has been quite successful in 
describing the scattering of complex particles from 
nuclei. So far, optical mode! analyses of the scattering 
of alpha particles,~* deuterons,‘ and nitrogen ions® 


* Under the auspices of the U. S. Atomic Energy Commission 
t Fulbright Fellow 1958-1959. 


1G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957) 
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(1957). 
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the finite size of the alpha particle may be estimated. 
The scattering of alpha particles from nuclei’ (and 

the scattering of nitrogen ions from nitrogen*) determine 

the real part of the potential in the surface region, and 


*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 1617 (1954). 
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T, =36.85+0,21 Mev 
V=-125 Mev 
V=-127 Mev 
d=0.5, 1, =1.81,W=0 
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Fic. 1. Angular distribution of alpha particles elastically 
scattered from helium at 7,=36.85+0.21 Mev. The points 
through which a solid line have been drawn are from reference 13 
and the curves are the optical model calculations. The quantities 


d and fro are in units of 10°" cm 


not the central depth. However this statement does not 
apply to a helium scatterer when the bombarding 
energy 7; is less than 50 Mev since it is found in this 
analysis that the imaginary part of the potential must 
be close to zero. Consequently the central value of the 
real part of the potential has significance. 

Levels of even spin and parity in Be*® may be inves- 
tigated by studying the angular distribution of alpha 
particles scattered by helium at a series of different 


i 
Tx ™ 47104 0.04 Mev 
V=-107 Mev, W =0 

d =0.7, F, = 1.81 
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Fic. 2. Angular distribution of alpha particles elastically 
scattered from helium at 7,=47.10+0.04 Mev. The points 
through which a solid line have been drawn are from reference 
13 and the cuyves are the optical model calculations. The quan- 
tities d and ro are in units of 10-" cm 


IGO 


energies. An earlier phase-shift analysis’ of the data 
up to 23-Mev bombarding energy’ has suggested, in 
addition to the well-known 1+ state at 2.9 Mev, a 
further state of spin 4+ at 11-12 Mev. Pre- 
liminary phase-shift analysis by Snyder” of the data" 
in the energy range up to 42 Mev clearly shows that 


about 


there is a level of spin 4+ at an energy near 13.0 Mev 
in Be® with a width of 4 Mev. The real part of the 
phase shifts (the imaginary parts are close to zero) 
obtained from the potential used in this analysis are 


1 


in good agreement with the preliminary values of 


( RESIDUALS 


< 


Vv (Mev) - 


Fic. 3. The sum of the 


at 7,.=36.85 Mev versus | 
ro(X10-" cm), and for 0 


the least-square analyses 
alues of d(X10~™" cm 


Snyder” in the energy range 23 to 42 Mev. In addition, 
the phase shifts obtained from this analysis of the 
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Fic. 4. (a) The sum of the residuals of the least-square analyses at Tk =47.10 Mev versus V for various values of d(X10-" cm), 
ro=1.8X10- cm, and for W=0. (b) The sum of the residuals of the least-square analyses at 7,=47.10 Mev versus V for various 


values of d(X10~-"* cm), ro(10~ cm), and for W =0. 


data above 42 Mev™ continue to vary slowly with 
energy with no new state of Be® appearing. 


NUMERICAL CALCULATIONS 


The starting point of the analysis of the data is the 
optical model of the nucleus: the elastic scattering of 
the alpha particles from helium is calculated on the 
assumption that a point particle of charge two and with 
the mass of an alpha particle is scattered by a smooth 
nuclear potential which may have both real and 
imaginary parts plus the electric potential from a 


charge distribution characterized by a_half-value 
parameter of 1.8 10~-" cm and an exponential depend- 
ence on radial distance.“ This kind of analysis is 
familiar in nuclear physics, and it is not necessary to 
elaborate on the actual mechanics of the calculation 
beyond saying that it involves a partial wave analysis 
of the Schrédinger equation which makes essentially no 
approximation. Initially it is necessary to delineate the 
values of the four parameters characterizing the 


3H. E. Conzett, G. Igo, H. C. Shaw, and R. J. Slobodrian, 
Bull. Am. Phys. Soc. 2, 305 (1957), and the preceding paper 
(Phys. Rev. 117, 1075 (1960) ]. 

4 The half-value parameter is larger than 1.7X10™" cm 
obtained in the Stanford electron scattering experiments [R 
Hofstadter, Comptes Rendue du Congres International de Physique 
Nucléaire Interactions Nucléaires aux Basses Energies et Structure 
des Noyaux, Paris, July, 1958, edited by P. Guggenberger (Dunod, 
Paris, 1959), p. 47] to partially compensate for the finite charge 
distribution of the incident particle. However the electric poten 
tial is always overshadowed by the nuclear potential in the 
angular range where measurements exist. Consequently detailed 
assumptions about the charge distribution do not alter the angular 
distributions predicted in this analysis. 


complex nuclear potential 
V+iW 
1 +exp[(r—ro) dy} 
A preliminary four-parameter investigation was made 


to locate the regions in this four-dimensional space 
where the least-square residuals used as a criterion to 
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Fic. 5. Angular distribution of alpha particles elastically 
scattered from helium at 7,=23.1+0.3 Mev. The quantities d 
and ro are in units of 10™ cm. The points are from reference 10 
and the curve is the optical model calculation. 
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Fic. 6. Angular distribution of alpha particles elastically 
scattered from helium at 7,=34.2+0.3 Mev. The quantities d 
and ro are in units of 10" cm. The points are from reference 10 
and the curves are the optical model calculations. 


compare the calculation with the 41.9-Mev data would 
be small. It was soon obvious that the imaginary 
potential depth W would have to be small. The sharp 
minima in the 41.9-Mev angular distribution™ (see 
the preceding paper) were always poorly fitted with 
W+0 since the effect of the imaginary part of the 
potential was to fill in the minima in the angular 
distribution. 

the 


However, it is known experimentally that 
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Tk™ 38.83 + 0.07 Mev 
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Fic. 7. Angular distribution of alpha particles elastically 
scattered from helium at 7,=38.83+0.07 Mev. The quantities 
d and ro are in units of 10~ cia. The points are from reference 13 
and the curve is the optical model calculation. 


IGO 
reaction cross section is not zero,'® and consequently 
the imaginary part must be finite. A value of W of —1 
Mev will give a reaction cross section of 155 mb at 

4= 41.9 Mev. This is in reasonable agreement with 
the measured reaction cross section of 44+3 mb at 
7.=38.5 Mev reaction section will 
increase rapidly near threshold. Consequently, a small 
value of W (about 1% of V) will suffice to account for 
the absorption. The imaginary parts of the /=0, 2, 
and 4 phase shifts obtained with,W=—1 Mev are 
about two degrees at 7,=41.9 Mev. The preliminary 
analysis also showed that the real values of the phase 
shifts are virtually unaffected by the presence of an 
imaginary potential with a depth of —1 Mev. 

In order to fix the three remaining parameters (with 
W set to zero), the 36.85-Mev data™ (Fig. 1) which 
exhibits one minimum in the angular range up to 90 


since the cross 


T, = 39,5= 0.1Mev 
V=-92Meyv —— 
V = -97Mey ---- 
d =0.6 r, =181,.W=0 
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Fic. 8. Angular distribution of alpha particles elastically 


scattered from helium at 7,=39.5+-0.1 Mev. The points through 
which a solid line have been drawn are from reference 13 and the 
other curves are the optical model calculations. The quantities d 
and fo are in units of 10-" cm. 


degrees (c.m.) and the 47.1-Mev data™ (Fig. 2) which 
shows two minima in this same range were subjected 
to analyses in which V, d, and ro were varied. Figures 
3 and 4 summarize the results of the least-square 
analyses. The least-square residuals is plotted against 
V for three different values of d and two values of ro 
in Fig. 3. In Fig. 4 the least-square residuals are 
plotted for the 47.1-Mev data for five values of d and 
two values of ro. At both energies the smaller radius 
1.8X 10—" cm is favored over the larger radius 2.7 K 10-" 
cm. At both energies values of d between 0.5 and 
0.7 10-" cm give the minimum least-square residuals. 

W. E. Burcham 


D. Evans, D. J 
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Gibson, D. Bredin, 


J. S. McKee, W. M 
i Nuclear Phys. 5, 141 
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At both energies the deepest minima in the least- 
square residuals occur at about — 115 Mev, — 250 Mev, 
and perhaps at larger values. The analyses were re- 
stricted, however, to values of —V of less than 350 
Mev. Figures 1 and 2 show the best fits obtained in 
the vicinity of the first minimum. Values of d, fo, 
and W were fixed at 0.6X10~" cm, 1.810-" cm, 
and 0, respectively, and V was varied in small steps 
between —92 Mev and —127 Mev to compare with 
the data at 23.1+6.3 Mev," 34.24+-0.21 Mev," 38.83 
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Fic. 9. Angular distribution of alpha particles elastically 
scattered from helium at 7,=40.1+0.1 Mev. The quantities d 
and ro are in units of 10- cm. The points are from reference 12 
and the curve is the optical model calculation. 
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Fic. 10. Angular distribution of alpha particles elastically 
scattered from helium at 7,=40.774-0.05 Mev. The quantities d 
and ro are in units of 10~-" cm. The points are from reference 13 
and the curve is the optical model calculation 


+0.07 Mev," 39.5+0.1 Mev,” 40.1+0.1 Mev,” and 
40.77+0.05 Mev." The best fits obtained are shown in 
Figs. 5-10. No attempt was made to improve these 
latter fits by making small variations in other param- 
eters besides V, since computing time was limited. 
However, the analysis shows that data ranging from 
23 Mev to 47 Mev''-® can be fit reasonably well with 
values of the parameters near those which give the 
best fits at 36.85 Mev and at 47.1 Mev. 

The reason that these markedly different angular 
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Fic. 11. The calculated angular distributions of 37.6-Mev 
alpha particles scattered from helium for several values of V. 
The quantities d and ro are expressed in units of 10 cm, and the 
curves are labeled by V in Mev 


distributions can be reproduced by making relatively 
small changes in the real part of the optical model 
potential while keeping all other parameters fixed can 
be seen by an examination of Fig. 11 where calculated 
distributions for different values of the potential in 


the range V=—92 Mev to —127 Mev are plotted. 
The distribution changes from a two minimum to a 
one minimum shape as the depth is increased. Figure 12 
illustrates the slow variation with T, of the angular 
distribution when the potential is kept constant, and 
with Fig. 11 illustrates that the potential depth must 
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Fic. 12. The calculated angular distributions of alpha particles 
of several different bombarding energies scattered from helium 
The quantities d and ro are expressed in units of 10-" cm. 
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Fic. 13. The dependence of the depth of the real potential V 
on the bombarding energy T,. The flags indicate the uncertainty 
in the determination of V in the analysis. The agreement with 
the 7,=39.5 and 40.1-Mev data was marginal, and no reliable 
estimate of the uncertainty in V can be made. 


be energy dependent. The dependence of V on T;, is 
shown in Fig. 13 for d=0.6 and r9>=1.8X10~-" cm. 


As T; increases above 39 Mev the potential depth drops 
by about 15% in the next 10 Mev. The flags represent 
the uncertainty in the best values of V in this analysis. 
39.5 and 40.1 Mev, the agreement with experi- 


At T; 
ment was not good enough to allow an estimate of the 
uncertainty (see Figs. 8 and 9). The rapid variation of 
the differential cross section just below 40 Mev seen 
clearly in the data of Farwell and Yavin" cannot be 
reproduced without making relatively rapid changes in 
the potential depth. This is not surprising since the 
optical model is expected to reproduce only gross 
structure, and therefore only after a suitable average 
over an energy interval in this region can a fit be 
expected. 

It is interesting to note in passing that the phase 
shifts obtained from this analysis in the 23- to 42-Mev 


IGO 


range are in good agreement with the preliminary 
values obtained by Snyder” except for the behavior of 
the /=8 phase shift near 40 Mev. In this region the 
l=8 phase shift is small in both analyses. In particular 
the existence of a 4+ state in Be* at 14 Mev is indicated 
by the behavior of the /=4 phase shift in agreement 
with Snyder’s preliminary results.“ The behavior of 
the phase shifts above 40 Mev is shown in Fig. 14 by 
the dashed line extensions. It is seen that the phase 
shifts vary smoothly up to 47 Mev with no new state 
in Be* appearing. The /=6 phase shift is rising above 
40 Mev indicating a possible 6+ state at about 60 
Mev. Since what is determined in this analysis is the 
tangent of the phase shift it is possible to determine the 
phase shift only within integer multiples of x. Thus in 
Fig. 14 64, the phase shift for /=4 may continue to 
increase in the vicinity of 40 Mev where the phase 
shifts are poorly determined, pass through a maximum 
and drop to 145 degrees at 7,=47.1 Mev. It might 
also be argued that 49 should be increased by 7 since 
the total potential is mainly attractive. 

In Table I, the Woods-Saxon potential® parameters 
and phase shifts obtained in this analysis are listed. 
In addition to the parameters listed in Table I, values 
obtained for ro and W are 1.81 10~-" cm and —1 Mev, 
respectively. The imaginary parts of the /=0, 2, and 4 
phase shifts are of the order of 2 degrees when 7; is 
near 40 Mev. 


CONCLUSIONS 


The real parts of the phase shifts obtained in this 
analysis are in good agreement with the preliminary 
values obtained by Snyder below 42 Mev (with the 
exception of the / -shift behavior near 40 Mev). 
Above 42 Mev the phase shift continues to vary 
smoothly and no further state in Be® is found up to 
47.1 Mev. The imaginary parts of the /=0, 2, and 4 
40 Mev 
and the /=6 and 8 imaginary parts are negligible. 
The effect of the 
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phase shifts for /=0, 2, 4, 6, 


and 8 obtained in this analysis. 
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Taste I. Woods-Saxon potential* parameters and phase shifts 
I I I 


Ty 

(Mev) (Mev) (10°™"% cm) 
23.1 117 “os 
+0.3 
24.2 
+0.3 
36.85 
+0.27 
38.83 
+0.07 
39.5 0.6 4.23 
+0.1 0.6 16.1 
40.1 92 0.6 3.84 
+0.1 

40.77 92 0.6 3.57 
+0.05 

47.10 107 0.7 
+0.04 


tan 5, 


— 43.4 


tan do tan 5, 


—6.287 1.34 


0.6 — 1.02 
0.6 —0.744 
0.5 — 1.00 
0.5 — 0.882 
0.6 — 1.06 


4.046 
11.40 

4.74 

6.68 


5.15 


—0.924 
0.588 
— 0.864 
—0.705 
0.495 


— tt et et 
Nm NN Ne 
NenNU Ns 


= 
tN 


0.422 
0.641 
0.409 


7:41 
—11.5 
10.6 


0.399 


—6.29 1.27 





* See reference 6. 


magnitude necessary to reproduce the magnitude of the 
total reaction cross section” has a negligible effect on 
the real part of the phase shifts. 

The depth of the real part of the nuclear potential V 
is found to be energy dependent in the range of 7, 
between 23 and 47 Mev with an average value of about 
—112 Mev. In the analysis of the elastic scattering 
of alpha particles from heavier targets, thecentral 
potential was ambiguous because of large absorption. 
In the present analysis W is less than 1% of V and the 
depth of the central potential, —112 Mev, becomes 
meaningful. A depth approximately twice as large is 
not ruled out; however, shallow real potentials are 
ruled out. This result is in agreement with the result 
of an analysis of alpha-particle decay systematics'® 
and in disagreement with the results of an analysis of 
the inelastic scattering of alpha particles.’” 

The parameter ro represents some average over the 
potential distribution of the incident alpha particle 
and the helium scatterer. As a starting point, one 


16H. A. Tolhoek and P. J. Brussard, Physica 21, 449 (1955). 
‘7 P. C. Gugelot and M. Rickey, Phys. Rev. 101, 1613 (1956). 


tan ds bo b: 5 5s 
(deg) (deg) 


(X10~*) 
0.21 


(deg) (deg) 


10.1 


tan 5. (deg) 


0.0110 16.0 533 06 0.012 
0.062 8 


0.065 9 
0.035 3 
3 
? 


45.6 1 137 3.6 
36.6 : 149 3.7 
— 45.0 ‘ 139 2.0 
41.4 145 2.0 


46.6 8.8 154 6.0 


0.16 
0.16 


0.07 
0.07 
0.35 


0.036 
0.105 


0.083 103 
0.088 93.6 


0.089 104.6 


82.3 4.8 
95.0 5.0 


84.6 5.1 


0.31 
0.32 


0.35 


0.093 ~ 105.6 , 5.4 0.38 


0.338 —81 18.7 


might assume that the potential distribution of an 
alpha particle was characterized by the same radial 
parameter r, found to characterize the charge distribu- 
tion for the helium nucleus, 1.7K10~" cm." The 
quantity (272) is 2.410-" cm which is compatible 
with the results of this analysis. The quantity 2r, is 
however incompatible with the results of this analysis 
since it is larger than 2.7X10~-" cm, which does not 
reproduce the data. Since it is known from this analysis 
that r9¢<2.710-" cm, ro= (2r2)' and smaller values 
are not excluded. Further calculations at an inter- 
mediate value of ro are necessary to set a lower limit 
on the effective radius for the alpha particle. 
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The Bp 
studied. The 8 
logft=6.6 and another 8 
No 8* transition to the first excited state of Zn(24 
sponding 
1.56, 1.78, 1.95, 2.18, 2.34, 2.99, and 3.32 Mev) 
Mey 


rhe positron results indicate that the ground state of Ga®™ ha 


INTRODUCTION 


ALLIUM-64 is a short-lived radioisotope which 

decays by positron emission to Zn™ with a half- 
life of 2.6 minutes. This decay has been investigated 
by Cohen,' using scintillation techniques, who reported 
positrons of energies greater than 5 Mev and gamma 
rays of 1.0 and 3.8 Mev, the latter being questionable. 
Except for half-life measurements, no other investi- 
gations of this decay have been reported. Weller and 
Grosskreutz,” the reaction Cu®+p— Zn™, 
reported 10 gamma rays and presented a possible energy 
level diagram and de-excitation scheme. However the 
scheme is not unambiguous and the only level that 
seems certain is that at 0.99 Mev which has also been 
observed by Heydenberg and Temmer® using Coulomb 
excitation and by Van Patter et al.‘ by inelastic proton 
scattering. 


using 


THE BETA-RAY SPECTRUM 


Gallium-64 was produced through the reaction Zn™ 
+p— Ga™+n by bombarding natural zinc foils with 
protons in the UCLA cyclotron. The positron spectrum 
was investigated in an iron free thick lens beta spec- 
trometer which was capable of focusing 5.75-Mev 
positrons. Because of the short half-life of 2.6 min, the 
sample had to be transported quickly from the cyclotron 
and positioned within the spectrometer. One point in 
the beta spectrum was obtained per bombardment by 
counting for a fixed time with the spectrometer set at 

t This work was supported in part by the joint program of the 
office of Naval Research and the U. S. Atomic Energy Commission 

* Now at Emerson-Electric of Saint Louis, Saint Louis, Missouri 

1B. L. Cohen, Phys. Rev. 91, 74 (1953 

2C. E. Weller and J. C. Grosskreutz, 
(1955) 

*G. M 
(1956) 

*D. M. Vai 
Mandeville, Phys 


Phys. Rev. 99, 655(A) 


Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 


Patter, M. A. Rothman, W. C 
Rev. 107, 171 (1957). 


Porter, and C. E. 


group or groups has an end point energy of 2.7 


to this transition is greater than 7.7. The gamma rays th: 


decay of Ga™ and the subsequent gamma spectrum from the de-excitation of Z hay 
transition to the ground state of Zn™ has an er 


of 6.05 


Mev w 


+0.03 Mev 


d point energ) 


+-() OR 


was observed and it was s wn that ti 


0.80, 0.99 


indicate excited stat t 2 1.78(24 


the momentum in question and then counting for 
another . fixed ith the spectrometer set at a 
standard momentum for normalization purposes. Usual 
subtraction procedures were used for the elimination of 
activities due to longer-lived radionuclides and each 
oling off after each run. 

In order to check the linearity of the spectrometer, 

positron spectrum was 


time 


foil was given time for « 


the end point energy of the Ga®™ 
compared with the electron from Ba"? 
(Table I). The ratio of energies as found from the 
spectrometer currents was found to agree with the ratio 
of best values measured by others to within 0.3%. A 
Kurie plot of an experimental positron spectrum of Ga™ 
over the range of 2.2 to 5.7 Mev is shown in Fig. 1, 
while Fig. 2 is a Kurie plot of the high-energy end of 
this spectrum from another run. Each point of Fig. 2 
has an error of 1% due to counting statistics. The 
high-energy beta group end point can be set quite 
accurately at 6.05+0.03 Mev from this plot. The best 
value for the energy of the low-energy group is that of 
2.79+0.08 Mev found by bet 
described later. The relat 
6.05 and 2.79-Mev 


conversion 


i-gamma coincidence as 
ive number of decays in the 
groups was calculated as follows. 
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RADIATION 


For an allowed decay, with end point Wo, the positron 
distribution is given by 
Nw(Wo) = K?(Wo) F(Z,W) po? (Wo—W)?, (1) 
where K?(Wo) is proportional to the nuclear matrix 
element of that decay which has an end point of Wo, 
F (Z,W) is the Fermi factor which is available in tabular 
form.® Integrating this equation for the total number 
of disintegrations per unit time yields 
Nr(Wo)= K?(Wo) f(Z,Wo), (2) 
where {(Z,Wo) is a function which has been calculated 
by Feenberg and Trigg.® 
Since the Kurie plot is a representation of Eq. (1), 
the quantity K(Wo) is simply minus the slope of the 
Kurie plot itself and the desired ratio is given by Eq. 
(3) and found to have the value of 0.33. 


N7r(6.05) K*(6.05) f(30,6.05) 


N7(2.79) K*(2.79) f(30,2.79) 


Slope of 6.05-Mev Kurie plot 


Slope of 2.79-Mev Kurie plot 
{(30,6.05) 


-- - ‘Ca 
f(30,2.79) 


If we use this number for the relative number of 
disintegrations and a value of 2.6 min for the over-all 
half-life, the partial half-lives p are 

T ,(6.05) = 624 sec, 7,(2.79)=208 sec. 
The corresponding {(Z,Wo) values lead to 


log {(30,6.05)=3.8, log f(30,2.79) = 2.3. 


Therefore the log ft values are 
log ft(6.05)=6.6, log ft(2.79) = 4.6. 


K capture has been ignored in all these calculations 
since it would amount to only 3% for an allowed 
transition with end point 2.79 Mev. 


TABLE I. Ga™ beta decay. 





Beta group end point (Mev) Logft 


6.05+0.03 
2.79+0.08 
5.06 


Abundance 





25% 
75% 
0.2+0.4% 





5M. E. Rose in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), p. 875. 

® See reference 5, p. 285. 
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Fic. 2. Kurie plot of the high-energy positron spectrum of Ga“. 


BETA-GAMMA COINCIDENCE SPECTRUM 


By incorporating a sodium iodide scintillation counter 
close to the source in the beta spectrometer, beta 
spectra in coincidence with the various gamma rays of 
Zn™ could be investigated. In order to correct for 
chance coincidences with this rapidly decaying source, 
two coincidence systems were used: one for recording 
real coincidences, and the other, with a delay line to 
eliminate real counts, for recording accidental coinci- 
dences. For any given run the number of true coinci- 
dences was given by N.= N,— (rr/ta)Nao where N, and 
N, are the number of counts registered in the “real” 
and “accidental” coincidence circuits and rr/rq is the 
ratio of the resolving times of the two circuits. It was 
also found that over the range of magnetic fields used 
in the spectrometer the pulse heights from the gamma 
scintillation counter varied less than 2%. Since all 
points in the beta spectrum were normalized to the 
number of gamma-ray counts, this shift had neglible 
effect. 

In particular, it was of interest to use this beta- 
gamma coincidence technique to eliminate the high- 
energy beta group and perhaps be able to observe the 
beta transition from the ground state of Ga™ to the 2+ 
first excited state of Zn™ at 0.99 Mev. The Kurie plot 
of the beta spectrum in coincidence with the 0.99-Mev 
gamma ray is presented in Fig. 3. Ali the points have 
statistical accuracies of 4% and the straight line giving 
the best fit indicates an end point energy of 2.79-+-0.08 
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Fic. 3. Beta spectrum in coincidence with 0.99-Mev gamma ray. 
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Mev. There was no indication of a beta group with a 
higher end point energy. The lower limit for the ft value 
for the beta transition to the first excited state with end 
point of 5.06 Mev was estimated in the following way. 
Many runs were made to determine the number of 
coincidences between the 0.99-Mev gamma ray and 
beta particles for two settings of the spectrometer 
corresponding to 2.20 and 3.55 Mev, normalizing the 
results as before to the number of gamma rays. Assum- 
ing that all coincidences at 2.20 Mev were due to the 
beta group with end point of 2.79 Mev, and that all 
coincidences at 3.55 Mev were due to a group going to 
the first excited state with end point of 5.06 Mev, the 








Fic. 4. Analysis of the 
Zn™ gamma spectrum 
illustrating the method 
of successive subtrac 
tion. 
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foliowing calculations were made. Taking the ratio of 
the total number of disintegrations, using Eqs. (1) and 
(2) of the previous Sec tion, Eq. (4) is obtained 
N7(5.06) 


305.06) N3.55(5.06) Poe 20? 


Nv(2.79) £(30,2.79) Ne» 


meal 


2.79) P 55° 


79— 2.20)? F(30,2.20) 
(4) 


5.06— 3.55)? F(30,3.55) 


[Experimentally the ratio N’3.55(5.06)/N'2.20(2.79) was 
found to be 0.0075+0.010 which gives for the ratio of 
the total disintegrations Nyr(5.06)/N7(2.79)=0.003 
+0.004. If we choose the upper limit of this ratio, 0.007, 
the partial half-life for this decay would be rp(5.06) 
=6.9X 10 sec and, since log f(30,5.06) = 3.6, log ft(5.06) 
=7.7. Thus experimentally there is no evidence for the 
occurrence of this transition, but a lower bound on its 
comparative half-life has been found. 

“ABLE IT. Zn™ gamma rays 


Relative intensit 


GAMMA-RAY SPECTRUM 


The work on the gamma-ray singles spectrum was 
done at the U. S. Naval Radiological Defense Labora- 
tory and the Ga™ was produced as before from the 
reaction Zn™(p,n)Ga™, using the Crocker cyclotron at 
the University of California at Berkeley. The spec- 
trometer’ consisted of a 44 inch sodium iodide crystal 
with the incident radiation almost parallel and colli- 
mated to 4 inch diameter. The output from the photo- 
multiplier was amplified and recorded on a 100-channel 
pulse-height analyzer. Since no high-energy gamma 
source was available it was decided to use annihilation 
radiation at 0.51 Mev and the 0.99-Mev gamma ray 
occurring in this spectrum for calibration. Figure 4 
illustrates the method of analysis used on the gamma- 
relative 
intensities of the gamma rays the calibration results 
obtained by USNRDL personnel for this crystal and 
collimator geometry were used. In particular the re- 
sponse or profile of the spectrometer has been measured 


rav spectrum of Ga, In order to obtain the 


7C. S. Cook and F. M. Tomnovec, Phys. Rev. 104, 1407 (1956 





RADIATION FROM 


for many gamma rays with energies up to 2.75 Mev. 
By starting at the high-energy end of the Zn™ gamma 
spectrum, subtracting off the corresponding profile, 
taking each gamma ray in sequence and interpolating 
between the standard profiles when necessary, it is 
possible to determine accurately the number of pulses 
in the full energy peak of each gamma ray of the 
spectrum. It is estimated that these numbers are 
accurate to better than 5% of the most intense gamma- 
ray round. Once the relative number of pulses in the 
full energy peak has been found, the following three 
factors must be used to determine the relative intensities 
of the gamma rays: (1) the ratio of the total number 
of pulses corresponding to a given gamma ray to the 
number of pulses in the full energy peak,® (2) the 
probability that a gamma ray, reaching the face of the 
sodium iodide crystal, will be converted in any way in 
the crystal,’ and (3) the relative aperture of the colli- 
mating system which is a function of the gamma-ray 
penetration and hence of the gamma-ray energy.” 
The relative intensities in Table II were obtained after 
the relative number of pulses in the full energy peaks 
were altered by these three factors. 


TaBLe IIT. Zn™ gamma-gamma coincidences. 


Gamma rays 
“looked at” 
(Mev) 


Gamma rays in coincidence 
0.80 
0.99 
1.25 
1.38 


0.99, 1.24, 1.38, 1.56 Mev 

0.80, 1.0, 1.25, 1.38, 1.95, 2.18, 2.34 
0.80, 0.99, nearly equal Nos 

0.80, 0.99, more of the 0.99 


GAMMA-GAMMA COINCIDENCE SPECTRA 


In order to define more completely the decay scheme, 
gamma-gamma coincidence measurements were made 
at UCLA. Two sodium iodide scintillation counters 
were used, the output of one going to a differential 
pulse-height analyzer, and the output of the other 
activating the vertical deflection of an oscilloscope. 
With the discriminator set on the full energy peak of a 
particular gamma ray, the oscilloscope, registering 
pulses from the other counter, was triggered only when 
a coincidence occurred between the two counters. The 
traces on the oscilloscope were photographed and the 
results of twelve such photographs are summarized in 


Table ITI. 


SUMMARY OF RESULTS AND DISCUSSION 


It will be assumed that the high-energy beta group 
corresponded to a transition to the ground state of Zn%, 


*F. M. Tomnovec (private communication). 


*W. F. Miller, J. Reynolds, and W. J. Snow, Rev. Sci. Instr 
28, 717 (1957). 

 R. L. Mather, J. Appl. Phys. 28, 1200 (1957) 

"4 C. S. Cook, Bull. Am. Phys. Soc. 1, 378 (1956). 


Ga** 
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2.79 MEV ) 
67 % ~ 
LOG ft*46 \ 
/ 6.05 MEV 


(~~ 33% 
LOG ft*6.6 
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STABLE Zn** 


Fic. 5. Proposed decay scheme of Ga™. 


since a recent determination” of the Zn™(p,n)Ga™ 
reaction threshold indicates a maximum beta energy 
for the inverse transition to the ground state of Zn™ of 
6.0+0.15 Mev. Assuming there are no low lying 
excited states in Zn™, the high-energy beta group must © 
correspond to a transition to the ground state of Zn“. 

This positron decay between ground states has a 
log ft value of 6.6. Since the ground state of Zn™ has 
spin and parity of 0+, and Ga® is expected to have 
+ parity, this is an allowed decav but rather unfavored. 
Since only + parities are involved in the transition to 
the first excited state, it must either be allowed or 
second forbidden. With a log ft>7.7 an allowed transi- 
tion would be unfavored by a factor of 10 which does 
not seem likely, and therefore this transition is classified 
as second forbidden. Therefore, with the assumption 
that the parity of the ground state of Ga® is + and the 
classification of the transitions to the ground state and 
to the first excited state of Zn™ as sllowed and second 
forbidden, respectively, the ground state of Ga® must 
be 0+. Since Ga™ is an odd-odd nucleus with both 
unpaired particles in either f! or p! states, Nordheim’s 
coupling rules would predict a spin greater than 0. 
These rules are contradicted not only by this experi- 
ment indicating 0 spin for the ground state of Ga™ but 
also by the direct measurement” of zero spin for the 
ground state of Ga®™. 

The lower energy beta group has a log ft of 4.6, and 
hence is a normal allowed transition or a combination 
of several allowed transitions of nearly equal energy. 
The gamma-ray measurements indicate that the latter 
statement is more probable, since the most consistent 
explanation of gamma energies, intensities, and coinci- 
dences has levels at 2.99, 3.15, and 3.32 Mev. Figure 5 
shows this scheme with the less certain levels shown by 
dashed lines. The reasoning behind this assignment of 
levels is as follows: 


(a) The 3.32, 2.99, and 1.78-Mev gamma rays do not 
coincide with the 0.99-Mev gamma ray, and hence 
represent transitions to the ground state from higher 
levels. 


2 H. A. Howe, Phys. Rev. 109, 6 (1958). 
4 J. C. Hubbs, W. A. Nierenberg, and H. A. Shugard, Phys. 
Rev. 105, 1928 (1957). 
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Fic. 6. Comparison of excited states of Zn™, Zn®, and Zn". 


(b) The 2.18-Mev gamma-ray coincides with the 
0.99-Mev gamma ray but not with the 0.80-Mev gamma 
ray. It seems most probable that it is a transition from 
a level at 3.17 to that at 0.99 Mev. 

(c) After the above considerations there remains one 
ambiguity, the occurrence of the 1.0-Mev gamma ray 
in coincidence with the 0.99-Mev gamma ray. This can 
be explained by the existence of a level at about 2.0 
or 2.35 Mev. Of these two possibilities the latter is 
preferable for the following reason. Recent scattering 
experiments by Cohen" indicate that there is no Zn 
level at about 2.0 Mev. His results with natural Zn 
targets show strong veaks at 1.57 and 2.30 Mev and 
no indication of a peak between. 


4B. L. Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958). 
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The tentative spin assignments of the excited states 
of Zn®™ are in good agreement with the relative gamma- 
ray intensities and are primarily determined by the 
ratio of transition probability to the first excited state, 
2+, and the ground-state 0+. The 1+ assignment to 
the level at 3.32 Mev is felt to be considerably more 
certain than the other assignments because it is sup- 
ported by both the beta- and gamma-ray information. 
The level at 1.78 Mev is believed to be 2+ since a 
higher spin would not be expected to give a measurable 
amount of crossover radiation, while a lower spin would 
cause an allowed or first forbidden beta transition to 
this, level, which was not observed. The best data 
available on the first three excited states of the isotope 
Zn™, Zn®, and Zn® are compared in Fig. 6. Here, with 
increasing number of neutrons one sees a slow increase 
in energy for the first two excited states. 
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The longitudinal polarization of electrons from the beta decay of thallium-204 has been measured by the 
Mgller scattering method, giving a fairly strong indication of negative polarization 





HE longitudinal polarization of electrons arising 
from the beta decay of thallium-204 (first 
forbidden, unique).! and having an average energy of 
0.25 Mev, has been measured by the Mller scattering 
method.?“ 
The decay electrons were scattered 
magnetically-aligned electrons in a “Deltamax” 


against 


foil, 


2.6 mg/cm? thick, in a vacuum. The foil was inclined 
“ eee hay 

at 30° to the direction of the incident beam of electrons. 

The pairs of electrons (knock-on and scattered incident 


* Now at Trinity College, Cambridge, England. 
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electrons) arising from electron-electron scattering 
processes in the foil were detected by scintillation 
counters in coincidence, the coincidence resolving time 
being 4X 10~* sec. The counting rate was measured for 
each of the two opposite directions of magnetization of 
the foil and the asymmetry, 2(¢,—¢_)/(o4+e-_), 
determined. The atomic number of thallium is high 
and, as the source was also rather thick, considerable 
back scattering was present. The energy spectrum of 
the electrons was consequently degraded and low 
counting rates resulted. 

The asymmetry measured was 0.08+0.06 (standard 
deviation). Under the conditions of the experiment this 
asymmetry corresponded to a longitudinal polarization 
of —1.15+0.87. The measurement thus gives a fairly 
strong indication of negative polarization. 
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The directional correlation between the 1459-kev beta group and the 345-kev gamma ray of Eu’ has been 
measured as a function of beta energy at energies above 800 kev. The experimental results show good agree- 
ment, at high energies, with the theoretical correlation for a first forbidden beta transition with AJ =1. The 
influence of the relative size of the matrix elements on the shape of the beta spectrum is discussed 


INTRODUCTION 


HE decay scheme of Eu'® is shown in Fig. 1.' 
Previous work? indicates a unique shape for the 
1459-kev beta group and a log/ft product of 11.6. 
However, a spin of 3 has been measured? for the ground 
state of Eu'™ indicating a spin change of only one for 
the 1459-kev beta group. In the present investigation 
measurements of the directional correlation between 
the 1459-kev beta group and the 345-kev gamma ray 
have been made.‘ In the theoretical development 
certain approximations as given by Morita and Morita® 
have been used. It is the purpose of this investigation 
to show the following: (a) The experimental results are 
inconsistent with the theory if the 1459-kev beta group 
is first forbidden unique. (b) The results are consistent 
with the theory, under the assumed approximations, 
if the beta decay is first forbidden with AJ=1. (c) The 
previous observation concerning the shape of the 1459- 
kev beta group’ can be explained satisfactorily in view 
of the results of this experiment. 
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EXPERIMENTAL PROCEDURE 


The Eu'*-'™ was produced at the Oak Ridge Na- 
tional Laboratory by irradiation of Eu'*"* with 
thermal neutrons. Sources were prepared by evapo- 
ration of one or two drops of EuCl, in HC! solution on 
0.2 mil aluminum foil. Three different were 
used. No change in intensity of the 345-kev gamma 
ray relative to the beta spectrum was noted for any of 
them over a period of six months. 


sources 


The coincidence circuit was of the fast-slow type® 
and operated at a resolving time of about 10~’ second. 
The gamma detector used a 1}-in. diameter by 1 in. 
high NalI(T!) crystal. The beta detector used a 1}-in. 
diameter by 0.28 in. high anthracene crystal which, 
, was mounted inside a thin wall 
aluminum vacuum chamber. The fast pulses to the 
coincidence 


along with the source 


circuit were taken from the amplifier 
discriminator outputs and the accidental coincidence 
rate was determined by inserting a 0.5-usec delay in 
one of the outputs 

The angular correlation experiments were performed 
with the source 7.3 cm from the gamma detector and 
7.6 cm from the beta detector. The gamma spectrum 
exhibited a strong peak at 345 kev and the gamma 
on this peak throughout 


the experiment with a window width of approximately 


pulse-height analyzer was set 


20 kev. The beta pulse-height analyzer was calibrated 
with the 976-kev conversion electron of Bi®’ and the 
633-kev conversion electron of Cs'*’. The beta analyzer 
window width was maintained at approximately 60 kev. 

Measurements made at angles of 90°, 135°, 
180°, 225°, and 270° for beta energies of 900, 1100, and 
1300 kev. Measurements were made at only 90°, 180°, 
and 270° for beta energies of 800, 1000, and 1200 kev. 

The interfering gamma- 
gamma coincidences was determined by using a 0.5 
cm Lucite absorber in front of 


were 


necessary correction for 


the beta detector. 
RESULTS 


The differential angular correlation was examined in 
100 kev increments of beta energy from 800 to 1300 kev. 
The results are listed in Table The indicated errors 
are probable errors due to statistical effects only. The 
A, are the usual coefficients in the expansion of the 
correlation function in terms of even-order Legendre 

¢F. K. McGowan, Phys. Rev 


79, 404 (1950 


1092 





DIRECTIONAL 


CORRELATION 


IN DECAY OF Eu'!*® 
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TaBLe I. Experimental Results. The A, are the coefficients in the expansiun of the correlation function in terms of Legendre poly- 
nomials. R is the number of real beta-gamma coincidences at 180°. T/C is the ratio of total real coincidences to accidentals. R/yy is 
the ratio of beta-gamma coincidences to gamma-gamma coincidences. 





Beta 
energy 
(kev) 


800 
900 
1000 
1100 
1200 
1300 


Uncorrected 
A; A, 


-0.199 
—0.239 
—0.299 
—0.310 
~0.320 
0.314 


A; 


—0.217+0.013 
—0.260+0.017 
—0.324+0.012 
—0.33740.021 
—().348+0.014 

~0.341+0.023 


—0.016 
+0.011 


+0.007 


polynomials. The correction for the finite angular 
resolution of the detectors was made according to Rose.’ 
No correction for the beta energy spread was made 
because of the relatively narrow beta channel and the 
slight variation of A», with W at energies greater than 
1000 kev. Since there was no significant detection of a 
P,(cos@) term at the energies where data were taken to 
determine it, the value of A» was calculated at each 
energy assuming Ay=0. The results at 800 and 900 kev 
lack significance because of interference from the 1050- 
kev beta group. An attempt has been made to correct 
Az at energies below 1050 kev for this interference. 
Assuming that the 1050-kev beta spectrum has the 
allowed shape and the 1459-kev beta group is 3.5 times 
as intense as the 1050-kev group,’ the following per- 
centage of the total beta-gamma coincidences are 
estimated to be due to the 1050-kev beta group: 12.5% 
at 800 kev, 6.5% at 900 kev, and 1.2% at 1000 kev. 
The values of As, assuming A,=0, were then corrected 
under the assumption that the directional correlation 
involving the 1050-kev beta group is isotropic. This 
correction resulted in the following values for A:: 
—0.246 at 800 kev, —0.288 at 900 kev, and —0.328 
at 1000 kev. No correction (estimated <1%) was made 
at 800 kev for possible interference from the Compton 
gamma 833-kev beta group in the Eu'™ decay.? Due to 
errors involved in this procedure, such as the estimate 
of the relative intensities of the two beta groups, the 
above must be regarded as an attempt to explain 
discrepancies between the experimental points and the 
theoretical curve rather than as a method of obtaining 
precise values. 


DISCUSSION 


The theory of beta-gamma angular correlation for 
first-forbidden beta decay as given by Morita and 
Morita is used in this section. The notation, in general, 
follows their usage. 

For the first forbidden, unique case (A/=2, yes) 
with the spin sequence 4~(8)2*+(7)0* the theoretical 
expression for A is 


Yr 
A,=+0.143 
p+? 


7M. E. Rose, Phys. Rev. 91, 610 (1953). 


Corrected for geometry 


0.021+0.030 
+-0.015+0.034 


+ 0.009 +-0.040 


A, assumed 0 


A, A; 


0.217+0.013 
0.269+0.009 
—0.324+0.012 
0.3304-0.012 
—0.348+0.014 
0.336+0.011 


18 500 
9500 
10 000 
7300 
11 600 


where p is the momentum of the electron expressed in 
mc units and K the energy of the neutrino expressed in 
mc units. Here A; is positive for all beta energies and 
has a maximum value of +-0.143 which occurs at the 
maximum beta energy. This is in obvious disagreement 
with the large negative A, obtained in the experiment 
and indicates that the ground-state spin of Eu'® is not 
4-. 
For first forbidden beta decay with a 3-(8)2*(7)0* 
spin sequence the theoretical expression for A is 
(1/7) (6-4)byy™ + (1/7) by2 + (2/7) 822 


As ~ 
—(3 4), ,;O4+ (5-4) bo. 


’ 


where the 6,,‘” are paremeters defined by Morita 
and Morita® involving various combinations of the 
matrix elements for the beta interaction. If the following 
assumptions as given by Morita and Morita® are made: 
(1) (aZ)*K1, (2) V=aZ/2p>Wo, (3) The coupling 
constants (C4, Cy, etc.) are real, (4) Ca=Cy’, Cy=Cy’, 
(5) M(B.) is large compared to the other matrix 
elements, and (6) VA interaction; then the b,,/ may 
be simplified so that 


9 


/7W)(V+W/6) 
A o=- —_— - 
y? 


aR) 


W is the total energy of the electron expressed in mc* 
units and Y=y/v, where 


p=iVCYM(r)—CyM(a)+ VC M(eXr), 
= iC ,MN(B,;). 


In Figs. 2 and 3, A: is plotted as a function of the beta 
kinetic energy for values of Y from 0 to 1.4. Curves for 
negative values of Y are not shown because they 
indicate A, coefficients that are of insufficient magni- 
tude. The experimentally determined values of Az, 
assuming A,=0, from Table I are also shown on the 
figures with the vertical flags indicating the statistical 
error. A value of Y of either 1.1 or 0.13 gives an Az of 
approximately the correct magnitude at high energies 
but the variation with energy is more closely fitted 
with Y=0.13. The experimental points at 800 and 900 
kev lack significance because of the previously discussed 
interference with the 1050-kev beta group. 
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The correction factor for the beta spectrum is of 
interest. If the same assumptions used in the analysis 
of the angular correlation data are made the theoretical 
shape factor, S, for first forbidden beta decay with 
AJ=1 is® 

(K?+ p*)| v|?. 


From the definition of « and » it can be seen that they 
are both energy independent. If all the matrix elements 
have roughly the same magnitude it would be expected 
that |u\2>>!v\?, unless an accidental cancellation of 
terms takes place in This is true because |p!? 
contains terms proportional to V and V? where V>Wo. 
Hence the shape factor would be essentially energy 
independent and the beta spectrum would have the 
allowed shape. However, under the assumption 9t(B,;) 
large compared to the other matrix elements it is 
possible that |v|?>/u\? even if V>Wo. Specifically, 


if Y=0.13, then uw=0.13y, and 


| 0.034+-0.167 (K+ p”) ]| »|?. 


T his shape 


1 fact, 


factor is strongly energy dependent and, 
differs only slightly from the first forbidden 


BRADEN, 


AND WYLY 


1.1y and 
S=([2.42+-0.167(K?+ p’) ||» 


unique shape factor. If Y 1 then pu 


the first 
In Fig. 


This factor produces a shape which is between 
forbidden unique shape and the 
4. S is plotted as a cine tion of beta energy from 800 
kev to the end-point of Y from 0 to 1.1. The 
factors have been norm to make them equal at 
800 kev. Thus, under the assumed approximations, 
with a value of Y necessary to fit the angular cor- 
relation data, ical shape factor for first 
forbidden beta decay with A/=1 is obtained which is 


the same as for the first 


7 , 
allowed snape. 


for values 
ilized 


a theoret 


essentially forbidden unique 


Unique 


Fic. 4. Theoretical shape 
factor, S, for beta kinetic 
energy above 800 kev for 
values of Y from 0 to 1.1. 
Ihe factors have been nor- 
malized to make them equal 

at 800 kev 
0.8} 
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In the zero-energy scattering of a particle by a compound system under the conditions that (1) only one 
exit channel is open (elastic scattering) and (2) no composite bound state exists for the particle and the 
scattering system in the state of given total angular momentum, the Kohn variational principle gives an 
upper bound on the scattering length. This is one of several results given previously for the case of scattering 
by a center of force which may be taken over directly, provided conditions (1) and (2) are satisfied. As a 
particular application of these results, several previous calculations of the »-D quartet scattering length, Ag, 
based on the Kohn principle (the inethod of Verde and the static approximation of Buckingham and Massey 
are included) are reanalyzed using the rigorous criterion that the best result is the one giving the lowest 
value. Further, some calculations of Ag based on the Rubinow formulation, which do not necessarily 
provide a bound, are converted to the Kohn form, thereby obtaining, in addition to a bound, an improved 
approximation to the scattering length. Some limitations and possible extensions of the method are discussed. 


I. INTRODUCTION 


N a previous paper,! to be referred to in the following 

as I, it was shown that for the zero energy, zero 
orbital angular momentum scattering of a particle by a 
center of force, the Kohn variational principle gives an 
upper bound on the scattering length provided no 
bound state of zero orbital angular momentum exists. 
We now wish to present the appropriate generalization 
of this result to the case in which the scatterer is a 
compound system. The knowledge that a variational 
calculation gives a bound is considerably more useful 
in the many-body problem where it is more difficult to 
choose a good trial function. In fact, results obtained 
from different trial functions may vary over so wide a 
range that practically no information is gained from 
the calculations unless one has a reliable criterion to 
enable one to choose the “‘best” among a set of results. 
This point is illustrated by an example given previously 
for the e+H problem? in which two trial functions, each 
containing dependence on all the relevant coordinates, 
and each containing three linear variational parameters 
gave qualitatively different results, one showing an 
effective attraction between the positron and hydrogen 
atom and the other an effective repulsion. 

The proof that the Kohn principle gives an upper 
bound on the scattering length is presented in Sec. II. 
In its essential points the argument follows rather 
closely the one given in I for the one-body proble m. 
The proof is valid under the following conditions: 


(1) Elastic scattering, including Pauli exchange, is 
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sponsorship of both the Geophysics Research Directorate of the 
Air Force Cambridge Research Center, Air Research and Develop 
ment Command, and the Office of Ordnance Research, U.S. Army. 
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the only process which is allowed on the basis of con- 
servation of energy, angular momentum, parity, and 
any other conservation law which can be taken to be 
valid. Since, as will be seen, at zero energy only one 
exit channel is then open, the zero energy scattering is 
completely characterized by a single real parameter, 
the scattering length. (For the present we restrict 
ourselves to the case for which the scattered particle 
and the scattering system do not both carry a net 
charge.) 

(2) No composite bound state exists for the particle 
and scattering system in the state of given total angular 
momentum, parity, and any other quantum number 
that can be assumed to be conserved. For example, in 
the scattering of a spin } particle from a system of 
angular momentum J, where the total angular mo- 
mentum can take the values J/=J+4 (J =} for ]=0), 
if a composite bound state exists for one of these values 
of J then the scattering state with that value of J is 
excluded from our present considerations. The condition 
that no composite bound state should exist is listed 
separately even though the existence of a bound state, 
which in turn implies the possibility of the radiative 
capture process, is excluded by condition (1). However, 
both conditions are required if the proof is to be applied 
in a problem in which the interaction with the radiation 
field is ignored. This approximation is often made, for 
example, for the problem of low-energy n-D scattering 
so that a real scattering length may be defined for each 
J value. Thus, according to condition (2), the Kohn 
principle provides a bound on the quartet scattering 
length; when applied to the doublet case it need not 
give a bound. 

The proof, in Sec. I, is presented in terms of neutron 


scattering by a nucleus. It is clear, however, that 
applications can be made in problems of electron or 
positron scattering by neutral atoms as well. (While 
Coulomb forces are present in this type of problem the 


effective interaction between the scattered particle and 


1095 





1096 SPRUCH 
the scattering system falls off sufficiently rapidly so 
that a phase shift can be defined.) The e*+H calculation 
referred to earlier is in fact one such application. The 
fact that the Kohn variational principle gave a bound 
was justified there? on the basis of the Kato method. 
The desirability of giving a proof which is independent 
of the Kato method is discussed in I.* 

In Sec . 
of neutrons by deuterons is considered. Here we re- 
analyze some previous variational calculations with the 


III the particular case of quartet scattering 


aid of the rigorous criterion that the best result is the 
one which gives the lowest value for the scattering 
length. Since the method of Verde* as well as that of 
Buckingham and Massey,® who derive an equivalent 
one-body formulation, can be obtained from the Kohn 
prin iple (see Appendix), calculations based on these 
methods are included in the analysis. Further, we find 
that results 
are improved when converted to the Kohn form. This 


obtained using the Rubinow formulation*®’? 


is generally to be expected when, in addition to the 
conditions under which the Kohn principle gives a 
bound, the scattering length is positive and the trial 
function is sufficiently accurate such that third order 
terms can be neglected® (see I). 

In Sec. IV some limitations and possible extensions 
of the method are discussed. 


II. GENERAL FORMULATION 


We consider the scattering of a neutron from a 
nucleus of angular momentum /, consisting of Z protons 
and N neutrons. The total system is assumed to satisfy 
the properties outlined in Sec. I. To prove that the 
Kohn variational principle provides an upper bound 
on the scattering length we begin by deriving the 
generalization of the Kato identity® for this system; 
this will be done for arbitrary scattering energy. The 
wave function, VY, satisfies the equation 


— (2u/h?) (T+ V—E)V=AV=0, 


where T and V are the total kinetic and potential 
energy operators, respectively. E is the total energy of 
the system and yu is the reduced mass of one neutron 
with respect to the rest of the system. The wave func- 
tion may be represented as 


¥=>; (-1)%,, (2.1) 


* The point is that in the present method of proof no connection 
between the zero energy phase shift and the number of bound 


states (a generalization of Levinson’s theorem) need be assumed. 
Further, the effects of the Pauli principle are taken into account 
in a simple way. 
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to the Kohn form give an improved result it is sufficient that 
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even for an inaccurate trial function 
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where 


WziN41 Vz.nail(l, - 2:47 . ,Z2+N, Z+N+1) 


is taken to be antisymmetric in the ccordinates (space 
and spin) of the Z protons, and in the coordinates of 
the neutrons labelled by Z+1 through Z+ NV. (Here 
and in the following >; will be understood to represent 
a summation over the indices Z+1 through Z+N-+1.) 
The set of functions ¥;,, Z+1<i<Z+N, is defined in 
terms of Wz Vil by the rule that y; may be obtained 
from y;,1 by interchanging the coordinates of neutrons 7 
and i+1. While ¥ziv+: is not uniquely defined by a 
knowledge of VW and by Eq. (2.1) (a function, Avzin41, 
may be added to WZ4N41 without ch inging WV provided 
Ds (—1)‘Ay,=0), it and that is 


all that will be relevant for our purposes. Now let 


iS) mptotic form is, 


F,=F,(1, ---, Z; Z+1, ---, 1-1, 7+1, ---, Z2+N+4+1) 
be the wave function of thi 
sisting of all the V+-Z- 
its ground state, E,; Fy is normalized to 
unity. The total energy, £, may br 


unperturbed nucleus (con- 
1 particles except neutron 7) in 
with energy 


expressed as 
E=E,-4 


where #k is the relative m tt E othe 
neutron with respect to thé 
form of y different for different values of the 
total angular momentum, J, and 


incoming 
The asymptotic 
will be 
Zz projec tion, J,. 


‘ 


For simplicity it will be assumed in the following that 


J =J,=I+-+4, but the formal results of this section may 
be readily obtained for the other possible values of J 
Thus, with g, defined as the distance of 
i mass of the other Z+N 


particles, r,,, defined as the distance between particles 


and J, as well. 
neutron 7 from the center « 
m and n, the spin function of neutron 1, 
, for Z+1<i<Z+N-+1, may 


and xs,(1 
the asymptotic form of ¥ 


be written as 


vi — Dxy (dF; sin(kqitn 


¥i—20, for mn , Mm, nxt. (2.2) 


Here 7 is the phase shift, @ is an arbitrary normalization 

parameter, and D is an arbitrary parameter to be 

ynvenience. A trial function, Y;, is 
} 


now defined, satisfying the same 


chosen later for 
type of boundary 


conditions as WV, with replacing the true phase 


f Vv *A V d T 


integration over 


shift, ». The expression, 
s J veaw 1; 


configuration 


with {dr 
summation over spin 
On the one 


indices, may be evaluate two ways 
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hand, since AY=0, we have 


== f veavdr. 


On the other hand we have 
K = — (2u/h?) f (VW FTV —V*tTY, dr. 


This may be simplified by introducing the representa- 
tion, Eq. (2.1), for ¥ (and the analogous one for ¥;) 
and recognizing that because of the boundary condi- 
tions, Eq. (2.2), T is Hermitian when between functions 
y, and Wj, with i#7 (since then there exists no surface 
at infinity on which both y,; and ¥, are nonvanishing). 
We therefore obtain 


K=-(2 WS fat —veT Vdd 


= — (2u/h?)( v+1) f (Wi8TYj—¥ "TV sd7, 


where 7 is any one of the N+1 indices which label the 
neutrons. Now 7 may be written 


T= —(h?/2y)V +t 


(2.3) 
where ¢ contains no derivatives with respect to gq; 
(V,? is the operator with respect to q;). Therefore, with 
this form for 7, and with the aid of the boundary 
conditions on W; and Wj, we obtain 


K=(N-+1) (Wy V Wi —¥ FV Wid 


= D®(N+1)[k cot(n—0)—k cot(m.—8) }. 
Here use has been made of the fact that F; is normalized 


to unity. We choose D?= (N+1)-", and equate the two 
forms for K to obtain the identity 


k cot(n—0)=k cot (m— of WV *AV dr 


+ f oan. r, (2.4) 


where is defined as 


It now remains to show that for k=0, and @>0, the 
second order term, /Q*AQdr, is nonpositive. (The 
specification of 60 corresponds to choosing the appro- 
priate generalization of the boundary conditions, Eqs. 
(2.5), of I.) In analogy with the presentation given in I 
for the static problem we define 


Q(A)=2 exp(—AL; g:). 
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For A>0, Q(A) is quadratically integrable. From the 
fact that no composite bound state exists we conclude 
that 


M(d)= J sapaaayar<o, d>0. 
To establish the continuity of M(A) at \=0 we examine 


M(x)— M(0) f Lexp(—2A30; qi) — 1 JQ*AQdr 


+(N+1 wf Q|* exp(--2AD0; gud 


a 
—  (N+1)2r { gat “aap | 
0g; 


Xexp{—2Ad0; gijdr/g;, (2.5) 
where again the index j labels any one of the neutrons. 
In evaluating the commutator of A with each of the 
factors exp(—Aq,;), to arrive at Eq. (2.5), the repre- 
sentation for T given in Eq. (2.3) has been used. The 
right-hand side of Eq. (2.5) may be shown to be 
vanishingly small, in absolute magnitude, in the limit 
as X\—» 0. It is useful, in checking this, to recognize 
that with Q;=Y.—y,, and Q=>>; (—1)2;, we have 


f iQ 2 exp(- 22>; qijdr 


' E. f |Q;|* exp(—2AL + gv)dr+R 


=(N+1) f Q;|? exp(— 2A v gv)dr+R, 


where K is an integral which results from the cross 
terms and therefore remains finite as \— 0. A similar 
decomposition may be made for the third integral in 
Eq. (2.5). The proof then proceeds just as it did in the 
treatment of the static problem. Here Q; satisfies the 
boundary conditions 


gjQy— constX(7)F;, for qj @ 


2;—0, for fan ©, 


m, n¥ j. 


For completeness it is noted that the Rubinow formu- 
lation, as applied to quartet m-D scattering,’ may be 
derived from the Kato variational principle, which in 
turn follows from Eq. (2.4) upon dropping the second 
order term, §2*AQdr. With @=0, an inside wave 
function is introduced and the variationally determined 
value of the parameter k cotm; is inserted. Identification 
with the form given in reference 7 may then be made. 
This is straightforward and the details are omitted 
here. We note that the analogous identification has 
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10 


previously been made by Kato” for the case of scatter- 


ing by a static potential. 
Ill. THE n-D QUARTET SCATTERING LENGTH 


The experiments on low-energy n-D scattering are 
consistent with the assumption of either of two sets 
of scattering lengths, for the quartet (A g) and doublet 
(Ap) states, respectively. They are"! 


Set I 
Set IT. 


Ag 6.4f, Ap 


Ag 2.64, Ap=8.3f; 


0.7£; 


Thus a determination of one of the scattering lengths 
leads to a determination of the other. However, since 
almost all n-D calculations to date have ignored the 
presence of the tensor force and the repulsive core, such 
calculations provide more information about the ability 
of the assumed potentials to represent the true poten- 
tials than about the true scattering lengths. (We note 
that a calculation has been performed recently, by 
Delves and Brown,” in which the tensor force, though 
not the repulsive core, was taken into account. The 
authors come to the conclusion that Set II is correct. 
However, as the authors themselves point out, the 
theory has been rather severely simplified and it appears 
to the present authors that their conclusions must 
remain tentative.) Therefore our main concern here is 
with the reliability of the calculations for an assumed 
set of potentials rather than with a determination of 
which set of scattering lengths is the correct one. Our 
viewpoint in this regard is the same as that expressed 
by Sartori and Rubinow.’ Of course the effects of the 
tensor force and repulsive core are included to some 
extent since the strengths of the assumed central 
potentials are adjusted to match the experimental two- 
body data. We shall in fact assume in the following 
that these effective central potentials are suih iently 
realistic so that they introduce no spurious composite 
bound states for H® with J This is almost surely 
true in all cases of interest. It may well be that the 
effective central potentials do give reliable results, but 


3 
t 


from the point of view of the present investigation the 
point is that one cannot now rigorously prove this. 
(Though it will not be our present concern, it might be 
noted that if the correct potential were known, and 
used in a calculation which provided an upper bound 
on Ag, a bound lying below 6.4f would prove that 
Set IT is correct. One could not, in this way, prove that 
Set I is correct.) 

According to the conditions outlined in Sec. I, and 
the proof given in Sec. IT, it follows that a calculation of 


” T. Kato, Phys. Rev. 80, 475 (1950). 

“D—D. G. Hurst and J. Alcock, Can. J. Phys. 29, 36 (1951); 
Wollan, Shull, and Koehler, Phys. Rev. 83, 700 (1951). 

2 LL. M. Delves and D. Brown, Nuclear Phys. 11, 432 (1959) 
We note that an investigation of high energy n-D scattering, using 
the Born approximation, has been performed in which tensor 
forces were included [B. H. Bransden, Proc. Roy. Soc. (London) 


A209, 380 (1951)]. 
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the quartet scattering length, , using the Kohn 
principle, will prov an upper bound 
on Ag. (We are here radiative capture 
As ment Kohn principle 

need not lead to a bound « nce the n-D system 
Now a sizable 

number of calculations of Ag have appeared in the 
literature. It is then of to determine how the 
methods used are related to the Kohn principle, and to 


variational 


yned inl » Lie 


} 
} 
i 


proc CsS. 


can be bound in 


ntere 


ordingly. 

ome calculations which 
polarization. This 
the effect of the Pauli prin iple 
unperturbed in the 
With x@ representing one of the 
flour are of course 


reanalyze the calculations 
der 


account spec rl 


To begin with, we cons 
do not take 
means that 
the deuteron is 


into 
apart irom 
assumed to be 
scattering process. 


quartet spin functions (all of which 


totally symmetric in oordinates) the wave 


function may be ipproximation, 


13;2 
where 


) 


Here R(r,) is the exa uteron wave function and 
; ) r proper boundary 
scattered 


the deuteron. 


(qs) is a 
conditions, of position of the neutron 


with respect to tl iter I of 


? 


From the assumed form of the wave function, Eqs. (3.1 
and (3.2), Buckingham and Massey have defined an 
effective one-body problem, described by an integro- 


differential equation which we write symbolically as 


(3.3) 


static approxi- 
olution of Eq. (3.3 
1g,. On the 


? 


rm given by Eqs. (3.1) 


(The subscript s 
mation. 
is characterized by a scattering 


At zero energ 
length, 
a function 


and (3.2) may be us 


other hand, 
function in a vari- 
ational calculation. If th ohn principle is employed 
it may be shown (s¢ ypendix) that the approximate 
scattering length thus determined must be greater than 
or equal to Ag,, the equality obtaining only if the trial 
function is construct g | ( t lution of 
Eq. (3.3). Therefor >» Tepre ts an upper bound on 
the true scattering . 

While Eq. (3.3) is arrived y making an ipproxi- 
mation in the form n é the no polarization 
approximation olved numerically, 
leading to an exact determ tion of A g,. Values of Ag, 
for the ordinary, S¢ rber, and ymmetri force mixtures, 
, have been calculated 


ck the relative merits 


and a variety of potent 
by Burke and Robertsor 


13 See Eq. (36) of footnote 

44 P. G. Burke and H. H. } rtson, Proc. Phys. Soc. (London) 
70, 777 (1957). The work h ut with potentials of 
Gaussian radial depender recent extension to the Yukawa 
interaction see I \. Haas ar I I . ertson, Proc. Phys. Soc 
London) 73, 160 (1959). See also P irke and F. A. Haas, 
Proc. Roy. So Lond : ] l where polarization 


effects are i 
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of the Kohn and Hulthén methods, Burke and Robert- 
son performed no polarization variational calculations, 
using different sets of exponential variational param- 
eters, for several small (but nonzero) values of the 
scattering energy. (The symmetric force mixture was 
used.) In all those calculations for which the plot of 
k cotn vs k® is very nearly a straight line the extrapola- 
tion back to zero energy of the quartet results leads to 
approximations to the scattering length which we find 
to lie above A g,, as they must by the arguments given 
above. For the one trial function (corresponding, in 
their notation, to v~0.07X 10" cm~*) which leads to 
values of k cotn showing the proper energy dependence 
for both the Hulthén and Kohn methods, the latter 
provides a better extrapolated result. This is also con- 
sistent with our previous statements (see I). The results 
of the Hulthén, Kohn, and exact calculations are 5.6f, 
5.4f, and 5.24f, in that order. 

As a further check it is noted that Christian and 
Gammel! have also determined Ag, exactly, for the 
Serber force, basing their calculation on the variational 
principle given by Verde.‘ The value’* differs from the 
corresponding value obtained by Burke and Robertson 
by a fraction of a percent (see Table I). Of course exact 
agreement should not be expected since different deu- 
teron wave functions were used in the two caiculations, 
and since the “exact” solutions of the approximate 
one-body equations involve the replacement of differ- 
ential equations by difference equations. 

An earlier application of the Verde principle was 
made by Troesch and Verde,'’ who ignored specific 
polarization. Their variational results are in agreement 
with the second set of scattering lengths quoted above. 
Even if the assumed central potentials do provide 
accurate compensation for the effects of the tensor 
force and repulsive core this should still not be taken 
as evidence that Set II is the correct one. The reason 
for this is that their variational result for the quartet 
scattering length lies considerably below the corre- 
sponding value of Ag, determined exactly by Burke 
and Robertson, and we have shown that it cannot lie 
‘below. The value obtained by Kohn" ir a no polariza- 
tion variational calculation also lies below the exact 
value. The explanation for these results, the only ones 
that we have found for which a bound is violated, is 
very likely the fact that a relatively crude deuteron 
function, namely a single Gaussian, is used in both the 
Kohn calculation and that of Troesch and Verde. 
(Burke and Robertson, and Christian and Gamme! use 
two and three Gaussians, respectively, to represent the 


1 R.S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 

‘6 We refer to the result corresponding to Eq. (44’) in refer- 
ence 15. Actually, two other results are presented for the Serber 
force; the three values would be identical if the correct deuteron 
wave function were used. The other two results are not considered 
here for reasons discussed by Sartori and Rubinow 
note 7) 

17 A. Troesch and M. Verde, Helv. Phys. Acta 24, 39 (1951 

18 W. Kohn, Phys. Rev. 74, 1763 (1948). 


(see foot 
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deuteron wave function.) That Kohn obtains a reason- 
ably accurate result, in spite of the crudity of his 
deuteron function, is presumably accidental, as he 
himself points out. The considerable sensitivity of 
variational results to the assumed form of the deu- 
teron wave function, even for one consisting of three 
Gaussians, has been discussed and illustrated by Sartori 
and Rubinow. On the other hand, as we have already 
noted, the values of Ag, calculated by Burke and 
Robertson, and by Christian and Gammel, who used 
different deuteron functions, are practically identical. 
It seems possible that the error introduced in using an 
inaccurate deuteron function is significantly magnified 
by the inaccuracies in the scattering trial function. 
(It should be stated that since none of the calculations 
involve the the correct deuteron function, 
complete rigor cannot be claimed for any of the bounds 
quoted here.) 

It was shown in I, for the one-body case, how one 
could convert results obtained using the Rubinow 
principle to the Kohn form. No new calculations need 
be performed provided one knows the values of the 
integrals A », B, and C defined in I. Sartori and Rubinow 
have generalized the Rubinow formulation from the 
static case to the three-body problem and applied it to 
zero energy neutron-deuteron scattering.’ (This was 
also done, independently, by Efimov.”) They have (by 
private communication) kindly made available to us 
the numericai values of the integrals corresponding, in 
this generalized form, to the expressions Ag, B, and C 
for some of their calculations using the ordinary (WB) 
force mixture. The results obtained for the Rubinow 
form,” and Kohn results derived from them, appear 
in Table I. The rather large difference between the 
results of the two variational principles, with no specific 
polarization, indicates that the trial function can be 
improved, without introducing polarization. This is 
verified by observing the corresponding value of Ag, 
(for the ordinary force mixture) obtained by Burke 
and Robertson. 

Sartori and Rubinow also performed calculations 
using a trial function which allowed for specific polar- 
ization. This function, a generalization of the trial 
function used in the no polarization calculation, con- 
tained two free exponential parameters which were 
chosen to give an extremum. Again, conversion to the 


use of 


Kohn form leads to an improved approximation, as well 
as a bound on Ag. While it is true that the Kohn 
polarization result (column V in Table I) represents an 


improvement over the Kohn no polarization value for 


the same potential (column II) this is not a necessary 
consequence of the fact that the Kohn principle is here 


YN. Efimov, J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 137 
1958) [ translation: Soviet Phys. JETP 35(8), 98 (1959) ]. 

*® Two variational principles are given in reference 7, which 
would yield the same results if the correct deuteron wave function 
were used. Only the results obtained using one of them (referred 
to in reference 7 as variational principle B) are considered here. 
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TABLE I. A summary (by no means exhaustive) and an analysis 
thereof of calculations of the m-D quartet scattering length. In 
all cases the interparticle potentials were of the form V;;(r;;) 
= Vo exp(—15 7/8) w+ m P55 +-b0i;4+-AP i Oi; and P;, 
represent spin and space exchange operators, respectively. The 
symbols WB, S, and SYM stand for ordinary, Serber, and sym 
metric force mixtures, respectively. The potential range, b, and 
the scattering lengths are expressed in units of 10~ cm. According 
to the analysis given in the text the results for a given potential 
should satisfy the relations II>III>Ag and V>Ag. For a 
sufficiently accurate trial function (see footnote 8) one should also 
find I>II, and II1>IV>V. Here I, I, etc., represent the values 
which appear in those columns for a particular row. There are 
values in the literature which do not agree with the first mentioned 
set of inequalities. We give one example, placed in parentheses. 
It is assumed that the explanation for this disagreement lies in 
the fact that deuteron wave functions were used which were not 
sufficiently accurate 


1, where Vi; 


Polarization 
considered 
variational 

principle 


Rubinow Kohn 
IV V 


No polarization appr 
variational princi, 


Kohn 
II 


* Footnote 14. Each of these 
tion to zero enetgy 
Footnote 19. A re 
would enable one t 
* Footnote 15 
4 Footnote 7. 
* Calculated by present a 


I ithors from the 
and Rubinow in obtaining the number 
Footnote 17 


ilues represents the result of an extrapola 


ment of the data used in obtaining this value 


lashed portion in the column to the right. 


data which was used by Sartori 


n the column to the left 


a minimum principle since a variational determination 
of the parameters in the trial function, using the 
Rubinow form, will not generally yield the optimum 
that which gives a minimum) in the Kohn 
form. (However, as pointed out in I, conversion from 
the Rubinow to the Kohn form do¢ 


corresponds to the optimum choice of one of the vari- 


set (i.e., 


give a result which 


ational parameters, namely the trial scattering length.) 
Additional numerical results, based on the present 
work, have been recorded by Rubinow and Sartori." 


IV. DISCUSSION 


It is found that the results which are summarized in 
Section IV of I, pres¢ nted there in terms of the problem 
of scattering by a center of force, are valid in the wider 
class of problems in which the scatterer may be a 
compound system, provided the conditions which are 
outlined in Sec. I of the present paper are satisfied. In 
addition to the n-D quartet system discussed in Sec. III, 
the results may be applied, for example, to zero energy 
n-H* scattering for both the singlet and triplet states, 
as well as to m-a scattering. On the other hand, the 
n-He® problem cannot be treated by the present 
methods. A bound state with J=0 (He*) exists which is 
sufficient the singlet scattering state from 
the present type of treatment. Even if a bound state 
did not exist, however, the fact that in addition to 


to exclude 


21S. I. Rubinow and L. Sartori, Proceedings of the International 


Conference on Nuclear Forces and the Few Nucleon 
London, July, 1959 [Pergamon Press (to be published) J. 


Problem, 
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the re 


that 


ction 
the 


elastic scattering 
take place 
cannot be compl te ly characterized by a real se attering 
length, for either the J/=0 or J/=1 states. 

The method can be extended to take into account the 
effect of a Coulomb field? so that the case of proton 


n+He'— p+H!® can 
ZeETO el! 


means nergy scattering 


scattering from nuclei, 
atomk 


as well as electron or positron 
scattering from ions, or from nuclei, may be 
included. For example, one could, in this way, study 
zero energy p-p, p-a, p-He’® 
as quartet p-D and triplet p-H® scattering (provided the 
radiative capture process is rhe doublet p-D 
and the singlet p-H* states would be excluded from the 
present type of analysis due to the existence of the 
bound systems, He* und He’, respectively. Note that 
in the J scattering of protons by Li’, 
reaction p+Li’ > a+a 
conservation of energy 

forbidden by the assumed con 
strong interactions, leaving 


both spin States), as well 


ignored 


while the 
is not excluded on the basis of 
nd angular momentum, it is 
ervation of parity for 
only yne exit channel open, 
if we ignore the possibility of gamma emission. (For 
J=1 the reaction p+ Li’ — a+a is forbidden by angular 
momentum conservation 

In the preceding discussion 
the orbital angular momentum, JL, of 
particle relative to the scattering 
the reaction and that it is after the 
taken place, i.e., no additional states with higher ZL 
values are introduced asymptotically. This is in fact 
it the scattering process may be 


it has been assumed that 
the scattered 
system is zero before 


zero reaction has 


necessary in order tl 


completely characterized by a single real parameter. 


It is of course true th i the scattering energy is not 


zero the above assumption will not be valid in general. 
The point is that at zé 
the region of interaction n effect finite, the long range 
centrifugal barrier prevents the scattered particle from 
escaping to infinity in states for which L is not zero. 
One has a somewhat analogous situation in a low-energy 
H, say. In the region of 
an infinite number of compound 


states which, however, de: 


ro energy, for scattering in which 


scattering problem, e~ on 
interaction there exist 
1y asymptotically ; for these 

ed so that the scattered 
Thus the 
in which 


states the hydrogen at 
lacks suffici 


method is apy ible for 


electron escape. 


present 
tensor forces exist. 


system 
proof that at zero energy 
higher L values (even 
n-p triplet 
system” and, recently, for the more general case of the 
scattering of one compx 
Other possible extens 
the rel 
has some nonzero value 
and to the problem of the 


there is no mixing 
asymptotically) | 


the 


for 
stem by another.* 
method would be to 
the case wher ingular momentum 
and final states, 
cattering of two compound 


f the International 

Nucleon Problem, 
published 

ys. Rev. 86, 399 (1952). 


1958 


® L. Spruch and L. Roser 
Conference on Nuclear Force 
London, July, 1959 | Perga 

3 J. M. Blatt and L. C. Bied 

*L. M. Delves, Nuclear PI 





SCATTERING LENGTHS 
systems. However, one of the simplest types of com- 
pound-compound scattering problems, D-D scattering, 
may be excluded from consideration immediately, due 
to the possibility of the reactions D+ D— n+He' and 
D+D— p+H'. (Further, for J/=0, the bound system, 
the alpha particle, exists.) Note that for J=2 con- 
servation of angular momentum does not forbid the 
above reactions; nonzero values of the relative orbital 
angular momentum are possible in the final states, due 
to the kinetic energy which is gained in the reaction. 
Finally, we wish to point out that in the case where 
the particle and the scattering system can form a com- 
posite bound state, but where no exothermic reactions 
are possible (again, we ignore the radiative capture 
process) the present method can be modified so that 
upper bounds on the scattering length may be obtained. 
This will be discussed in a future communication.” 
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APPENDIX 


It will now be established that the integro-differential] 
equation used by Massey and his collaborators to 
describe n-D scattering may be derived from the Kohn 
variational principle. (The discussion is restricted to the 
quartet state.) The trial function may be written, in 
the notation of Sec. II, 


V.=Yu-—-2u, 


where wz; and 2, differ by an interchange of the coordi- 
nates of neutrons 2 and 3. In the no polarization 
approximation, Ws; takes the form 


Wa= (2 yx QR (r12) f(s) 93. (A.1 


(In the following the subscripts on r and g will be 
dropped.) Here f:(g) is a function which satisfies the 
boundary conditions 


f(0)=0 


fig) — sinkg+tany, coskg, for g— =; 
*8 Note added in proof.—The technique for handling the case 
where bound states exist was developed in conjunction with T. I 
O’Malley [Phys. Rev. (to be published) ]. The method has been 
used by the present two authors in an analysis of zero-energy n-D 
doublet scattering [Nuclear Phys. (to be published) ]. Efimov™ 
obtained a variational] estimate of 1.1f for the doublet scattering 
length Ap. It is shown that a conversion of Efimov’s data (not 
all of which appeared in the published article) to the appropriate 
normalization will provide an upper bound on Ap. To the extent 
that his assumed potentials are realistic, and to the extent that 
the inappropriate normalization used will not significantly alter 
the result, both of which assumptions are not unreasonable, it 
follows that a value close to 1.1f serves as an upper bound on A p, 
from which it may be concluded that Set I is the correct set. 
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R(r) is the spatial part of the deuteron wave function 
(normalized to unity) and x @ is the spin function defined 
in Sec. III. The Kohn variational principle may be 
written 


k tann~k tann-+/, 


J= f WAV dr = 2 f Vx AWV dr. 


With ¥ of the form given by Eq. (A.1), J becomes 


where 


I 2 f Cia)/aeaR avs 


f filqvLafr(q)dq, 
0 


which defines the operator £,.”° This definition agrees 
in form with the Massey integro-differential operator.” 
The Kohn principle, in the no polarization approxima- 
tion, may be written in the equivalent one-body form 


k tann~k tann +f filq)Lfelq)dq. (A.3) 


0 


Since the right-hand side of Eq. (A.3) provides, at zero 
energy, an upper bound on the true scattering length, 
Ag, it follows that, in particular, the scattering length, 
Aq, obtained from an exact solution of Eq. (3.3), lies 
above A gq, as stated in Sec. ITI. Further it is seen that 
Aq represents the best (i.e., lowest) value obtainable 
from Eq. (A.3). This follows from an application of the 
theorem proved in Sec. II to the one body problem 
defined by the operator £,. (The fact that the potential 
is now an integral operator does not affect the validity 
of the result.) We verify the applicability of the theorem 
by noting that £, admits no bound state solutions since 
it is defined on a sub-space of those functions for which 
the operator, A, is defined, and no bound state exists 
for the latter. It is to be noted that the static approxi- 
mation is applicable to a wide range of problems, not 
only the n-D case considered here. 

We now turn to the relationship between the Verde 
variational principle (which was developed in terms of 
the isotopic spin formalism) and the Kohn form, for 
n-D quartet scattering. The equivalence may be estab- 
lished by identifying the wave function W with a linear 
combination of the functions y’ and yp" defined by 
Verde.”’ We find that 


V=c(3-W/—-W")no, (A.4) 


% £, is not uniquely defined by Eq. (A.2) but this is irrelevant 
for our purposes. 

77 For a comprehensive discussion of the nuclear three-body 
problem which, in particular, includes an analysis of the sym- 
metry properties of the wave function in the isotopic spin for- 
malism, see M. Verde, Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1957), Vol. 39, p. 144. 
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where ¢ is a constant. As Sartori and Rubinow have 
already observed, the two coupled differential equations 
satisfied by y’ and y” | Eqs. (14) and (15) of reference 4 | 
may be combined to yield the Schrédinger equation for 
the system, in which the spin and isotopic spin variables 
have been removed [see Eq. (10) of reference 7 }. Verde 
defines J, involving ¥/ and W”’, which 
vanishes if the correct functions are used and whose 
first variation is zero. With the aid of Eq. (A.4) and 
the symmetry properties of y’ and y” it may be shown 


that 
J =const f VAWVdr. 


The normalization used by Troesch and Verde in their 


an integral 
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application of the principle is equivalent to the 
Eq. (2.2) ], ie., it corresponds to 
Kohn principle. The variational 


choice 6=7/2 [ see 
that proper to the 
parameters were evaluated according to the prescription 
of Hulthén, i.e 


J=0, 


0] /da 0, 1 A *. V, 


where ‘the a; are the V variational parameters in the 
trial function, excluding the trial scattering length. As 
discussed in I, the Kohn method for evaluating the 
parameters, in a problem in which it provides a bound, 
is superior to that of Hulthén but the results in the 
latter case still give an upper bound on the true scat- 
tering length. 
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Che electron capture of Tm'® (87 day 


graphs and coincidence scintillation spectrometers. The following levels in Er'® have been est 


79.8(2+-), 264.3(4+), 548.9(6+-), 
and 1543.1(3)—) kev 


265.1(4+-), 545.3(6+), 787.1(24 


to levels in Er'® was investigat 


822.4(2+-), 897.0(3+-), 996.2(44 
The internal conversion data for Tm'* 
2+), 860.6(3+), and 957.2(44 


wil! | 

iblished 
, 1095.1(3 1.21077 sec 
7.7 hour) suggest levels i r'*6 at 80.6(2-4 


kev. with man ing levels 


Energy level schemes are proposed for both Er'®* and Er'**, The levels at 822, 897 
787, 861, and 957 kev in Er'®* may possibly be associated with electric quadrup 


] 


Some general features regarding these vibrational levels are discussed and compare 


other even-even nuclei in the rare earth region 


I. INTRODUCTION 
| gpeore sal ARY results of a survey of the radio- 


activities of neutron deficient rare earth isotopes 
have been reported previously.-* This paper is con- 
cerned with a more detailed study of the energy levels 
of two even-even nuclei of this region, Er'® and Er'® 
which are reached by electron capture of the neutron 
deficient isotopes Tm!* and Tm!', respectively. These 
nuclei are in the region where the nuclei are strongly 
and shape. 
the unified model** these are expected 


deformed have spheroidal equilibrium 


. 


According to 


* Supported by the U. S. Atomic Energy Commission. 

t Operated for the U. S. Atomic Energy Commission by the 
Union Carbide Nuclear Company 

! Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

2 J. W. Mihelich and B. Harmatz, Phys. Rev. 106, 1232 (1957). 

* Jacob, Mihelich, and Harmatz, Bull. Am. Phys. Soc. 2, 260 
1957) 

‘Ward, Jacob, Mihelich, 
Phys. Soc. 2, 259 (1957) 

® Ward, Mihelich, Harmatz, and Handley, Bull 
Soc. 2, 341 (1957) and (to be published). 

® A. Bohr and B. R. Motteison,Kg!. DanskeVidenskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 


Harmatz, ar 


d Handley, Bull. Am 


Am. Phys. 


} 


to exhibit energy lev which are collective in nature. 


This study was undertaken to obtain more data on such 


collective levels. 


II. RELEVANT PREDICTIONS OF THE 
UNIFIED MODEL 
ut of deformed 


the nuclear 


ion 


The lowest modes of co 
nuclei correspond to rot which 
shape remains unchanged. T] sult 


1 ucleus is given by 


ng energy spec- 


trum for a deformed even 


Ey 1 + BI?([+1 (1) 


T=0, 2, he quantity 9 
The second term in (1) isa 
nteraction,? 


where represents an 


effective moment « 
correction term due tation-vibration 


} 


The quantity B is related to the vibrational quanta hwg 


and fw, associated with the so called beta and gamma 
7A. Bohr and B. R. Mottelsor ela- and Gamma-Ray S pectro- 
scopy, edited by K. Siegbahn (North-Holland Publishing Com- 
pany, Amsterdam, 1955), Chap 
® Alder, Bohr, Huus, Motte!'son, and W 
Phys 28, 432 (1956 


Revs. Modern 


nther, 
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vibrations and is given by 


12 4 he? 3 
anf cnet ey. 
(hig)? (hw)? J \2g 


The ground-state rotational band of an even-even 
nucleus, given by (1), is characterized by K=0 (K is 
the projection of total angular momentum /, on the 
nuclear symmetry axis) and even parity. 

Nuclei can also be excited by collective vibrations 
about their equilibrium shapes. The lowest order shape 
vibrations are of quadrupole type. In even-even nuclei 
of spheroidal shape, these vibrations give rise to se- 
quences of rotational states with J=0, 2, 4--- 
vibrations) and J=2, 3, 4--- (gamma vibrations). For 
the beta vibrational spectrum K=0, while K=2 for the 
gamma vibrations. M1 radiation is forbidden in the 
decay of vibrational states even when AJ=0 or 1. 


(beta 


Deformed even-even nuclei may also give rise to 
higher order shape vibrations, such as octupole vibra- 
tions. Octupole vibrational states are expected to have 
odd parity and K=0, 1, 2, or 3. The associated rota- 
tional levels will have J= K, K+1, K+2--- 
exception of the K=0 case, where the sequence is 
expec ted to be 1, 3, 5-+° 


with the 


The gamma branching ratios in the emission of 
various multipole order (henceforth abbreviated as 
M.O.) radiations which are not K forbidden, from a 
given state to different members of a rotational band, 


TaBLe I. Conversion electron data for decay of Tm'®* to Er'®* 


Transition 
energy Intensity (N.)* 


Li Liu 


~4.5 ~4.5 
1000¢ 960 
4 6 
<2 2 


1463.9 


* Intensity data are arbitrarily normalized to 1000 units for the most 
prominent line. “‘w"’ indicates a weak line. : 

>» Multipole assignments were made on the basis of K// 

© Conversion line is not completely resolved 

4 Conversion line is a composite of two lines. 
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Fic. 1. Gamma-ray spectrum of Er'®*, (a) Low-energy spectrum, 
obtained with 1 in. x1 in. Nal crystal. (b) and (c) High-energy 
spectrum, obtained with 2 in.X2 in. Nal crystal. 


have been treated theoretically by Alaga et al.° and it 
has been shown that the ratios of the reduced transition 
probabilities (henceforth abbreviated as R.T.P.) can be 
expressed in terms of vector addition coefficients in- 
volving only the M.O. and the spins and K values of 
the states in question. 


Ill. EXPERIMENTAL METHODS 


The conversion electron data were obtained using 
180° permanent magnet photographic recording spec- 
trographs. The spectrographs of field strengths 64, 127, 
180, and 360 gauss are capable of recording conversion 
lines of from 6 to 1600 kev. The electron intensities 
were determined photometrically. Gamma-ray measure- 
ments were made with NaI(TI) scintillation spectrom- 
eters. The fast-slow coincidence apparatus used in this 
work has been discussed elsewhere.” The radioactive 
sources were made by proton irradiation in the Oak 
Ridge National Laboratory 86-inch cyclotron." Ion 
exchange separations were performed and the spectro- 
graph sources were made by electrolysis. 


* Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 

Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

Mihelich, Ward, and Jacob, Phys. Rev 

" Harmatz, Handley, and Mihelich, 
1959). 


103, 1285 (1956) 
Phys. Rev. 114, 1082 





JACOB, MIHELICH, 





165-196 kev 


422-448 Kev 











of Counts 


Number 


| 
| 
| | 


J 


ee ee ee | 


Pulse Height (orbitrory scale) 


Fic. 2. Results of delayed coincidence measurements made with 
gamma rays of Er.'®*. (a), (b), and (c) show radiations succeeding 
the delayed state, while (d) shows those preceding the delayed 
state (74=1.210™ sec) 


IV. ERBIUM-168 


It has been shown that Tm!® decays to levels in Er'®* 
via electron capture with a half-life of 87 days.” In 
addition a metastable level in Er'®* with a half-life of 
1.2X10~7 sec has been observed.” Preliminary results 
on this decay scheme were reported previously.’ The 
Eris studied by 
neutron capture M 


levels in have also been resonant 
16 in Er'®, 
The conversion electron data for Tm'® are presented 


in Table I. The uncertainties in the measured energies 


TABLE II. Results of prompt coincidence measurements. 


Gating with Coincides with 


198 kev 80, 185-198, 721-743, 817-831, and possibly 
with 633-646-kev peaks 

448 kev No coincidences with 421-448-kev peak 

743 kev 80, 185-198, 721-743, and 817-831-kev peaks 

831 kev 80, 185-198, and 721-743-kev peaks. No co- 
ncidences with the 817-831-kev peak 


2T. H 
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46 Skliarevskii, Stepanov, 
4, 22 (1958) 


Handley and E. L. Olson 


Michael and D. H 
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rempleton, Phys. Rev 


1953 
93, 1422 


uper, and Bockelman, Nuclear Phys. 19, 


and QObiniakov, Atomnaya Energ 
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and intensities presented in this paper are the same as 
those discussed previously.' A typical gamma-ray 
spectrum of Er'®* as obtained with a scintillation spec- 
trometer is shown in Fig. 1. The relative gamma-ray 
intensities were obtained by analyzing a number of 
spectra in the with the 
highest energy gamma-ray peak and extrapolating the 
Compton distribution and finally correcting for the 
peak efficiency of the crystal.!*"” The photon intensities 
are presented in Table IV together with other data. 
The photon intensities of transitions other than those 
listed in Table IV are 


conventional way starting 


onsidered to be too small to 


Counts 


Number of 


Pulse 


(arbitrary scQGle) 


Height 


ents made with 
198 kev. (b) Coin 
ncidences with 817 


Fic. 3. Results of prompt incidence measuren 


gamma rays of Er'®*. (a) Coincidences with 185 
cidences with 721-743 kev ( and (d) Us 


831 kev. 

affect the scheme 
intense transitions 
within +25¢ 
intensity gamma rays, W 


proposed on the basis of the more 
The photon intensities are good to 
4 exce pt in the « iS of low eI ergy and low 
} +} 


vere the errors may be larger. 


In view of the fact that th is an isomeric level for 
this lations both succeeding 


and preceding the delay¢ state 


nucleus, spectra of 


were obtained using 
delayed coincidence techniques he results are shown 


in Fig. 2. Radiations st layed state are 

%P. R. Bell I rmma-Ray S pect edited by 
K. Siegbahn (North-! nd shing Compar \msterdam, 
1955), Chap. V 


17 Lazar, Davis 1956). 





ELECTRON CAPTURE DECAY OF Tm'** AND Tm'*® 
Taste ITI. Theoretical I.C.C. for transitions in Er’. 


Transition K shell (ax) L shell (a;) 
(kev) El E2 2 Mi 


80 5.0(—1)* 1.7( 0) 5 ( (— 6.6(—1) 
185 5.5(—2) 2.0(—1) 5(-: 1) 5.7(—2) 
198 4.6(—2) 1.6(—1) 3.5( oO (—3) (- 4.7(—2) 


273 2.0(—2) 6.6(—2) : 8(—3) A(- 2.0(—2) 
349 1.1(—2) 3.5(—2) 2) 
448 6.1(—3) 1.8(—2) . A(- 3.7(—3) 5.4(—3) 


547 3.9(—3) i. 
558 3.8(—3) 1 
633 3.0(—3) 7. 


1(- .0(- 7.0(--2) 
D2 . 6.6(—2) 
8(-—3) A ) 4.6(—2) 3.8( A(-: 2.3(—3) 


646 2.8(—3) 7.4(—3) 4.3(—2) 
721 2.2(—3) 5.8(—3) .2( 3.2(—2) ( 5(—4 1.6(—3) 
732 2.1(—3) 5.6(—3) .2( 3.0(—2) d - 4(— 1.6(—3) 


743 (— 3 5.4(—3) A(-— 2.9(—2) &(- (—4) 
817 4.4(—3) y 2.2(—2) 3( 4) 
822 7 4.3(—3) A(-: 2.2(—2) .2(—4) 4) 


831 (—3 a 3.2(-: 2.1(—2) 
1.6(—2) 8 5.2(—4) 9.8(—4) 


* All I.C.C. obtained using Rose's tables of I.C.C. (reference 18). The numbers in parenthesis indicate the power of 10 by which the preceding figures 
should be multiplied. 


those of 80, 185+ 198, 817+822, 831 kev, while photons _ respectively. All theoretical I.C.C. were obtained using 
of 422 and/or 448 kev precede the delayed state. Rose’s'® tables of I.C.C. In obtaining the I.C.C. for the 
Prompt coincidence measurements were made gating various gamma rays from the relative photon and elec- 
with 185-198, 421-448, 721-742, and 817-831-kev com- __ tron intensities, the 80-kev transition is taken to be 
posite peaks. Some of the results are shown in Fig. 3. pure £2 and all experimental I.C.C. are normalized to 
The results are summarized in Table II. the theoretical value, a, (80 kev) = 4.0. There are many 

The theoretical and experimental internal conversion cases where two or more photon peaks are not resolved 
coefficients (henceforth abbreviated as I.C.C.) for the with the scintillation spectrometer. However, by as- 
various gamma rays are presented in Tables [Il and IV, suming various trial M.O.’s for the transitions in 


TABLE IV. Transition data for the decay of Tm’. 


Transition Photon Transition 
(kev) intensity I ° intensity 


490 >6.1(- 
1000 {2.0(—1)) 9.4(—2) 
2330 6.0(- 1.2(—2) 
< 480 2 8.4(—3) > 1.4(—3) 
£110 “{7.0(—3)} 

1280 4.5(—2) 7.0(—3) 
< 330 2 2.0(-—3) 


) {4.0( 0)}* 
} 


1 
1 
2 


wy 


Nh 


Be i SB ee Be ee 
ete “Et Bt Etat at: 


2? 
570 [700]}¢ 1.0(—2) [7.91 3)] 1.4(—3) [1.1(—3)] E2+Mi Ea 
140 [10 {2.8(—3)} | (43 —2)}] us 
60 [200 {3.2(—2)} [9.9(—3) 3) [1.5(— M2 TEI+M2] 
780 230 [170 9.1(—3) [{1.2(- -2)}] A(—3 z2+Mi TMi) 
490 | 410 9.1(—3) | {1.1(—2)} J . 3) | (—3)] £2+M1(M1] 
1685 [2090 8.3(—3) [6.7(—3) ] M1+£2[M1+E2] 1700 [2105 
2940 = 815 (4.3(—3)} 5.! i2 820 
440 [35] 1.6(—3) [2.1(—2)] E1 [M2] 440 [35] 
185 185 3.8(—3) 5. E2 185 
~100 ~100 5.0(—4) El? ~100 
~210 ~210 5.7(—4) El ~210 
1464 ~ 80 Ei? ~ 80 
* All experimental I.C.C.’s are normalized to the theoretical value, az (80 kev) =4.0. The numbers in { } are theoretical values of 1.C.C.'s used to resolve 
composite gamma-ray peaks (see text). 
: Cc orrected for the A-conversion line intensity, (K/L taken as 0 a0. 
© The numbers in [ ) show alternate or limiting choices which are possible 


us M. E. Rose, Internal Conversion Coefficients (North Holland Publishing Company, Amsterdam, 1958). 
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question and using the conversion line intensities one 
can obtain reasonable and consistent experimental 
values (extreme values in certain cases) for the I.C.C. of 
the individual transitions. We shall discuss the various 
cases in more detail. The results of the coincidence 
measurements and I.C.C. determinations are consistent 
with the proposed level scheme as shown in Fig. 4. We 
present this scheme now in order to facilitate the dis- 
cussion of the analy sis of the data. 

When one makes the photon and electron intensity 
normalization for the 80-kev transition, one may find 
the conversion coefficient for the 198-kev transition, 
by assuming that the 184-kev transition is pure £2 and 
subtracting the appropriate intensity from the com- 
posite 184-198-kev photon peak. We were not able to 
obtain reliable photon intensity data for the 99, 273, 
and 285-kev transitions. The 422-448-kev composite 
photon peak is almost entirely due to the 448-kev 
transition. The K-conversion line intensities are well 
measured, and regardless of the M.O. assumed for the 
weaker transition, the experimental I.C.C. for the 448- 
kev transition is definitely consistent with an M1 
assignment. 

As regards the composite photon peak of 547 and 
558 kev, since no conversion line intensity for the 
558-kev transition was obtained, one may obtain an 
estimate of the I.C.C. of the 547-kev transition, con- 
sidering all of the photon intensity to be due to it. The 
value obtained is consistent with an £1 assignment. We 
have measured the intensities of the K-conversion lines 
of the transitions of 633 and 646 kev and also have 
obtained their composite photon peak intensity. These 
data are most consistent with an assignment of E2+ M1 


AND HANDLEY 


Fic. 4. Energy level scheme 
for Er'® 


and F£1+M2 for the 
respec tive ly 

The next case to consider is that of the three transi- 
721, 732, and 743 kev, obtain 


discrete K-conversion lines but a single photo peak with 


transitions of 633 and 646 kev, 


tions of for which we 
the scintillation counter. If one obtains the “composite” 
A. three K-line in- 
tensities by the composite photon intensity, a value of 
1.1(—2) consistent 


transitions is 


by dividing the sum of the 
V1 assignment for all three 
However, 721-kev 
transition proceeds between levels of different parity, 
it must be £1 and/or M2 
then the transitions of 73 
(~40Q%), this possibility 
amount of F2 admixtur 


with ar 


obtained since the 


If it is taken to be pure M2, 
) 


ind 743 kev are M1+ £2 
representing the maximum 
On the other hand if the 
M1, then the 721- 
These should be the 
possibilities. This situation will be 


ie level scheme. 


transitions of 732 and 743 are pur 
kev transition is E1+M2(25% 
two extreme dis- 
cussed further in our presentation of tl 
The next group of transitio1 
these of 817, 822, and 831 
discrete K-conversion lines 
peak. The “composite” I.C.< icates that these are 
E2+M1. However, one may a alyze the situation as 
follows 822-kev transiti is a 2+ 
transition it must yuure £2. The designation of the 
822-kev level as 2 i nsistent the observed 
branchings of gamma rays proceeding from this level 
to the 0+, 2+, and 4-4 
reduce the photon 
by subtracting the 
transition. Since the 
the odd parity level at 
“831” being based on 


to be discussed are 
kev, for which we have 
al d a 


composite photon 


since the >O+ 


with 
levels. Therefore, one may 
peak to a doubly composite peak 
contribution 822-kev 
831-kev transition proceeds from 
1095 kev 


energy iit 


from the 


this placement of the 


only) it should be 
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E1+ (M2). Now, if one assumes the 831-kev transition 
to be pure F1, then the 817-kev transition will be 
M1+E2 (<20%). If the 831-kev transition is taken 
to be pure M2, the 817-kev transition becomes M1+ £2 
(~ 50%). 

The 917-kev photon peak is single and we obtain 
an I.C.C. consistent with an E2 assignment. No re- 
liable I.C.C. was obtained for the 1016-kev transition. 
The relatively intense photon peak of the 1280-kev 
transition allows a good measurement of its I.C.C. 
which is in agreement with that expected for £1. We 
have obtained only an upper limit for the K-conver- 
sion line intensity for the 1464-kev transition. Hence 
we have an upper limit for its K-I.C.C. which agrees 
with an F1 assignment. 

The levels at 80, 264, and 549 kev can be interpreted 
as members of a ground-state rotational band with 
I=2, 4, and 6, respectively, K=0, and even parity. 
The level at 549 kev is suggested purely on the basis of 
energy. The experimental value of the postulated 6+ 
level is 548.9 kev as compared to the theoretical value 
of 549.4 kev. 

The levels at 822, 897, and 996 kev may form a 
second rotational band with the 822-kev level as the 
ground state. These levels would have J=2, 3, and 4, 
respectively and even parity. The assignment of K=2 
to these levels is made on the basis of ratios of R.T.P.’s 
for transitions from these to the members of the ground- 
state rotational band. The experimental ratios of 
R.T.P.’s for transitions from these levels, assuming pure 
E2 radiations, are presented in Table X, which are to 
be compared to the theoretical ratios given in Table XI. 

For the 822 kev (2+) level, K=2 gives a satisfactory 
fit, whereas the data definitely is inconsistent with 
K=1 and K=0, even if one admits large M1 admix- 
tures in the 742 and 557-kev transitions. The informa- 
tion on the radiations from the 897- and 996-kev levels 
is less clear, since the £2+M1 mixture ratios in them 
cannot be estimated from the measurements. Despite 


TABLE V. Comparative lifetimes of transitions depopulating 
levels of 1095 and 1543 kev in Er'™. 


Comparative lifetimes 
Mi M2 
(-13.4)s (—8.1)* 


Transition El 
kev) M.O (~14.2)* 
1095-kev level (7y=1.2K10~7 sec) 
9 ~5.2 
198 f —7.3 
273 ) —6.2 
831 —4.6 
1016 y —3.8 
1543-kev level (Ty=10~* sec) 
448 Wi -~9.6 
547 El 
646 FE1 or M2 
721 F1(75%)+M2 
1280 Fl 
1464 El 


—7.3 
—6.7 
—6.7 
—6.0 
—5.4 


* Theoretical values. (See reference 21.) 
> Assumed half-life. 
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the uncertainties in the experimental data, it appears 
that the theoretical and experimental branching ratios 
of transitions from these two levels do not agree very 
well, if one assumes the transitions to be pure £2. Such 
a discrepancy has been noted in other cases also and 
will be discussed later (Sec. VII). With an assignment 
of K=2, the levels at 822, 897, and 996 kev may be 
interpreted as a rotational band associated with electric 
quadrupole (gamma) vibrations. 

The 1095-kev level, which is the delayed state 
[7,= (1.240.2)X10~ sec] is assigned J=3 and odd 
parity. This assignment is consistent with the results of 
resonant neutron capture studies with Er'®, where 
gamma rays with energies of 80, 185, 199, 285, 750, 
and 820 kev have been observed." In particular no 
transition of 448 kev was observed. Apparently all 
levels of 1095 kev or less are populated in that case. 
Er'® has a ground-state spin” of } and thus one would 
expect the compound nucleus, (Er'®’+m)*, to have a 
spin of 4 or 3 (7/2+1/2). Since the compound nucleus 
would decay predominantly by dipole radiation, a spin 
of 2, 3, or 4 for the 1095-kev level would be reasonable. 

The 1543-kev level is assigned a spin of 3 and odd 
parity, since the transitions of 1464 and 1280 kev 
leading to the 2+ and 4+ levels are probably of 
E1 M.O. The assignment of 3- to the 1543-kev level is 
consistent with the M1 character of the 448-kev transi- 
tion. The 1543-kev level decays to the three members 
of the possible gamma vibrational band which would 
have spins of 2+, 3+, and 4+ and these decays should 
proceed via F1 radiation. However, the conversion 
coefficient of the 721-kev transition is sufficiently large 
as to require a considerable amount of M2 admixture. 

The comparative lifetimes” of transitions depopu- 
lating the levels of 1095 kev (7,;=1.2K10~7 sec) and 
1543 kev (assuming 7;=10~* sec) have been computed 
and are presented in Table V. The experimental half- 
life of the 1543-kev level is less than 5K 10~* sec. In the 
case of transitions depopulating both these levels, it 
appears that the £1 transitions are considerably re- 
tarded in comparison with the single particle estimates. 
The M2 comparative lifetimes were obtained from the 
intensity data and the M.O.’s stated in column 2 of 
Table V and are shown only for comparison. 

Electron capture branchings to the various levels 
have been found from the total X x-rays due to electron 
capture and the intensities of transitions into and out 
of the various levels. These branchings are shown in 
the level scheme. The data show that there is little or 
no decay to the even parity levels, except to the 822 kev 
(2+) level. A scintillation spectrometer using an an- 


’ B. Bleany and H. E. D. Scovil, Proc. Phys. Soc. (London) 
AGA, 204 (1951. 

*M. Goldhaber and A. W. Sunyar, Bela- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI. 

15. A. Moszkowski, Beta- and Gamma-Ray S pectroscopy, edited 
by K.Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), Chap. XIII. 
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Conversion electron data for Er’ 


Transition Intensity (N.)* 


kev) ; Lit Li M 


80.6 
84.1 
147.2 
154.3 


1000" 980 515 


170.0 
184.5 
194.7 
215.1 


280.2 
345.5 
403.8 
459.3 


595.0 
672.9 
675.4 
692.3 


mn 


> > 
wn 


706.2 
758.9 
780.0 
787.1 


wnn wu 
i.) 


ow Ww 


876.9 
1081.6 
1155.2 
1179.8 
1276.9 


* Intensity data are arbitrarily normalized to 1000 units for the most 
prominent line 

> 71 and Lr lines are not resolved 

¢“‘w"’ indicates a weak line 

? Conversion line i ym posite 


f two lines 

thracene crystal indicated the presence of electrons 
attributable to internal conversion of the 448, ~700 
and ~800-kev transitions. Any continuous 8 spectrum 
must be of much less intensity. A search for annihilation 
radiation gave negative results. 

Tm!® is an odd-odd nucleus with 99 neutrons and 69 
protons. In agreement with the predictions made on 
the basis of the Nilsson” specification of single paticle 
states in deformed nuclei, the ground state of Er'®™ is 
(7/2+-)® which has 99 neutrons and 68 protons, while 
Tm' which has 100 neutrons and 69 protons has a 
ground state of (1/2+).” According to the coupling 
scheme of angular momenta for odd-odd nuclei,®*:* 
one would expect Tm!* to have a ground state of (4+) 
or (3+). If one assumes the ground state of Tm'® to 
be (44+-), then the electron capture to the 822 kev (2+) 
level will be of type AJ=2, no (second forbidden) and 
those to the 1095 kev (3) and 1543 kev (3—) levels of 


2B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 

% C. J. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282 
(1958). 


HARMATZ, 


AND HANDLEY 


type AJ=1, yes (first forbidden). With this choice of 
(4+) for the ground state of Tm'®* some difficulty 
arises with regard to the second forbidden transition 
to the 822-kev level, since the implied energy available 
for electron capture would then be quite large. A more 
reasonable assignment to the Tm'®* ground state may 
(4— an energy difference, Tm!® 
— Er'®’, of very roughly 1.6 Mev. The absence of elec- 


be (3—) or with 
tron capture to the ground-state rotational band may 
be due to the operation of the K-selection rule. 


V. ERBIUM-166 


The electron capture of Tm! (7.7 hr)" leads to 
levels in stable Er'®*, some 
by the beta decay of the two isomers™ of Ho'*. In each 
case high lying levels are populated. However many 
of the transitions observed in the decay of Tm! are not 


present in the decay of Ho! activities. Also electron 
166 


of which are also reached 


capture in Tm!® populates levels in Er'® higher than 
those populated by beta decay. The beta decay of both 
the long-lived (30 yr)**** and short-lived (23, 3 hr)?*-® 
Ho! activities have beet 
proposed for Er'®, 

The conversion electron data for Er'®* are presented 
in Table VI. The M.O. assignments are made on the 
basis of K/L and (or) L ratios and are only tentative 
(except for the cases of 81 and 185-kev transitions). It 
is rather difficult to make a unique M.O. assignment 


studied and level schemes 


to high-energy gamma rays purely on the basis of K/L 
ratios. The M.O. assignments made in such cases are 
those which give the maximum internal consistency to 
the proposed level scheme. No claim as to the uniqueness 
of these assignments may be made. 


The gamma-ray spectrum of Er'®, obtained with a 
scintillation spectrometer showed composite peaks with 
energies 59, 90, 192, 710, 1240, 1360, 1640, 1860, and 
2100 kev. 

A level scheme for Er'® is proposed on the basis of 
the available data. The level scheme is presented in 


f 


TABLE VII. Energies of ground-state rotational levels 


*® Experimental 
> Calculated val 
¢ Calculated \ 


*F.D. S. Butement. Pro 

(1952) 
28 Milton, Fraser, and Milton, 
26 Grace, Taylor, and Treacy, Phi 
27 J.S. Fraser and J. C. D. Milton, Phys. Rev 
28 A. W. Sunyar, Phys. Rev. 93, 1954 
2° Graham, Wolfson, and Clark, Phys. Rev. 98, 1173A (1955 
*® Cork, Brice, Helmer, and Woods, Phys. Rev. 110, 526 (1958). 


London) A65, 254 
98,1173A 
3, 90 (1958 
98, 1173A 


1955). 


1955 
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Fig. 5. Some of the very weak transitions are not in- 
cluded in the proposed scheme. The transitions seen 
only with the scintillation spectrometer are shown 
originating from the levels shown as dotted lines. 
The levels at 81, 265, and 545 kev can be interpreted 
as members of a ground-state rotational band with 
I=2, 4, and 6, respectively, K=0 and even parity. In 
analogy with Er'®* levels, the levels at 787, 861, and 
957 kev may form a second rotational band with J=2, 
3, and 4, respectively, and may be interpreted as 
members of a rotational band associated with gamma 
vibrations (K=2 and even parity). The experimental 
ratios of R.T.P.’s for transitions from these levels to the 
members of the ground-state rotational band, assuming 
pure £2 radiations and K=2, are given in Table X. 
These ratios are to be compared with the theoretical 
values of Table XI. As in the case of Er'®, the experi- 
mental ratios of R.T.P.’s for transitions from the (3+) 
and (4+) levels are considerably smaller than the theo- 
retical values. 

Nothing much can be said about the levels above 
958 kev. A comparison with the energy levels of Er'® 
reached by the beta decay of two Ho isomers suggest 


Tm'** (7.7) 


Ec / ny 
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Fic. 5. Energy level scheme for Er’. 
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Nucleus 


Sm!# 
Gd'* 
Gd 
Dy'* 


OF Tm'*8 


Taste VIII 


AND 


Tm'!*s 


of the rare earth region. 


B 
kev 


0.145 
~0.138 
0.027 
—0.025 
-0.013 
—0.006 
0.008 
0.015 
—0.024 
—0,083 
—0.138 


Cak 


“hes” 


kev 


1025 
1060 
1400 
1440 
1750 
2500 
2260 
2230 
1540 
1570 
1480 


Possible 
vib. level 
(2,2+) 


1082 
998 
1134 
964 
787 
822 
1107* 
1222 
904 
768 
633 


w/28' 
(kev) 
24.0 


22.0 
15.8 


13. 
12 
12 
11. 
18 
17 
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Vibrational! levels of even-even nuclei 


Reference 


31, 32 

33 

34, 35, 43 
36, 37 
This work 
This work 
38 


40 
39 
41,42 
41,42 


* Energy of (2, 2+) level as calculated from the energies of (2, 3+) and 
(2, 4+) levels. No (2, 2+) was observed. 


that some of the levels observed in the decay of Tm' 
are common to both modes of decay. However, with 
our data it is not possible to say definitely which 
are really common levels, except the 81-kev level 
which is populated in the decay of both the Ho’ 
isomers*~” and the levels at 265 and 546 kev which 
are populated in the decay of 30 yr Ho!®,2.26 


VI. GENERAL CONCLUSIONS 


In both Er'® and Er'®, the first three levels can be 
interpreted as members of a ground-state rotational 
band with J/=2, 4 and 6, K=0 and even parity. Their 
energies obey the predicted 7(/+ 1) law with a negative 
correction term proportional to /*(/+1)*, as given by 
(1). The results are given in Table VII. 

If one assumes that the vibrational quanta associated 
with the two modes of quadrupole vibrations are equal, 
i.e., hwg=hw,, then using the empirical values of the 
energies of the first two excited states, it is possible to 
estimate the energies of the vibrational levels using 
(1) and (2). The results of such calculations made for the 
nuclei investigated here and other even-even nuclei of 
the rare earth region are presented in Table VIIL.-* 
There is not much correlation between the experimental 
data and the calculated values. This is not too surprising 
for the details of the rotation-vibration correction term 
depend upon the assumptions of the incompressible 

"QO. Nathan and M 
1957) 

® Bhattacherjie, Nainan, Raman, and Sahai, Nuovo cimento 
7, 501 (1958 

# J. O. Juliano and I 
(1957). 

*S, Ofer, Bull. Am. Phys. Soc. 3, 357 (1958) 

* Henry, Dillman, Gove, and Becker (to be published). 

% QO. Nathan, Nuclear Phys. 4, 125 (1957). 

7 Dzhelepov, Prebranzhenski, Rogachev, and Tishkin, Izvest 
Akad. Nauk S.S.S.R. Ser. Fiz. 21, 962 (1957) (translation: Bull 
Acad. Sciences U.S.S.R. 21, 964 (1957) ]. 

* Jacob, Mihelich, and Harmatz (to be published), 

* Gallagher, Strominger, and Unik, Phys. Rev. 110, 725 (1958) 

Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 
(1955). 

“ Johns, McMullen, Williams, and Nablo, Can. J. Phys. 34, 69 
(1956). 

@R. M. Diamond and J. M. Hollander, Nuclear Phys. 8, 143 
(1958). 

* Sheline, Hansen, and Nielsen (private communication). 


\. Waggoner, Nuclear Phys. 2, 548 (1956, 


S. Stephens, Jr., Phys. Rev. 108, 341 
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model and as such are expected to give only an orienta- 
tion in the magnitudes involved.? The more detailed 
analysis of the rotation-vibration effect will involve a 
knowledge of the proper modes of vibration of the de- 
formed nucleus.* 

In Fig. 6 the 
energies of the possible gamma vibrational levels (2, 2+) 


experimentally observed values of 


of the even-even nuclei of the rare earth region are 
plotted against the mass number. It is of interest to 


Tasie IX 


Rotational energies associated with gamma vibrations. 


Energy (ke 


822.4 
897.0 
996.3 
787.1 
860.6 


957.2 


996.4 


958.6 


TaBLe X. Experiment ratio of R.T.P.’s. 


B(E2:22 +00 
B(E2; 22 — 02 


B(E2 ) E2; 24 
B(E2; 2 . 3(E2; 24 Reference 
0.6 32 
0.56 33 
0.61 3 34 
0.42 3 36 
0.52 3 This work 
0.58 This work 
38 
0.62 40 
0.58 39 


“A. Bohr, Rotational States in Nuclei 


gaard, Copenhagen, 1954). 


tlomic 


Ejnar Munks 


ARMATZ 


Energy of possible (2, 
s in the even-even nuclei 


190, versus the mass 


1 


note here that the two peaks 
at A 158 (Z halfway between 50 
(N halfway between 82 and 126 

In both Er'*®* and Er'®*, the rot 
ciated with gamma vibrations 


> Curve occur 
and A 178 


ational levels asso- 
seem to obey the simple 
rotational energy formula given by 


E,= (h?/29’)(1 (+1 +1), (3) 


an effective 1 vent inertia associated 
with the gamma band are presented in 
Table IX. The data show thi h ak 


the energy of the (2, 44 n the 


where 39’ is 


ulated value for 


case of Er'® js 


slightly higher than tl mental value, even 


though it is well within the possible uncertainties in the 
her these rotational levels 
it of the ground- 


somewhat better 


measured values. To say 


also need a correction similar to tl 
state rotational leve 
energy measurement 

Another interesting fe: 
f inertia, 9’, associa vith the 
for the 
nearly equal to the ground-state 


moments ol gamma 


vibrations. The moments of inertia gamma 
moments 


VIII), with the 


band are very 

of inertia, 9, in all ca : Table 

exception of W'*.* 

y, no VU 1110Nn 1 illowed in the decay 

1 nuclei even if AJ=0 
iA 


ieveis in 


Theoretica 
of vibrational stat 
or 1.73 However, ’s for transi- 
Er'®, in- 
from the 


Similar results hz 


tions from the gamma 


dicate that some of them, in particular thos« 
(2, 3-44 level, are VWi+/ m 


ive 
T he above con- 


been obtained in other c: 


clusion is further substantiated by the experimental 


transitions from 
the different members of the gamma band. In Table Y 


ratios of R.T.P.’s, for 


data on gamma branchi 


are presented the « xperiment 
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transitions depopulating the gamma vibrational levels, 
assuming pure £2 radiation. It appears that the ratio 
of R.T.P.’s for transitions depopulating the (2, 2+) 
levels agree with the theoretically predicted values (see 
Table XI). However if takes into account 
the probable M1 admixture to the (2, 2+) — (0, 2+) 
transition, the experimental ratio, B(£2; 22 — 00), 
B(E2; 22 — 02) will increase and thus the agreement 
with theory might be only fortuitous. Similarly since 
the (2, 4+) — (0, 4+) transition is also probably 
M1+ £2, the ratio B(E2; 24 — 02)/B(E2; 24 — 04) 


will increase. In the case of transitions depopulating 


one 


Tasie XI. Theoretical ratio of R.T.P.’s. 
+00) B(E2; 22 +04) B(E2 
— 02) B(E2;22 +02) B(E2; 2: 


8 
3 
0 


the (2, 3+) levels, since both (2, 3+) — (0, 2+) and 
(2, 3+) — (0, 4+) transitions are probably M1+ £2 
nothing much can be said until better experimental data 
are available. 

Recently Davydov and Filipov proposed a theory 
of the energy states and the electromagnetic transitions 
between them for nuclei which do not possess axial 
symmetry. A comparison of their predictions to experi- 


A. S. Davydov and G. F. Filipov, Nuclear Phys. 8, 237 (1958) 
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XII. Comparison of experimental data with 
predictions of Davydov and Filipov. 


TABLE 


Experimental (kev) 
b( £2; 2’ 0) 


b(E2; 27 — 2) 

Expt. Theory Reference 
0.44 31, 32 
0.41 33 
0.50 34, 35, 43 
0.48 36, 37 
0.45 This work 
0.50 

041 39 
0.32 41, 42 
0.31 41, 42 


E‘(2) deg ——-E’(2) 
Nucleus £(2) ¥ 2 2(3) 
13.1 1226 
13.9 1130 
11.2 1229 
1047 
861 
1332 
1006 


0.6 

0.56 
0.61 
0.42 
0.50 
0.62 
0.58 
0.45 
0.41 


Sm!#8 
Gd" 
Gd" 
Dy i160 
Er'* 
wis 
wis 
Os! 


Os'*8 


_— 
Oo to OO Oo 
mOmM MR Des CO 


12.7 
11.4 
13.8 


_ 


& U1 OO bh 


mental data is made in Table XII. The values of y 
given in Table XII are those calculated from the ratio 
of the energy of the second (2+) state, /’(2), to that 
of the first (2+) state, E(2). The ratio £’(2)/E(2) 
depends only on y. According to their predictions 
E’(2)+ E(2)= E(3), where E(3) is the energy of the 
(3+) state. In Table XII are given the experimental and 
theoretical ratio of R.T.P.’s for transitions from the 
second (2+-) level. The theoretical values were calcu- 
lated using the values of y as determined by the ratio 
E'(2)/E(2). It appears that almost in all cases the ex- 
perimental values are higher than the theoretical values. 
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Cu°*(y,3n) Reaction and Its Bearing on the Use of the Cu" (y,n)Cu™ 
Reaction for Bremsstrahlung Monitoring : 


M. J. Arrken* anp N. Mippiemast 
The Clarendon Laboratory, Oxford, England 
Received September 4, 1959) 


The Cu*(y,3n) reaction has been measured from threshold to 110 Mev. The integrated cross section 
at 110 Mev is 0.037+0.004 Mev barn. The consequent error in bremsstrahlung monitoring through ignoring 
this contribution varies from 0.9% at 40 Mev to 1.4% at 110 Mev 


N developing a bremsstrahlung monitoring system 

based on the 9.7-minute Cu® activity resulting from 
the Cu™(y,”) reaction,' it was necessary to measure the 
Cu®(y,3n)Cu® cross section since this reaction will 
not only affect the absolute intensity calibration but 
may also introduce errors into the normalization of 
beams with different energies. This latter is of particular 


* Now at the Research Laboratory for Archaeology and the 
History of Art, Oxford, England. 

+ Beit Trust Rhodesian Fellow. 

1C, Whitehead et al., Phys. Rev. 110, 941 (1958). 


importance when using bremsstrahlung subtraction 
techniques’ to obtain photon cross sections. 

A target,’ consisting of 196.6 mg of Cu® (Cu® 
contamination 0.6+0.08%) on a 0.001-in. platinum 
support, was irradiated at various beam energies and 
counted with the following schedule: (a) Irradiation 
0-10 min. (b) First count 11-20.5 min. (c) Second 


*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
A. S. Penfold and J. E. Leiss, University of Illinois (unpublished ). 

* Supplied by the Atomic Energy Research Establishment, Har 
well, England 
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TABLE I. The ratio of Cu®™ activities produced in Cu®® 
and Cu® by bremsstrahlung beams. 


Bremsstrahlung 
energ 
Mev 


Ratio of activity in 
copper and Cu® 
Cu®/Cu 


110 0.0444+0.0007 
70 0.0411+0.0007 
60 0.0356+-0.0017 
50 0.0350+-0.0010 
38.2 0.0285+0.0017 
35 0.0205+0.0014 
33.8 0.0070-+0.0028 
28.8 0,0017+0.0021 


TABLE II. Error introduced into absolute intensity calibration 
of bremsstrahlung beams by the Cu™(y,n)Cu® reaction when 
Cu(y,3n) is not allowed for. 


Bremsstrahlung 
energy 


Error 
Mev . 


( 


40 0.9+0.2 
50 1.1+0.2 
70 1.340.2 
110 1.4+0.2 


count 21-30.5 min. This enabled a rapid separation of 
the Cu™ activity to be made. Before each Cu® irradi- 
ation rod targets of natural copper were irradiated 
under identical conditions, the dose in each case being 
monitored by a thin ionization chamber through which 
the beam passed. The activity produced in the rod 
targets had been related to the activity in thin copper 
foils as prey iously described.' The corrected results are 
shown in Fig. 1 and Table I, the errors given here 


being statistical. Corrections were made for the residual 


count in the scintillation detector and for other activities 


induced in the target and its backing. An uncertainty 
of +3% is introduced in making 
Further corrections 


these corrections. 
have been made to allow for back- 
positrons in the platinum backing, 
ncrease of (74+2)% in the Cu® count; 
and the activity produced in the Cu® contamination 
by the (y,) reaction. 


scatter of the Cu 
which causes an 


AND N 


MIDDLEM 


near thresh- 
termine the the cross section, but do 
arly that at | > of the integrated cross 
and 70 Mev. The results 


The results are not sufficiently accurate 
old to ce 7 
show cl 
section lies between t 


are well fitted by* 


o(k)dE=0.037+0.004 Mev barn, 


E=33+2 Mev, 


where BE is given by 


where N(E,E,, 








40 60 80 Oo 
Bremsstrahiung Energy Mev 


per unit energy 
energy E,, 

The signifi 
contribution is igt ration of a 
bremsstrahlung b 


Table IT. 


percentage 
shown in 


‘Using Cu™(y,n 
Brown, Phys. Rev 
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Semiphenomenological Analysis of the Process p+) — d+ =* near Threshold* 


A. E. Wooprvurrt 
University of Rochester, Rochester, New York 


(Received September 8, 1959) 


A semiphenomenological calculation of the amplitudes for the process p+p—d+2* near threshold 
is presented, using phenomenological! nuclear wave functions. The meson is produced by the usual static 
p-wave interaction and the resulting Galilean invariant s-wave interaction. P-wave and s-wave rescattering 
of the meson are included. Agreement with experiment is obtained for both p-wave production amplitudes. 
The Galilean-invariant interaction is insufficient to yield the observed s-wave production but the contribution 
of the s-wave rescattering, while not well determined, is of sufficient magnitude. 





I. INTRODUCTION 


HE production of pions near threshold by the 

reaction p+p—d+* can proceed only from 
the initial diproton states 'So, \D, (producing a p-wave 
meson) and *? (s-wave meson). If the energy depend- 
ence of n@'+»/? (where 7 is the center-of-mass momen- 
tum of the pion in units of its mass, and / the angular 
momentum of the pion with respect to the center of 
mass) predicted by the phenomenological model! is as- 
sumed for the produc tion amplitudes, the specific ation 
of five experimental parameters suffices to determine 
these three complex amplitudes up to a common 
phase factor. This number of parameters has been 
determined experimentally (the cross section, angular 
distribution, excitation function, and pion asymmetry 
using a polarized proton beam,’ and the deuteron 
polarization using an unpolarized beam.* An ambiguity 
which remains in the determination of the relative 
phases® is removed by comparison with the phase-shift 
analysis of the 310-Mev proton-proton scattering data,‘ 
since the scattering phases are related to the relative 
phases in the production process according to® 


Te= 69—62+ nT, 


(1) 
71=6,;—52+ (n’+4), 

where ro, 7; are the relative phases of the 'S» and *P, 
production amplitudes, a('S9) and a(*P;), to the 'D, 
amplitude a('D2), respectively; 59, 6;, and 6 are the 
proton-proton phase shifts for the initial states, and m 
and n’ are integers. The resulting experimental values 

* Based on part of a thesis submitted in partial fulfillment of 
the requirements for the Ph.D. degree at the University of 
Rochester. 

t Now at the College, the University of Chicago, Chicago, 
Illinois 

1A. H. Rosenfeld, Phys. Rev. 96, 130 (1954). 

2F. S. Crawford and M. L. Stevenson, Phys. Rev. 
1955). 

7R. D. Tripp, Phys. Rev. 102, 862 (1956 

‘H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 

5M. Gell-Mann and K. M. Watson, Ann. Rev 
219 (1954). 


97, 1305 


Nuclear Sci. 4, 


of the production amplitudes are 


a('So) = (0.6040.2) exp[ (2.6_0.2+°-4)i}y! mbi, 
@('D»z) = (1.9340.1)y! mbi, (2) 
a(*P;) = (0.7440.04)e" 1549.) mb mbi, 


These amplitudes are defined as in Mandl and Regge,*® 
so that the cross section is 


4rda/dQ 
=4({ |a('S) |?+-4| a('D) |?+v2Re[a(S)*a('D) ] 
+ |a(*P,)|*}+{4| a('D) |?—v2Re[a(4S)*a('D) ]} 
X3 cos*@— P sin? cose{v2 Im[a(!S)*a(*P;) ] 
+Im[a('D)*a(*P;) }}). (3) 


Only a moderate degree of success has hitherto met 
attempts to obtain these numbers from theory. Lichten- 
berg,’ treating the nuclear interactions by means of 
phenomenological nucleon-nucleon potentials and using 
the p-wave interaction for the production of the meson, 
calculated the p-wave production amplitudes [a('So) 
and a('D,) |, obtaining a('S») ~0 and, when rescattering 
of the pion in a §, 3 state off the second nucleon was 
included,* a magnitude of 2.3m! for a('D:).* Geffen,” 
using a similar method, was able to fit the angular 
distribution and excitation function including the 
s-wave production by introducing an interaction linear 
in g(x) to produce the s-wave mesons. Rescattering of 
the meson was not included. The p- and s-wave coupling 
constants were treated as independent parameters; 
agreement with the experimental differential cross 
section was obtained with a value for the p-wave 
constant greater than the one obtained from scattering 
and photoproduction (i.e., {?~0.08), and an s-wave 
constant smaller by a factor of order u/M as would be 


* F. Mandl and T. Regge, Phys. Rev. 99, 1478 (1955). 

7D. B. Lichtenberg, Phys. Rev. 100, 303 (1955). 

*D. B. Lichtenberg, Phys. Rev. 105, 1084 (1957). See also 
B. Durney, Proc. Phys. Soc. London 71, 654 (1958). 

* This was calculated from Lichtenberg’s graphs for an energy 
of 340 Mev, as used in the present calculation. Lichtenberg 
omitted charge-exchange scattering in the rescattering process, 
to simulate higher order effects which presumably suppress x° 
production, at least on the energy shell (D. Lichtenberg (private 
communication If the charge-exchange scattering is included, 
as in the present calculation, Lichtenberg’s a('D) would be 2.77). 

© T). A. Geffen, Phys. Rev. 99, 1534 (1955). 
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(b) 


Fic. 1 rocesses considered in this work 


lypes of ; 
elements are taker 


The matrix 


between phonomenological nuclear wave 


functions 


expected. However, the relative magnitudes of a('D2) 
and a('S9) and the relative phases obtained from the 
nuclear potential used by Geffen do not agree with the 
relations (2). 

We have found it possible, by extending the method 
used by these authors, to fit the experimental data 
except for the magnitude of the s-wave production 
amplitude a(*P;) ; our ignorance of the proper functional 
form of the s-wave pion scattering matrix off the energy 
shell 
for the magnitude of a(*P,). No undetermined param- 


prevents us from making a definite calculation 
eters are used with which to fit the meson production ; 
we take f?=0.08 and cutoff the momentum integrals 
momentum of 6y." The ‘“‘Galilean-invariant”’ 
interaction proves to give too little s-wave 
production; s-wave rescattering of the pion off the 
nucleon can give a contribution of sufficient 
magnitude. 


at a 


S-Wave 


second 
Rescattering in the small p-wave states is 
included as well as the static p-wave production term 
and the 3, $ rescattering. Two-meson diagrams in which 
the “rescattering’”’ occurs before the linear interaction 
[ Fig. 1, diagram (c) | are included. The D state of the 
deuteron wave function (obtained from the Gartenhaus 
potential'*) proves to be important. Substantially the 
correct relative phases are ensured by using the 
Gammel-Thaler potential'* to obtain the initial-state 
functions. The calculation was performed for a labora- 
tory energy of 340 Mev. 


Il. THEORETICAL FORMULATION 


We shall first derive a formal expression for the 
matrix element (1!7'0) relevant to our 
where |0) denotes a state with two free 
nucleons, and /|1) free nucleons and one 
The interaction is assumed to be 
contained in 7. The initial-state interaction is separated 
out by writing 


1/7/\0 


transition 
problem, ' , 


with two 


meson. nuclear 


1/7|0)'T1+(1/a)(O}T]O0)], (4) 
See in particular C. J. Goebel, Phys. Rev. 101, 468 (1956 

It may be noted that the most recent Russian data [as reported 
by B. Pontecorvo, Ninth Annual International Conference on 
High-Energy Physics, Kiev, 1959 (unpublished) ] approach the 
energy dependence of the Born approximation expression (17 
more closely than the previous data indicated; in particular, a, 
appears to increase linearly with momentum up to above 300 
Mev and the magnitude of a; to increase more rapidly than 
linearly 

12 See footnote 20 

13S. Gartenhaus, Phys. Rev. 100, 900 (1955 

4 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

15 We follow the method used by F. Zachariasen [ Phys. Rev 
101, 371 (1956)] in treating the photodisintegration of the 
deuteron 


E—H>+t+ie, E is the 
the free-particle Hamiltonian, and the prime on 
(1| 7/0)’ that all processes containing inter- 
mediate states with no mesons are excluded. (0| T|0) is 


the nucleon-nucleon scattering matrix 


where a total energy and Hp 


means 


transition 
element, so that 


where 
y;" 10), (6) 


is the initial outgoing-wave state including the nuclear 
interaction. If we ipproximation that the 
interaction of the prod iced meson with the nucleons 
occurs and is completed before the 


make the 
final-state nuclear 


interaction, we may writ 


(AI TlyPy’ 


where in (1/7) 1 , the real meson does not 


and (1/7 


containing intermediate st: with no 


are excluded. |y 


interact, means that all processes 
virtual mesons 
yr) is the tate including the 
nucleon-nucleon free meson. 
Making the further approximation that only one 
scattering-type interaction of the meson off the second 


nucleon 


nnal 


interaction but with a 


occurs (i.e., no multiple rescattering),'® we 


obtain finally 
(1) 7 |\0)= (vy,9| WH’ ly 
XK (1/a)(1| A’ ly 
+ (Wy,9| H’|2)(1/a)(2 


+ (Wyr| Tew} 1)” 


TevlWP)", 
corresponding to the diagrams in Fig. 1 taken between 
the exact 
from phenomenologi: 

The interaction 


H'= (4r)! 
X{e-p, r-7 


nuclear wave functions, which we derive 
al nuclear potentials. 


this work is 


2M) 


Hamiltonian used 


f/p)ie-Vr- ola u)(4 


Xr Y), (9) 


pw is the meson, and M the v) is the 
meson field field ; 
{a,b} =ab+ba; p is momentum operator ; 


Xo and X are constant parameters, defined below; and 


mass; ¢ 


and x(x) the conjugate 


T, g, and mw are written as vectors in isotopic spin space. 
This form for the Hamiltonian can be obtained as an 
approximation to the pseudoscalar interaction by a 
Foldy-Dyson transformatior Phe term is the 
yd the corresponding 
s-wave recoil term (‘‘Galilean invariant” interaction), 
and the last two are the pair theory and isotopic-spin 
dependent quadrat 
Direct 


rst 


usual p-wave interaction, 


s-wave interactions, respectively. 


production [diagra a) |] involves the first 
16 The effect 

to be contained gy nsta 
7F. Dvysor vy. 73. 929 
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PROCESS p+p—-d+r* 
two terms only; the s-wave rescattering is due almost 
exclusively to the last two. Xo, A were fitted to the zero 
energy s-wave scattering data'* in Born approximation, 
yielding"® 

A=0.58. 


Ao=0.104y, (10) 


The relative-coordinate nuclear wave functions have 
the form 


Vint -( 


¥;(r) = 


v2 


) Come — Sueh(3(5-#)*— De) 
+i}u,S-P?S- pe} or, 


Mo; 


p is the initial relative momentum, X,(X) the singlet 
(triplet) spin function, ¢(¢:) the corresponding 
isospin function, and S=4(e:+@:). The diproton radial 
wave functions were obtained numerically from the 


pr 
(11) 
1 


1 1 
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1 2 rT 
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18 1958 Annual International Conference 
Service, Geneva, 1958), Sec. IT. 

1% A similar calculation was included 
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Gammel-Thaler potential’ and normalized to 


u,(r) — > sin[ pr— (lr/2)+6,], 


4 


- 


(12) 
while the Gartenhaus deuteron wave functions'® are 
normalized according to the relation 


| [1 +-w? |dr=rp=4.315X 10-8 cm. (13) 


In obtaining the matrix elements of T [Eq. (6) ] 
integrals proportional to ¢ and higher powers were 
neglected, and only the jo(gr/2) component of the 
retardation factor from the meson wave function was 
included. In general, this approximation is not neces- 
sarily any better than the replacement of jo by 1, but 
in the one important integral in which it makes a 
large difference, the direct p-wave production term in 
a('S) [term (A,) ], inclusion of the factor jo gives the 
exact expression (except for a transition to the deuteron 
D state) and is preferred. The resulting expressions are 


13 Wy 1 
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where 


u’=r(d/dr)(u/r), w’ =r (d/dr)(w/r)+3w/r 


the spherical Bessel function jo with its argument 
suppressed is jo(gr/2), and 


We—Wy/2 wetw, 
‘, being the appropriate meson-nucleon scattering 
matrix. The + sign in (15) is determined by the 
functional form of the scattering matrix /, as discussed 
below. The kinetic energy of the fast nucleon, p*?/2M 
~w,/2, has been included in the intermediate state 
energy. The terms (A;), (B,) in (14) are direct p-wave 
production terms; (A2), (Bz), (Ci), and (C2) are 
direct production by the Galilean-invariant s-wave 
interaction, giving rise in the case of (Az) and (B,) 
to p-wave production relative to the center of mass. 
The terms with the factor w,/2M represent rescattering 
of a meson produced by the s-wave interaction ‘at the 
other nucleon. Lichtenberg’* calculated (A,), (Bi), 
and the (6) type term of (B:) using the static denomina- 
tor (w,—wet+ie), without the retardation factor jo(gr/2) 
and without the /=4, J = 3 rescattering or the rescatter- 
ing term in w,/2M. 

The p-wave rescattering matrices /,’ are obtained by 
using Gammel’s Fredholm solution approximation™ 
to the scattering integral equation: 


Fadl 1 
ta’ (q,k) = salast)+ f v_(q,l) 
Var? 


ar E—wrt+ie 


ta’ (1k) 


va(g,k)Aa(g,k), 


Ne fy? oh 1 
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1 e=ii1 


Aa= a= 13, 31 
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ns f Pal P 
pF 2S 2x? co4(2ar—w)(wi—w) 


*hys. Rev. 95, 209 


Ar oi 


my. 


1954 


Gammel, The cutoff used 


here was Inax=7u, in order to fit the pion scattering resonance 


with /?=0.08. See Fig. 1 of Gammel’s article 
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We assume Ay;= +1 (not —8) because the uncrossed 
term is omitted in calculating 4’. ty’ contributes very 
little to the meson production. For the s-wave rescatter- 
ing matrices the Born approximation using the quadratic 
terms in (9) [with the coefficients (10)] was used,” 
giving 


1 f\? 
tr(: ) [Aot+T A (wet+wx)] (17) 
M 


([=}4) 


t, in (17) is fitted to the zero energy s-wave scattering 
data. Less phenomenological treatments of the s-wave 
scattering in the Hamiltonian formalism have 
been these data." Therefore, we have 
also used an alternative approach, using simple, sym- 
metric scattering matrices giving a linear dependence 
of phase shift on momentum: 


pion 
unable to fit 


Ae 
WW) x ty ” 


2x 0.173 a=1 


‘ (18) 
—0.110 a=3 


(wie Wn 
The factor k (w,) which appears linearly in the direct 
p- (or s-) wave production interaction changes sign 
when the virtual meson is absorbed [diagram (c) ] 
instead of being created [diagram (b)]. The similar 
factor k in the p-wave rescattering (16), as well as the 
Aw, term in the s-wave rescattering (17), also changes 
sign, so that for these terms the diagrams (b) and (c) 
interfere constructively [+ sign in (15) ]. The remaining 
terms in A» and Aw, in (17) do not change sign, so that 
for these terms the negative sign is appropriate in (15). 
For consistency with crossing symmetry,” the isotopic- 
spin dependent part of the scattering matrices defined 
in (18) for physical values of w must be odd in w=w, 
ws. If we assume that (18) is an approximation to 
the functional form 


1 kw 
: ix( ) 
(ows)? y 


X otPaO/2f(u))Lflw,) + flws) ]), (19) 


ta” (q,k) 


it follows that {(—w)=—/f(w), so that as a rough 


approximation for diagram (c) we take 


1 Fay 
ir( ) Ay 0. 
(ww,)? yu 


The Born approximation using the crossed diagram with the 
Galilean-invariant interaction is much smaller than the contribu 
tion of the quadratic interactions. 

% See for example C. J. Goebel, Phys. Rev. 101, 468 (1956), 
p. 478 
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Ill. NUMERICAL RESULTS AND CONCLUSIONS 


The integrals in (12) were evaluated on the IBM 
650 computer at the University of Rochester. The 
matrix elements in (14) must be multiplied by the 


) 


factor {169(22/v)[px2/(2r)* }}! to obtain the amplitudes 
a. If s-wave rescattering is not included at all, we 
obtain™ 


) 


=().76mie?-*** (mb?), 
1.70n}, 
0.13774, 


a('S) 
a('D) 
a\ ‘Pp, 


(20) 


If the fitted Born approximation (17) is used for 


the s-wave rescattering, 
a('S) 

a(!D) =1.75n}, 
a(*P,)=1.18n'e.77%, 


0.62n'e?-***, 


while with the linear approximation (19) 


a(S) =0.70n%e?-*5*, 
a(!D) =1.73n}, 


a(*P)) 0.51nte?:77 ° 


rasie I. Partial coefficients of the appropriate power of » 
appearing in the moduli of the amplitudes a, contributed by each 
partial wave term. The units are mb}, as in the text. 


S-scattering processes 
Linear 
ap] rox 


Fitted born 
approx 


Direct and 
p-scattering processes 


0.026 
0.054 


0.223 


. 0.014 


0.042 
0.159 
0.384 0.065 0.021 
0.266 0.007 0.002 
0.134 Ai ~0 ~O0 

1, 0.010 

B, 1.042 3 ~() ~~) 

B, 0.190 0.111 0.061 
B; 1.308 0.063 0.035 
B, 0.346 ~0 ~~) 

B, 0.014 ' ~0 ~0 

B 0.099 

B ~~ 0.081 
By 0 P 0.911 
( 0.285 0.069 
Cy 0.415 ; 0.247 


1 
1 
1 
1 
1 


0.000 
0.459 
0.058 
0.120 


phases re re listed, as in (2 
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The contributions of the individual terms are given 
in Table I. Aside from the approximations made in the 
sources of error are the (partial) 


terms in higher which, if 


derivation of (8), other 
omission of powers of 4g, 
considered, would affe« 
than 15% 


and would introduce 


t the larger integrals by less 


[except for the term (A;) discussed above ] 


more transitions of comparably 


small size; the wide spacing of point 
integrals 
cutoff dependence; the 
such parameters as / 
made in the 
of course, especially crude for the s-wave rescattering. 
It will be seen that the p-wave amplitudes are in fairly 
good agreement with thi 
Concerning a('D) reference to Table I shows that the 
direct production and the 3, } rescattering to the 
deuteron S state substantially) (Bs) ], 
which were Lichtenberg, contribute 
The ;, 3 rescatter- 
considered to 


in the momentum 
generally less than 5% error) and their 
uncertainty in 


experimental 
0.08; and the approximations 


meson rescattering matrices, which are, 


experimental data (2). 


also cal 
the main portion (modul 
ing (to the deuteron D state) must be 
The small p-wave and 
S-wave rescattering contributions are also not negligible, 
De expected to be largest 


obtain a sufficiently large a('S 


since the terms which could 


[ (A), in which the in egral 
3 


3, 3 
forbidden 

The 
give the experimenta 
a(*P,), in spite of the m itely high nucleon recoil 


s unexpected!y small, and 


rescattering to deuteron S state, which is 


] do not contribute mu h 


Galilean-invariant interaction is too small to 


production amplitude 


momenta involved ; this occurs because of a cancellation 
between the transition tl leuteron S-state (C;) 
and D-state (¢ When tl wave rescattering is 
included, our ignorance of the correct functional form 
for this virtual process makes it impossible to conclude 
ittering can be large enough to 


more than that the res 


yield the « Xp rimental value 


for a(®P 
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Pion-Electron Scattering Cross Section at 1.12 Bev/c* 
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We have measured the absolute differential cross section do/dK for production of delta-ray electrons 
by 1.12-Bev/c negative pions incident on a 10-in. liquid hydrogen bubble chamber, for values of the 5-ray 
kinetic energy K between 32 Mev and the kinematical upper limit of 62 Mev. The results are in agreement 
with the theoretical prediction of Bhabha. We find an integrated cross section 


o(K >32 Mev 


= 1.37+0.17 mb 


This exceeds the theoretical prediction of 1.17 mb by a factor 1.17+0.15. 

The monoenergetic electron contamination of the pion beam has been determined by counting electron- 
induced 6 rays. The monoenergetic and non-monoenergetic contributions to the muon contamination have 
both been determined by combining a determination of the number of muon-induced 6 rays with a measure 
ment of the curvature distribution of beam tracks. The method is described in detail 


the Berkeley experiment on associated production 
of strange particles by 1.12-Bev/c w~ incident on 
the Alvarez 10-inch hydrogen bubble chamber it was 
necessary to determine the electron and muon contami- 
nation present in the pion beam, in order to obtain 
absolute cross sections. The method used was to count 
energetic 6-ray electrons produced by beam particles. 
The identity of the beam particle in a 6-ray event is 
obtained from the electron energy and angle. The 
number of incident electrons and muons is obtained 
from the corresponding number of 6 rays by using the 
theoretical production cross sections.'~* The cross 
section for 6-ray production by pions was measured, as 
a check on the over-all experimental method, as well 
as on the theoretical expression for the cross section. 
In this article we describe the measurement of the pion 
cross section and the determination of the electron and 
muon contamination of the pion beam. 


KINEMATICS 


The laboratory-system (lab) angle @ and lab kinetic 
energy K of the struck electron are most concisely 
related through the center-of-mass system (c.m.) angle 
6. of the electron, by 


tané= (1/7) tané,/2, 
and 
K=2m.7# cos’6,/2. 


Here m, is the electron rest energy, 0.511 Mev; 7 is 
(1—(*)-4; 4 is 78; and B is the velocity of the c.m. 
system with respect to the lab system. Elimination of 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1C. Moller, Ann. Physik 14, 531 (1932) calculates scattering 
of e~ on e~. See also reference 3. 

?H. I. Bhabha, Proc. Roy. Soc. (London) Al64, 257 (1938), 
calculates scattering of particle of spin 4 (i.e., muons) and of 
spin zero (i.e., pions) on e~. See also reference 3. 

* Theoretical expressions for production of delta-ray electrons 
by various incident particles are summarized by B. Rossi, High 
Energy Particles (Prentice-Hall, Incorporated, New York, 1952), 


6. from Eqs. (1) and (2) gives 
K = 2m.# cos*6/ (1+ sin’#). (3) 
The maximum electron kinetic energy K,, is given by 
K,,.= 2m.¥7. (4) 


The c.m. motion is given by 


= 114-27 (m./m)+ (m,/m)? }", (S) 


where m is the rest energy of the incident particle, and 
where y and » correspond to 8, the lab velocity of the 
incident particle. The lab momentum of the incident 
particle'is nm. The electron velocity in the rest frame 
of the incident particle is —8. 

We do not give the kinematics of the outgoing pri- 
mary particle, since except for the case in which the 
incident particle is an electron the primary particle is 
not much affected, at incident momenta as low as 1 
Bev/c. For instance, the maximum transverse momen- 
tum given to a 1.12-Bev/c pion is 4 Mev/c, corre- 
sponding to a deflection of only 0.2 degree. 

For an incident particle of rest energy m Eq. (5) 
shows that the c.m. system is practically identical with 
the rest system of the incident particle, as long as the 
target electron’s total mass ym, in that system is small 
compared with m, that is, as long as the total lab 
energy ym of the incident particle satisfies 


ym<m?/m., (6) 


which is 22 Bev for incident muons, 38 Bev for pions, 
or 478 Bev for K mesons. For instance, at 1.12 Bev/c 4 
is less than » by only about 3% for pions, or 4% for 
muons. 

Equations (4) and (5) show that when (6) holds the 
energy K,, of a knock-on electron is approximately 
2m.7’, that is, 2m.p*/m?, for a given incident momentum 
p. Thus K,, goes inversely as the square of the rest 
mass m of the incident particle, for a momentum- 
selected beam, and knock-on electrons can provide a 
sensitive determination of m. (For instance, L. Leprince 
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Fic. 1. Kinematics of 6-ray production. 5-ray lab kinetic energy 
K is plotted versus 6-ray lab angle @, for 5 rays produced by 
1.12-Bev/c incident e~, w~, ~, and K~. The six experimental 
points (labeled a through /) correspond to the 6 rays that were 
not consistent with production by incident pions. Events a, b, ¢, 
and d are attributed to incident and f to muons. 
Frame numbers o events are a, 233 804; b, 319 568; c, 
229 164; d, 254778; e, 252 357; f, 248 457. 


electrons, ¢ 


Ringuet and M. Lheritier obtained the earliest ex- 
ample of a Kt knock-on 
electron in a magnetic cloud chamber. I am grateful 
to Professor L. W. Alvarez for calling this event to my 


mass determination, via a 


attention and for suggesting to me the usefulness of 
6 rays in bubble-chamber research.) For example, a 1.12 
Bev/e muon can produce a knock-on electron” of 
kinetic energy 104 Mev, compare to a maximum of 
62 Mev for a pion of the same momentum.*® 

For relativistic incident particles (#>>1), Eq. (3) 
shows that for siné>1/%, K is independent of the 
incident mass and momentum, and depends only on 
the lab angle @. Therefore only the energetic electrons 
having AK>>K,,/2 (i.e., 
useful. 

The smooth curves in Fig. 1 summarize the kine- 
matics of 6-ray production by 1.12-Bev/c 
incident electrons, muons, pions, and K mesons. 


sind<1/%H) are expected to be 


energeti 


EXPERIMENTAL DETAILS 


In the first scan of the film for associated production 
events 6 rays were not recorded. About 26 000 frames 
taken at 1.12 Bev/c were rescanned for energetic 6 rays. 
Figure 2 shows a 42-Mev pion-induced 6 ray typical of 


‘L. Leprince Ringuet and M 
618 (1944) 

5 The method breaks down for extremely 
having total energ 
dominates the denominator in 
to nm, the incident momentum, independently of the value of m. 
This happens when the momentum in the c.m. system becomes 
much larger than either of the two rest masses, so that the two 
values of total mass become essentially equal. The two particles 
are then no longer distinguishable in the c.m. by their inertia. 


Lheritier, Compt. rend. 219, 
relativistic 
since then the term 2ym,/m 


Eq. (5), and K,, 


part icles 


goes essent ially 


} 


those included in the determination of the pion cross 


ection. Figure 3 shows the m« energetic 6 ray found. 


sé) 


Its energy and lab ar are plotted as event “a” in 
Fig. 1, and are « 
1.12-Bev/¢ 
Scanning was done along the projected image (~4/3 
natural size) of each beam track. A “candidate” 6 ray 
of curvature p projected on 

was greater than 4.0 inches, and if 
the production point | side a fiducial area drawn on 
a template which could be aligned with fiducial marks 
in the chamber. The criterion p>4 in. accepts all 6 
rays with more than 29 Mev/c and (because of the 
th vertical position in the 
some 6 rays down to 23 Mev. The fiducial 
area had an (natural 
thus allowed about a 


with 6-ray formation by a 


electron 


was recorded if its radiu 


the scanning table 


variation in magnification w 
chambe r 
gth of about 5.5 in. 


beam direction and 


average 
size) in the 
2-in. view of a beam track before it entered and after 
it left the fiducial rhe 2-in. exit space was used 
to insure measurability of the 6-ray curvature; the 2-in. 

letermine whether or 
that entered the chamber, 
and thus provided a guarantee 


entrance space was imcent t 
not it was a single beam track 
igainst accepting 6 rays 
produced in the chamber 

The axis of the chamber, the direction of the magnetic 


field, and the axis of th 


optical system coin ide. The 


two lenses are 3.5 in. 
median plane of the 
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reasons the projected radius of curvature is essentially 
the same in both stereo views. The “‘dip’’ correction to 
convert projected radius of curvature to three-dimen- 
sional curvature is therefore less than 1% and was not 
made. The momentum of the 6 ray is obtained from 
the projected radius of curvature, the known magnifi- 
cation, and the known magnetic field (about 11 kilo- 
gauss). A correction for ionization energy loss (about 
2 Mev), is applied to find the 6-ray momentum at the 
point of production. Only 6 rays with a kinetic energy 
K of at least 32 Mev at production are finally accepted 

For each candidate, the direction and curvature of 
the incident beam track are measured on the scanning 
table. To be acceptable, the beam track must lie within 
+3 deg to the average beam direction and have the 
correct radius of curvature (180 in., magnified). The 
beam-curvature criterion eliminates about 8% of the 
candidates, which are due to “resolvably curvy” 
(RC) low-momentum muons in the beam (discussed 
later). 

It is clear from Fig. 1 that incident pions, muons, 
and electrons should be fairly easily distinguished by 
means of the 6-ray production angle and energy, for 6 
rays of more than about 55 Mev. At first, in order to 
increase the detectable yield of muon- and electron- 
induced 6 rays, an attempt was made to measure 6-ray 
production angles to less than +1 deg so as to determine 
the identity of the incident particle for 5-ray energies 
as low as ~30 Mev. Measurements were accordingly 
made using the “Franckenstein” measuring projector 
and an IBM-650 kinematical reconstruction program. 
However, 5-ray events have several peculiarities that 
often make it difficult to determine the production 
angle with accuracy comparable to that obtainable in, 
for instance, an elastic r-p scattering, or an associated- 
production event. The deflection of the incident particle 
is very slight (less than 0.2 deg for a 1.12-Bev/c pion) 
and is therefore of no help in determining the point of 
interaction. For a “flat” 6 ray the production angle can 
nevertheless be determined (see, for example, Figs. 2 
and 3). But a steep 6 ray is nearly superposed on the 
incident track in both views and the point of interaction 
is then difficult to determine—a missing bubble (due 
to a statistical fluctuation) can easily lead to an error 
of several mm. But for a 6 ray with p=4 in. an error 
of 2 mm in the location of the interaction point gives 
a systematic shift of 1.1 deg in the 6-ray production 
angle. 

For these reasons no attempt was made to measure 
é-ray angles for 6 rays of less than 55 Mev. Instead 
such 6 rays were assumed in first order to be due to 
pions. Their number was then corrected at each 6-ray 
energy for the number of 6 rays produced by the known 
electron and muon contamination of the beam, by use 
of the theoretical cross sections. This correction aver- 
aged about 8% at all 5-ray energies. The correction is 
calculated in the appendix and appears as the small 
negative correction in the third column of Table I. 


TERING 


CROSS SECTION 


Fic. 3. The most energetic 6 ray found, having a kinetic energy 
K of 134 Mev. The lab angle and energy of the 6 ray are plotted 
as event a in Fig. 1, and are consistent with 6-ray formation by 
a 1.12 Bev/c electron. 


No second scanning was done for 6 rays. However, 
in the same sample of film it was found (by second 
scanning) that single-vee associated-production events 
were found with an efficiency of (98+1)%. Delta-ray 
events appear to be at least as easy to find as single 
neutral vee events. Consequently a scanning efficiency 
of (98-+-2)% was arbitrarily assumed for finding 6 rays. 

In all frames containing “‘candidates,” the number n 
of beam tracks inside the fiducial area was counted. 
Each beam track, by definition, lay within +3 deg of 
the average beam direction, and had the correct radius 
of curvature as determined on the scanning table by a 
curvature template, and did not undergo a nuclear 
interaction before crossing the center of the fiducial 
area. Candidate frames having 29 or more beam tracks 
inside the fiducial area were rejected. The average 
number # of beam tracks per picture was then obtained 
by the “linearly biased frames”’ track-counting method.*® 
In this method, instead of averaging m over a random 
sample of pictures one averages 1/mn over the “interest- 
ing’ sample containing the candidates. The 1/m cancels 
the linear bias of the sample, and one obtains 1/%, 
where 7 is the desired expectation value of the average 
over a random sample. The result was #= 11.7+1.0. 

In each roll scanned the total number F of “good 
frames” having from 1 to 28 beam tracks was counted. 
From F, fi, and the average length | of a beam track 


*F. S. Crawford, Jr., Rev. Sci. Instr. 30, 1096 (1959). 
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we obtain the total path length Z of beam particles in 
liquid hydrogen, L= Fal= 172.410 in. After correc- 
tion for muon and electron contamination (discussed 
later) this becomes 162.8X10* inches. At our bubble 
chamber operating conditions a 1-mb cross section 
corresponds to a mean free path of 1.12510‘ inches, 
so that the above path length yields 144.7+13.2 events 
per millibarn. 


PION CROSS-SECTION RESULTS 


A total of 218 acceptable 6 rays of more than 32-Mev 
kinetic energy was found. Of these, four (labeled a, b, 
c, and d in Fig. 1) are attributed to incident 1.12-Bev/< 
electrons, two (¢ Fig. 1) to muons, and the 
remaining 212 to pions. Table I contains the pion 
cross-section data. Figure 4 shows the experimental 


and f, 


points. The smooth curve in Fig. 4isa plot of the 
for the absolute differential 
cross section for 6-ray production by a particle of zero 


theoretical expression? * 


spin, 
(da/dK th 
with K,, 
rest mass. 
Integration of Eq. (7) from K 
yields 


(247 2m,./2K*)[1—8(K/Km)], (7) 


62.1 Mev for a 1.12-Bev/« particle of pion 
32 Mev to K=K,, 


ouwn(K>32 Mev)=1.17 mb (8) 


The experimental total cross section for production by 
pions of 6 rays of more than 32 Mev is 
212—17)/0.98 
Cexp' K>32 Mev 
144.7 


) 


.37+0.17 mb. (9) 


The experimental result (9) exceeds the theoretical 
value (8) by a factor of 1.17+0.15. Thus, within the 
statistics (1.2 standard deviations) the experimental 





ao 50 
K (Mev) 
Fic. 4. Differential cross section for 5-ray production by 
1.12-Bev/c pions. K is the kinetic energy of the é-ray electron 
The experimental points correspond to the 4th column of Table I. 
The smooth curve corresponds to the theoretical prediction, Eq 
(7), and to the 5th column of Table I. There is no relative normal 
ization between the curve and the experimental 
points—all quantities are absolute. 


theoretical 
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JR 
results agree with the theory, both in magnitude and 
in dependence on K. 

In principle, accurate determination of the 6-ray- 
produc tion cross section can be used to explore directly 
ctor of the pion. For 1.12- 

il distance of closest approach 
on of point particles is 0.410-" 
ird of #/m,c, the pion 
However, may not expect 
pion charge structure 


he electron in the 


the electromagnetic form fi 


Bev /« pions the cla 
in a knock-on collis 


} 


cm, which is less than one-tl 


Compton wavelength one 
to see any large effect of the 
until the de 
pion rest frame has decreased to about h/m,c, 
until the 
frame has in reased to about m, 


sroglie wavelength of t 
that is, 

in the pion rest 
or 140 Mev/c. This 
corresponds to a lab pion momentum ym, of m,*/m, or 
38 Bev/c. For 1.12-Bev/« pions, the electron momentum 
S only 4.1 Mev/c, 
effects of pion structure. For 
particle of pior the 
for spin-zero particles in Eq. (7) 


electron momentum nm 


in the pion rest frame and one does 


not expect to observe 


instance, for mass and spin 1, 


a 
factor [1 B(K/K, 


TABLE I. Pion cross-section data. A is the electron average 
kinetic energy the interval Z is the d number of 
counts in AK, minus a correction for the of electron 
and muon contamination in tl da /dK )s» is the theoretical 
cross section, Eq. (7 12.4, with 6 degrees of 
freedom 


observe 


contribution 


lo /dK): 
M mb/ Me 
0.1010 
0.0699 
0.0458 
0.0277 
0.0153 
0.0052 


0.102+0.016 
0.059+0.012 
0.054+0.010 
0.045+0.0090 
0.034+4-0.0077 
0.0094+0.0038 


Uuuuune> 


becomes’ * 


[1-6(K/K, 


+| K?/3y?m," |L 1+K(m 


2m,”) |. 


The latter factor differs by less than 1% from 
the former (spin-zero) for all K, for 1.12-Bev/c particles 
For 6-Bev/c pions, the latter factor 
exceeds the former by over the interval 
ion, integrated 


K | = O.8 to 1.0. but the cross sect 


over the same 


spin 1 


of pion rest mass 
ibout 8&7 


interval, is rather small—4.8 microbarns.) 


ELECTRON CONTAMINATION 


The electron contamination of the beam presumably 


arises mostly from conversion in the 3-in. polyethylene 
target of decay y rays from x° mesons produced in the 
target. momentum 


distribution as Other electrons, 


ave the 


the main mw be 


These electrons h same 
am 
mostly from z° product n the chamber walls, are 

7H. J. Massey and H. C. ¢ eI ( ambridgs 
35, 463 (1939 


Phil. Soc. 





PION-ELECTRON SCAT 
usually distinguishable from beam tracks through their 
curvature or their direction, and are not considered here. 

At 6-ray kinetic energies K greater than 62 Mev (the 
upper limit for production by 1.12-Bev/c pions), 6 rays 
induced by electrons can be readily distinguished from 
pion- and muon-induced 6 rays. The four most energetic 
5 rays indicated in Fig. 1 are attributed to incident 
electrons. The theoretical cross section'* for 6-ray 
production by 1.12-Bev/c electrons is plotted in Fig. 5. 
Its integral from K=62 Mev to K=K,,=560 Mev is 
4.0 mb. The path length, 172.4 10* in. of beam track, 
corresponds to 153.2 events per mb, so that the fraction 
f, of electrons in the beam is given by 


fe= (422)/4X 153.2=0,0065+0.0033. (10) 


MUON CONTAMINATION® 


Figure 6 is a schematic representation of the geom- 
etry. The muon contamination arises primarily from 





K (Mev) 


Fic. 5. Theoretical 6-ray production cross sections for 1.12-Bev/< 
incident ¢~, uw, and x~, plotted against 6-ray kinetic energy K. 


three sources, (a) pion decays occurring near the target, 
(b) decays occurring between the target and the bending 
magnet, and (c) decays occurring beyond the bending 
magnet. Source (a) yields muons having the same 
momentum distribution as the pion beam—that is, an 
average value of 1.12 Bev/c, with an rms half-width of 
8 Mev/c.® 

We next consider source (b). Just before reaching 
the bending magnet, the beam of x’s and w’s has a well- 
defined direction, because of the 36-in. long }-in. wide 
collimator. After being deflected 30 deg and then 
traveling 250 in. from the bending magnet to the bubble 
chamber, the central ray of the beam is displaced about 
125 in. A particle on the centerline but 4% low in 
momentum is displaced by an additional 6 in. and 


misses the chamber. Thus all muons present in the 


® For other methods of determining muon contamination, using 
counter techniques, see, for example, R. Cool, O. Piccioni, and 
D. Clark, Phys. Rev. 103, 1082 (1956). 

*F. S. Crawford, Jr., M. Cresti, M. L. Good, M. L. Stevenson, 
and H. K. Ticho, Phys. Rev. Letters 2, 112 (1959). 
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Fic. 6. Schematic diagram of beam geometry. Dimensions along 
the beam are to scale, others are not. The 6-Bev proton beam p 
strikes a 4-in. polyethylene target 7, produces 1.12-Bev/c negative 
particles at 0.0 deg, which are deflected through 30 deg in the 
Bevatron field, pass through a thin window W and a 36-in. long 
4-in. wide collimator C, are deflected through 30 deg by a magnet 
B, and focused by a two-element quadrupole lens L, to an image 
at the bubble chamber BC. 


beam before the bending magnet is reached must have 
nearly the correct beam momentum in order to pass 
through the chamber. This conclusion still holds after 
taking into account the nonzero angular aperture of 
the collimator and the angular spread of the muons 
with respect to their pion parents. The fraction of the 
beam that is contaminated from sources (a) and (b)— 
that is, from muons that are nearly monoenergetic 
(ME)—is called fxre, and is calculated after consider- 
ation of source (c). 

About 10% of the pions that pass the center of the 
bending magnet decay between the bending magnet 
and the chamber. For a relativistic pion (@=1), the 
lab momentum #, and lab angle 6, of the decay muon 
depend on the pion momentum p, and muon decay 
angle @, in the pion rest system through the relations 


p,(0.787+-0.213 cos6,), 


Pu (11) 


and 


7, tané, = sin@,/(3.685+-cos6,). (12) 


The decay spectrum in @, is isotropic. Therefore the 
distribution in p, is flat over its range from 1.00 to 
0.57p,. For a p, of 1120 Mev/c we have y,=8.02, so 
that the maximum muon lab angle 6, is 2.0 deg. For a 
decay occurring at the center of the bending magnet 
this corresponds to a maximum displacement of about 
8 in. at the chamber. Thus a fair number of the muons 
born between the bending magnet and the chamber 
passes through the chamber. 

Instead of attempting to calculate this contribution 
to the contamination, we measure it, taking into ac- 
count the flatness of the distribution in p,. Figure 7 
shows a curvature distribution of beam tracks. The 
radii of curvature p were determined on the scanning 
table by comparison with curvature templates. A square 
distribution in », from 0.57 to 1.00, corresponds in 
first order to a square distribution in p from p= 100 in. 
to 180 in. (magnified). The magnification is 15% less 
at the bottom of the chamber and 15% more at the 
top than the median value. This variation must be 
multiplied by the vertical beam distribution and then 
folded into the predicted square distribution. The 
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} Fic. 7. Curvature distribution of beam tracks. p is the projected 


radius of curvature in inches, as measured on the scanning table. 
The main beam at 1.12 Bev/c corresponds to p=18 in. and 
contains 734 counts, indicated by the heavy arrow. The remaining 
39 counts at smaller p are attributed to muons from pions that 
decay after passing the bending magnet 


scanner can easily resolve p= 140 in. from 180 in. but 
cannot resolve 160 in. from 180 in. The nonmonoener- 
getic muon contamination from source (c) thus 
divided into a “resolvably curvy” (RC) part fac and 
an “unresolvably curvy” (UC) part fvc in the ratio 
fuc/ fro= (180—150)/(150— 100) =0.6. Thus by meas- 
uring fro we at the same time determine fuc. In the 
sample of film represented in Fig. 7 there are 39 RC 
tracks, and 734 tracks not resolvable from p= 180 in. 
The latter are of course mostly pions, but include 
the muon foc. Thus 
(1+-0.6 fr ) that 


1S 


contamination 
39/734. 


we have fre 


of 


0.056+-0.012., (13) 


and 


0.6 fac=0.034+0.007. (14) 

There are several checks on the method. In the first 
place, the distribution of the 39 RC tracks in Fig. 7 is 
in agreement with the expected distribution. Next, the 
sum of fre and fi the 
fraction of pions that decay after the bending magnet. 
Since the horizontal and vertical pion beam profiles at 


c corresponds closely to 10%, 


the chamber are somewhat larger than the correspond- 
ing dimensions of the acceptance volume in the cham- 
ber, it is true to first order that “as many muons decay 
into as out of” the orbits that pass through the chamber, 
so that uc 1s expected to include most of the 
decays. Finally, of the RC muons (0.57 to 0.83 of p-), 
not all enter the 


fact f 
chamber in the beam direction. This 
is not only because many of them decay at from 1 to 
2 deg to the direction of their parent pion, but is also 
the bubble 
rhe fringe field times path length 


due to deflection in the fringe field of 
chamber magnet. 
integrates to about 10 kilogauss ft. This deflects the 
1120-Mev/c pions through 4.0 deg between ‘minus 
Muons 


having 0.57), are deflected through 6.9 deg, and those 


infinity’? and the entrance to the chamber. 
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with 0.83p, through 4.8 deg. Therefore the average 
direction of the RC muons should be shifted relative 
1.9 deg. The average measured 
direction of the 39 RC tracks of Fig. 7 is indeed found 
to be shifted, in t ted direction, by 1.8-+0.3 deg. 
This agreement shows, for instance, that very few of 
the RC tracks can be attributed to pion interactions 
in the bubble chamber entrance wall, since these would 
have the same (average) di 

Of the 39 RC track 
in a track count 
deg from the 
included 
track-count 
the part of fre 
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he exper 
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APPENDIX 


The small negative correction to the counts in column 
3 of Table I is a correction for muon and electron 
contamination. As an example we calculate the correc- 
tion for the first interval, at K=34 Mev. 

The total pion track length in liquid hydrogen corre- 
sponds to 144.7 counts per millibarn. For a contaminant 
fraction f, the correction AN is fX 144.7 (de/dK) AK, 
where AK is 4 Mev for the interval under consideration, 


PHYSICAL REVIEW 


SCATTERING 


VOLUMI 117 


ty 


CROSS SECTION 1125 
and do/dK is the cross section for the contaminant to 
produce a 34-Mev 6 ray. 

The electron contamination f, is 0.0065. The electrons 
have the beam momentum. The cross section, from 
Fig. 5, is 0.22 mb/Mev at K=34 Mev. Therefore AN, 
is 0.0065 X 144.7 0.22 4=0.83. Similarly the mono- 
energetic component fwer of the muon contamination 
contributes A.V =0.015& 144.7 K0.13&4= 1.13 counts. 

The “unresolvably curvy’? (UC) component of the 
muon contamination has a flat distribution in p, from 
0.83 to 1.00p,, corresponding to radii of curvature from 
150 in. to 180 in. in Fig. 7. For p,= p, we have K,,= 104 
Mev; for 0.83p,, Km is 73 Mev. Averaging Eq. (7) over 
p, from 0.83 to 1.00p, yields an effective K,, of 87.4 Mev 
and a section do/dK = (255/K*)(1—K/87.4) 
mb/Mev, which is 0.13 mb at K=34. We therefore 
find AN =0.034™& 144.7 0.13% 4= 2.56. The total cor- 
rection is AN=0.83+-1.13+2.56=4.52 
subtracted from the 62 observed counts. 
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The variation of air shower counting rate with latitude has been measured between 7 


and 50°N at sea 


level. The observed showers have 10° charged particles on the average. Within the statistical accuracy, a 
few percent, no latitude effect on the intensity has been obtained. 


INTRODUCTION 


N the last several years, the directional distribution 

of extensive air showers, abbreviated as EAS, in the 
celestial system has been discussed'~* frequently, since 
this may reveal information about the origin and 
acceleration of cosmic rays and about the nature of the 
space through which they have travelled before reaching 
the earth. The observations for this purpose which were 
performed at sea level consist either of simply measuring 
the time variation of EAS, or of measuring the zenith 
and azimuth angles of EAS, knowing the arrival time 
at the observatory, and computing the directions in the 
celestial The distributions turned out 
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to be isotropic within the limits of reasonably probable 
fluctuations, which are less than 10~* for the showers 
of 10° electrons and less than 10-* even for showers of 
10’ electrons at sea level. However, it must be pointed 
out that these results apply mainly to the variation of 
the EAS intensity with right ascension, owing to the 
method of observation. There are a few measurements 
of the counting rate of EAS in the upper atmosphere‘ 
which indicate no latitude effect on the intensity of 
EAS from 0 to 60 degrees north geomagnetic latitude. 
But it is hard to conclude from this result that high- 
energy cosmic rays approach the earth uniformly with 
respect to declination, since the zenith angle distri- 
bution of EAS should be almost uniform down to 60 
degrees in the upper atmosphere at pressures around 
250 g/cm’. 

According to McCusker’s analysis® of the directional 


4H. L. Kraybill, Phys. Rev. 76, 1092 (1949). 

'C. B. A. McCusker, Moscow Cosmic-Ray Conference, 1959 
(unpublished), and Phys. Rev. 116, 177 (1959). In the latter 
reference, there is an error in the utilization of the data of Roth 
well ef al. One need only examine the distribution in laboratory 
coordinates, given in reference 3, to see that there is no evidence 
for a north-south asymmetry of the primary cosmic rays; but an 
imprecise relation was used in translating the distribution into 
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distribution of EAS obtained by the Massachusetts 
Institute of Tex hnology group,’ the observed intensity 
ratio of EAS, R, is 20% bigger than that expected from 
the assumption of isotropic incidence of EAS at the 
earth. Here R is the proportion of the EAS that have 
declinations greater than the value of the latitude of 
the observing station. This conclusion, however, is 
inconsistent with the one deduced from the lack of time 
variations and is hard to understand on the basis of 
models of cosmic-ray origin which seem to be reasonable 
for other experiments on cosmic rays. 

In this paper the variation of EAS intensity with 
latitude at sea level will be described. This is closely 
related to the variation with declination, since the 
zenith angle distribution of EAS at sea level decreases 


as cos®“6,® 


EXPERIMENTAL ARRANGEMENT 


The experiment was performed on a vessel of the 
QO. S. K. Line which plied between New York and Japan 
through the Panama Canal. The EAS were detected 
by four groups of Geiger counters placed on the deck 
of the vessel, one group being located at each corner of a 
rectangle, 20 meters on one side and 18 meters on the 
other. Each group of counters was divided into two 
A’, B and B’, C and C’, 
D and D’, respectively. The total sensitive area of each 


counter trays named A and 


tray was equal to 1500 cm?. The pulses from each 
counter tray were sent to a central station, where they 
following coincidence circuits after 


being shaped to 2 microseconds width: 


were put in the 


1, B, C, and D, 

1’, B,C’, and D’, 

1 or A’), (B or B’), (C or C’), and (D or D’), 
LAB, B.C. C, Dw DP. 


rhe first three coincidences are fourfold and are named 
a’, a’ and Bb, re spectively. The last one is eightfold, 
named y. No case was found where the counting rate of 
coincidence a’ was not equal to that of a” within the 
limit of statistical error throughout the run. This gave 
evidence of proper ope ration of the detectors in this 
Be sic ae 
the counters and circuits were behaving properly and 


that there were 


observation daily checks were made that all 
no induction effects from the electri 
power of the ve ssel. The were 
CELOTEX boxes equipped with heaters to keep them 
at constant temperature. 


counters located in 


RESULTS AND DISCUSSION 


Che coincidence rates described above were measured 


continuously from New York (latitude 41°N) to 
McCusker’s analysis was based 
on the erroneous translated distribution. This criticism does not 
apply to his interpretation of the MIT data 

*K. Greisen, Progress in Cosmic-Ray Physics 
Publishing Company, Ansterdam, 1956), Vol. III. 
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results are 


shown in Fig. 1 figure have been 


il ic 
pressure at sea 
level by assuming a barometric coefficient of 10% per 
cm Hg. This value was deduced from experimental 
In some of the experiments the barometric 


“— 
appeared to depend 


results.‘ 

coefficient mean 
density of the detected showers but this variation is so 
small that it can be ignored 

coefficient of EAS also varies 
and the 
however, is on 


ightly on the 


r case. The temperature 
vith the de nsity of EAS 
spaciny f counte ray his coefficient, 
of O17 per degree for our 
counter geometry, whi eads to le than 2% correc- 

between North 
e daily variation 
of temperature was very small owing to the observation 
being made on the ocean. C 
the earth’s 
positrons of EAS 


lateral 


tion for the temperature difference (15 
ry 


Pacific Ocean and Panama Canal. 


* has pointed out that 
and 
ns to stretch the 
s| ape Since the 


the stretching 


magnetic field he electrons 
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distribution into elliptical 
detection efficiency of EAS depends or 
factor, the counting rates should be affected by latitude 
through the change of the earth’s field. 


However, this correction has been computed to be very 


magnetic 


small in our not! orrection applicable to these 
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Moscow Cosmic 
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EXTENSIVE AIR 
data is the effect of centrifugal force acting on the air 
mass, which varies with latitude owing to the change 
of velocity of rotation. This correction is about 1.5% 
for our observations. The counting rates were actually 
corrected only for the barometric effect, since the other 
corrections are small and to some extent uncertain. 
Their effects are all in the same direction, however, and 
should tend to make the rates near the equator a few 
percent lower than those at 50° latitude. 

Figure 2 shows the size spectrum of the EAS which 
are detected by the coincidence system. These curves 
have been computed from the number spectrum 
F(N)~N~'© and the effective area around the counter 
array for the showers of a given size, which is estimated 
from the empirical formula® of the lateral distribution 
which fits the Nishimura-Kamata distribution well. 

The straight lines of Fig. 1 are the best fit lines 
computed by the method of least squares and expressed 
as follows: 


fora, I[,= (12.20+0.33)+ (0.0013 +0.010)A ; 
for B, Is= (33.66+0.43)— (0.01140.013)A; 
for y, I,=(4.98+0.14)— (0.001+0.005)A ; 


where J is the latitude of the observation station. 


From these distributions one can conclude that 


within an accuracy of a few percent in the region from 
7 to 50 degrees north, the intensity of EAS involving 
about 10® charged particles does not depend on latitude. 


Since the zenith angle distribution of EAS can be: 


expressed by cos**@, half of the EAS have zenith angles 
less than 20 degrees. Therefore the variation of EAS 
with latitude can be interpreted as a variation with 
declination. With the help of the results obtained by 
time variation experiments we may conclude that the 
primary cosmic rays having energy about 10'* ev are 
arriving at the earth isotropically (within a few percent). 
The protons of energy 10"* ev have a radius around 10 
cm in our galaxy due to the existence of the magnetic 
field of 10-*—10~-® gauss on the average. Since this 
radius is much smaller than the thickness of the galaxy, 
these protons can be trapped within it, which can make 
the directional distribution isotropic. Furthermore, this 
kind of observation can not be affected by conceivable 
point sources of high-energy cosmic rays which cover 
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Fic. 2. Computed size spectrum of EAS observed by 
the coincidence systems a, 8, and y. 


only a small aperture, unless the total intensity from 
such a source is so large that it is several percent of the 
background arriving within an aperture of 0.5 steradian 

the approximate angular aperture defined for our 
apparatus by atmospheric absorption. Therefore the 
isotropic incidence seems reasonable as a property of 
the cosmic rays of 10'* ev. This conclusion is inconsistent 
with McCusker’s analysis of the MIT data, but in 
agreement with the cloud-chamber observations of 
Rothwell ef al. on the arrival directions of the EAS. 
The present observations give stronger evidence of the 
absence of a declination effect, since the steep zenith 
angle dependence of EAS makes it difficult to deduce 
the declination distribution from data taken at a fixed 
Station. 
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Flux at Sea Level of Heavy Charged Particles Pair-Produced in Cosmic Ray Showers* 
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The flux at sea level of charged particles with mass 300-600 electror 1 assuming the 


particles to be pair-produced by cosmic ray photons. The cross section f including the 
is folded into the distribution of photons predicted by shower theory. A! 


the produced particles is also considered approximately. The results 


effects of nuclear size, sorption of 


1ental upper 


limit set up by Keuffel and co-workers. 


ECENTLY Alikhanian ef al.' have reported the 

existence of a charged partic le of mass 550 electron 
masses in the cosmic radiation. These particles appeared 
to lose energy by ionization only, and occurred with an 
ibundance relative to u mesons of 0.5%. A number of 
later experiments have thrown doubt on this result. 
Keuffel et al 
others*® did not detect the particle at all. At present, 
it appears that if such particles do exist, they occur in 


found an upper limit of 0.2%, while 


cosmic radiation with an abundance too small to have 
been detected. It is of interest to see whether this low 
abundance is compatible with their existence. We give 


] 


here the results of a calculation of the flux of such 


particles at sea level, assuming that they are produced 
electromagnetically in pairs by photons in cosmic-ray 
showers. 

If we assume that all at a height h 
(measured in radiation lengths) above sea level, the 


showers start 
total number of positive particles of mass u produced 
over the whole atmosphere per cm? per sec is 


£ h Eo 
0.79108 f dEof( Eo) f ax f o(k)P(k,Eo,x)dk, 


where a(k) is the pair-production cross section for a 
photon of energy k. We assume that the shower develops 
and P(k,Eo,x)dk is the 
average number of photons with energy between k and 
k+dk in a shower of total energy E» at a depth x below 
the shower starting point. f(£»)dE» is the number of 
showers occurring per cm*-sec with total energy between 
Eo and Eo+dE». The numerical factor represents the 
conversion from radiation lengths to the number of 


completely vertically, hence 


target nuclei per cm’. 
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1A. I. Alikhaniar 


Air Force through the Air 
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Most of the product 
lengths abovs 
past their maxima by the time they 


place many radiation 


ea le ve l. re. the howe rs are well 


reach sea level, 


We then 


and the integral over x can be ext nded to «, 


have 


where g(k,£o) is what is usually called the photon track 
length integral. We assume that all shower 
if they had originated from el 
track length is kr 


develop as 
in which case the 


1own t 


Since the photor gth decreases rapidly with 


photon energy, the ver k can now be extended 


to ©. The flux of pos s is then 


(1) 


where E flux of energy 
ited the energy 
sea level. In 


shower- 


yoing into showe rs Core is n? na tim 
in a shower to be 11 Bev per electron at 


addition, Cocconi*® has calcu the flux of 


sx 10 per cm?* per 


produced electrons at sé 


sec. Therefore, we tak« 


The Cross sector r(k tl um f two parts, 


incoherent produc t | protons of the 


nucleus, and coherent prod 1 by the nucleus as a 


whole. The incoherent each proton to 
act as a free particl Bethe- 
Heitler cross section multiplied by the atomic number 
Z. The coherent ted by the 
nuclear size which re res the differential cross section 
factor F (q*). 


from electron 


ntegrated 


to be mt | 





FLUX AT SEA LEVEL OF 


scattering experiments,’ may be taken to be 


F (qg*)=[1— (aq*/4) ] exp(—ag*/4), 
a=0.889X 10-?/ Mev, 


where g is the momentum transfer to the nucleus. In 
order to evaluate the total cross section, it is most 
convenient to use the form given by Jost, Luttinger, 
and Slotnick” in which only one numezical integration 
over g is necessary. The major effect of the form factor 
is to lower the cross section near threshold, where gq is 
largest. The coherent production becomes predominant 
at k/u=10 and at k/u=200 is approximately the 
Bethe-Heitler cross section multiplied by 2°. 

It has been assumed that the produced particles have 
spin 4 and no anomalous magnetic moment. For spin 
0 particles the cross sections is of the same order, 
decreasing at very high energies to 4/7 the cross section 
for spin 3 particles.’ For particles with spin } and an 
anomalous magnetic moment, and for higher spins the 
cross section is generally higher than that used here.” 
In any case, the order of magnitude of the result would 
not change. 

Equation (1) gives the total number of positive 
particles produced. However, those with insufficient 
range to reach sea level must be subtracted off. For 
those positive particles produced at depth x by photons 
of energy & the fraction with range greater than h—x is 


Ez 
c(k)=1—[1 o® if (do/dE)dE, 
0 


where o(k)= fo*-**(da/dE)dE, and E, is the kinetic 
energy corresponding to range h—-x. do/dE is the cross 
section as a function of the kinetic energy of the 
outgoing positive particle, and except at very high 
energies is reasonably constant.” Therefore, we have 
taken 
Ez 
f (da/dE)dE=(E,/(k—2p) jo(k), 
c(k)=1—E,/(k—2y). 


Moreover, in an electromagnetic shower of energy Eo 
the flux of photons of energy k reaches a maximum at 
depth*® 

T =1.01[log(Eo/k)— 4). 


We have assumed that all production takes place at 
this depth, so that £, is that kinetic energy for range 
h—T. Eo may vary from 10" to 10" ev, while 4 should 
be approximately the height of the atmosphere, 25-30 
radiation lengths. We have computed the correction 


*H. F. Ehrenberg, R. Hofstadter, U. Meyer-Berkhout, D. G 
Ravenhall, and S. E. Sobottka, Phys. Rev. 113, 666 (1959). 

”R. Jost, J. M. Luttinger, and M. Slotnick, Phys. Rev. 80, 
189 (1950). 

4 W. Pauli and V. Weisskopf, Helv. Phys. Acta 7, 709 (1934). 

2G. Rawitscher, Ph.D. Dissertation, Stanford University, 
1956 (unpublished). 

3 W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1954). 
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factor c(k) assuming the energy losses to be due entirely 
to ionization. Within this range of values for Eo and h, 
the quantity c(%) does not vary by more than 25%, 
except where the cross section is very small. A set of 
values which give a median for c(k) is h=30 and 
E-y)= 10" ev, and these have been used in the compu- 
tations of the flux. 
The total flux of positive particles is then 


Dw 


V 0.79 100.57 Bs f dk (o(k)c(k)/k*]. 


9 


“s 


This has been evaluated for p= 300, 400, 500, and 600 
electron masses. The results are given in Fig. 1. The 
lower curve represents the flux with the absorption 
correction c(k) included, while the upper curve is the 
flux with no absorption. The effect of absorption is to 
reduce the flux by a factor of 2 to 3. The flux of yu 
mesons at sea level has been estimated by Cocconi*® as 
2.5 10~*/cm?-sec, and with this value the relative 
abundances are those listed on the right side of the 
graph. In all cases the abundances are well below 
Keuffel’s upper limit. Hence, one would not expect to 
have found such particles even if they were to exist, 
unless they were made in some other way, ¢€.g., were 
decay products of more strongly coupled particles as 
are the u mesons. 
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We show that the experimentally observed fact that the number of K 
nuclear emulsion is significantly larger than the number of x 
these mesons. The reason is chiefly that the zero energy x~-p 


1. INTRODUCTION 


XPERIMENTAL information on the stopping of 

mw and K~ mesons in nuclear emulsion reveals a 
very curious state of affairs. It has been known for some 
time that the number of x~ mesons stopped on hydrogen 
was almost undetectible.' (These results would appear 
to correspond to less than 0.03% stopping on hydrogen 
in emulsion.) This apparent contradiction to the Z law 
of Fermi and Teller? which predicts that the number of 
mesons stopping on an atom is roughly proportional to 
the number of atomic electrons has been explained’ by 
observing that when a meson is captured by hydrogen, 
the single atomic electron is ejected and so the mesic 
hydrogen-atom cannot be de-excited by the rapid 
Fermi-Teller process of electron ejection. “It can reach 
the mesic K shell only via optical transitions. Since the 
probability for optical transitions is quite small,‘ the 
neutral, mesic hydrogen-atom will generally diffuse 
around and collide with other atoms before the mesic 
K shell in hydrogen is reached. During the course of 
these collisions, there is an excellent chance for the x 
meson to be transferred from hydrogen to a heavier 
is not surprising that the Z law for the 
capture of negative mesons in mixtures is contradicted 
by an experiment in which hydrogen is one of the ele- 
*§ In light of this explanation, it seems very 
curious that a significantly larger number of K~ mesons 
should stop on hydrogen under similar conditions.‘ It is 
the purpose of this study to explain this curious phenom- 
enon. We shall show that it is in fact in accord with the 
known properties of the w~ and K~ mesons. 

Our approach is quite straightforward. We simply 
follow the history of the meson from the time it is 
moving slowly through the emulsion to the time of its 
absorption by nuclear interaction. An exact prediction 
of the fraction of mesons captured on hydrogen would 
be very difficult because of the complex processes which 


atom. Hence it 


ments.’ 


| 
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mesons stopping on hydrogen in 


is consistent with other known prope rties of 


cross section 1s anomalously low 


occur. We shall therefore content ourselves with crude 
estimates, which will retain only the qualitative fea- 
tures of the results. We shall neglect almost entirely 
the molecular structure of the emulsion and treat it as 
and we shall employ 


We shall 


approximation that 


a gas of monoatom parti ies, 


first-order perturbation throughout. 


also make the Bi 
the mass of the 
to that of the 
admittedly crude, are | O 
basic physic al explanat 


We find that while 
against the A 


theory 
rm Uppenhe mer 
meson may be neglected with respect 


ao 


proton. These approximations, while 


crude as to obscure the 
processes te nd to militate 
the m~, the w~ cross 
section is so much smaller than that of the A~ that 
many more K~ mesons can be expected to be retained 
on hydrogen than + 


meson fT itive to 


2. INITIAL CAPTURE PHASE 


: charged 
the Coulomb fields of the 
Che emulsion is 
lide crystals. The 
the par- 


Let us consider the capture of negatively 
mesons into bound 
various atoms of a nuclear emulsion 
composed of gelatin an lver 
problem therefore separates into two parts’: 
op in gelatin and those which stop in the 
We shall « 
the former part of the problem. The 
we must 


carbon, oxygen, nitrogen group 


ticles which st 
silver halide crystals oncern ourselves with 
competition which 
between 


consider is that hydrogen and the 


We imagine the initial capture process to proceed 
her exciting an 
by direct Coulomb capture emitting a 


by the meson being captured by eit 
electron or 
gamma ray 
direct nuclear-capture cross s¢ 
of magnitud 
into Coulomb states 


At the low ens rgies we are considering, the 
tions will be many orders 
the capture cross section 


We xpect the lirect 
“in flight 


smaller’? than 
nuclear- 
We must 


capture to be important 


capture probabilities for 


calculate the ratio of the init 
hydrogen and for the carbon, 
and the distribution of the captured meson in the vari- 
ous hydrogenlike bound-states about the proton. Direct 
Coulomb capture will be seen to be relatively unim- 


ejection mechanism. 


oxygen, nitrogen group, 


portant compared to the electron 
* Page 171 reterence 3 i ve, na iso, W. I 

cimento 10, 490 (1953 
7One can easily « 

that at ‘house 


Fry, Nuovo 


juoted in reference 3 
“total interaction” cross 
section for the 


above and see 


section is quite small compared to the cross 


processes we are considering 
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STOPPING OF «-MINUS 
The method of calculation for electron ejection will be 
first order perturbation theory, using the exact Cou- 
lomb-wave functions. We also make the Born-Oppen- 
heimer approximation that the proton “remains fixed” 
throughout the interaction. As we have mentioned, 
while these approximations are definitely approxima- 
tions, they are not so poor that they will obscure the 
basic physical results. 


3. DIRECT COULOMB CAPTURE 


We will now calculate the cross section for direct 
Coulomb capture into the ground state of a mesic 
atom. According to Schiff, Section 50, the transition 
probability in the dipole approximation (here satisfied) 
is given by 

= (4ew*/3hc)| (r) nn’, 


where (r)n’, is the matrix element of the coordinate of 
the meson in the unperturbed system. From this for- 
mula we see that it will be the low-lying states of the 
system which will be most important because of the 
factor of w*. 

As the ground state of the mesic atom lies so far 
below that of an electronic atom, the meson ground 
state is essentially a pure hydrogenlike ground state. 
In large nuclei the finite extension will be important 
but as direct Coulomb capture is neglectible, we will 
not consider it. 

Approximating the free-state wave function by 
L~4 exp(ik-r), we may evaluate (3.1) and obtain 


w= (4e%u*) [162 ag? (mZ)—*(ao/L)*/he* | 
 [144K2(1+ K®)-*], 


(3.1) 


(3.2) 
where 

w=Z*e’m(1+ K*)/ (2a), 

K=aok/mZ. 


(3.3) 


The cross section is given by 


o=m Aol w/ZhK. (3.4) 
Thus 
= (552K) /[m?(ch/e)®(1+ K?)*]. 


o/rag (3.5) 


The maximum is for K= (5)~!, we have, for the largest 
case, that of x, 


O max, rag = 1.34 10 8 ( 3.6) 


This maximum corresponds, for hydrogen, to an energy 
of the incident x~ meson of about 650 ev. As we shall 
see, this cross section is quite small compared to those 
for electron ejection. 


4. ELECTRON EXCITATION 


We shall treat the case where the electron is com- 
pletely ejected from a hydrogen atom. Our unperturbed 
Hamiltonian is (let the subscript 1 denote the meson 


§L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, New York, 1949). 


AND K 


MINUS MESONS ON H 


quantities, and 2 denote electron quantities), 


Ho= (p:?/2m,)+ (po?/2m2) — (€/11)— (8/12), (4.1) 


and the perturbation is 


H’=e/( (4.2) 


ri fe a 


The masses are, of course, the customary reduced 
masses. The reason for breaking the total Hamiltonian 
up in this way is so that there will be eigenstates of Ho 
which will closely approximate the bound states of the 
total system. Further as the meson and electron vari- 
ables are completely separated in Ho, there can never 
occur a capture in the system described by it. 

The transition rate, w, is then, according to first 
order perturbation theory, 


w= (2/h)| Him’ |2p(k), (4.3) 


where p(k) is the density of final states. We wish to 
calculate the probability of the capture of a meson into 
a hydrogenlike state described by n,1,m (principle 
quantum number, total angular momentum, z com- 
ponent of angular momentum) from a free state which 
is the appropriate Coulomb modification of a plane 
wave, by hydrogen in its ground state. 
Our initial conditions are*~” 


electron wave function = (xao*)~! exp(—12/ao), 


(L) 1C(k;,4), 


(4.4) 
(4.5) 


meson wave function 


where 
C(kiri) =D (21+-1)i'Ci(hi,r1) Pi(cos8), 


L—() 


(4.6) 


with 
cos? = (k, . r;)/ (Rin ), 
and 


Ci( Rin) 


exp(4$xt,) | T'(/ +1 T u;) (2kyr3)! a 


" bs a;(kir1)’, 
(214-1)! joo 
where 

——- (2hya; ita; 2) [ 7+ (2i+-1 7], 

ag 1, a —[t,(1+1) ] 2 ‘= (me")/ (h?k;). 
Our final conditions are: 
meson wave function 
=Wnim(T1) 


where, if we define 


Railt1)O im (O1)Pm( ¢1), (4.9) 


pi= (2mr;)/ (nao), (4.10) 
*P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
McGraw-Hill Book Company, Inc., New York, 1953). 
 G. Breit, Tables of Coulomb Wave Functions, U. S. National 
Bureau of Standards, Applied Mathematics Series-17 (U. S. 
Government Printing Office, Washington, D. C., 1952), Vol. I. 


m=m,/mMo, 
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then 


(n—I—1)! \3 
Rails) = — | (2m/nav)* ) 
2n[ (n+l)! 


K pr! Last (pie bei, 


(21+-1)(l—|m!)!\! 
© im (91) ( "7 ) P,'™! (cos@;), 
2(l4 ! 


(4.11) 
(4.12) 


Pn(¢1) = (29) exp(imes), (4.13) 


where the L,* and P,* are the associated Laguerre and 
Legendre polynomials, re spec tively. The elec tron wave 
function is 


(L)-43C (ke, 2), (4.14) 


which is the same as C(k,,r,) except that the subscript 
2 instead of 1 appears throughout the definition. We 


determine k, by conservation of energy as 


ko=[ (m/n?)—1+ (aok,)*/m }'/ao. (4.15) 


We may now write down the square of the matrix 


element of the transition-causing perturbation. It is 
| H' nim: 1 : 


[e*/ (wa, L*) f . fe k,,1:) exp(—re/do) 


X (| r— re) > '1C* ko, tr )Wnim* (r1)d°r1d"r- “ 


(4.16) 


Now, using the well-known expansion of the Coulomb 
potential in spherical harmonics,* we get 


£ 
te/r) 3 (72/11) 


— 


bt O04 


Le) po-d 


XK Oy,* (01) Oy, (02)b,* (1) P(2)/(2A+1), (4.17) 


where the upper sign is used when r2<r, and the lower 
sign otherwise. Let us re-express (4.14) by the addition 
theorem for Legendre polynomials® as 

2 » 
an) ox 


He v 


x ©). 6, \b ,*( ¥2 )?, ( ¢2 ), 


C*(ko,r2) -4)"C,(ko,r2) O,.* (82) 


(4.18) 


where (2',¢2') is the direction of ky. If we multiply 
(4.17) by (4.18) we obtain, 


x A x , 


(167 n)> > > z. (ro/r}) $t+4)(—7)P 
A=—0 p=—A ved « 


XC, (Re,re) | 2X T 1 


-),.* 


Aw 


=) { * - ca 
81) Oy, (02)b,*(¢ 1)P,( oe) 


x 0,.*(0:)0 (4.19) 


. 6. \e .* | yo), | Ye’ 
When we integrate over all solid angles in electron 
space, we get, by orthonormality 

2 x 


(1697/71) > > (r2/r1)-*4 


A=) p=—d 


x (2\+1 \ 1Q),* (0; A), (02' \e ,*( 1 \,, ( @’). 


MPC) (kore) 


—4)* 


(4.20) 


BAKER, JR. 


Since (4.20) appears as an absolute square, we may 
square and then average over all final directions of ko. 
This ope ration yields 


[ (642e*) 


oa aN = 
xz Z if re 
= w d| 


(a°L* 


x On" 6; a ¥ 1 


KC \(R 7 4.21) 


The cross terms vanish by the orthogonality relations. 
If we now re- xpress ( 1.6 by the addition theorem for 
Legendre polynomials we have 


(4r)>> > #C, 


ped) ¢ 


Cl ki,11) 
(4.22) 


Making this substitution and averaging over all initial 
meson directions we get 


r a £ 


[(256n3e") +e oe 


4.23) 


We may evaluate the angular part of (4.23) for, if we 
sum over uw and e, we have, by the addition theorem for 


Legendre polynomials, 


f ferany © in 6; ?,, tan | Onn” 6,')@,,* ¢1 ) 


[2A +1 tor |P) cos’ [ 2v T 1 Lr |P, cosv ), 


4.24) 


where (0;',¢;') now denotes the direction of r;’ and @ is 
the angle between r, and r,;’. According to Whittaker 


and Watson," 


Py (cos?) P,(cosd 


X[(2A+ 2» 2r+1) | 
a 
Watson 1 Course of 


Press 


(4.25) 


Modern 
New York, 1927), 4th ed 


r(COsv ), 


u E, T. Whittaker and G. M 
Analysis (Cambridge University 


p. 331, Ex. 11 
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where 


Am=1-3-5++-(2m—1)/m!, Ao=1. (4.26) 


By the addition theorem for Legendre polynomials we 
expand (4.25) as 


min (A,») A+er—2r 


(47) 2 } 


r=) por—A—rt+2r 


[(Ay--A eA v2) Ayr» 7] 


x | 2A+2v—2r+1)7O,, y er,y (91) 


K Ong eer. n® (01), ( 1)®,*(¢1'). (4.27) 


If we now integrate over all directions of r; and rj’, 
we get, by orthonormality for (4.23) 
(649e4/a°L*) 
a A+ 
<— & 
l=) pw lvA—I| 
steps of two 


X[(Aia +t AyagenAioaragy)/(Ajogrnn) | 


(2v+1)(2A+1)—“'(A+r4+/+1)7 


= f rear f rydry Rai(ri)C,(Ri,71) (11) . 
0 0 


X (12/11) $= OC) (he,r2) exp( —1r2/do) (4.28) 


The density of final states will be (see, for instance, 
Schiff*). 
p(k)dE= (L/2x)*4arkym(21+-1)h-dE, 
which, on substitution for kz becomes 
p(k) = 44r(21+-1) (29) -*(ao/e) (L/ay)* 
XC (m/n*)—1+ (aok,)?/m}}. 


To obtain the partial Coulomb capture cross sections 
we make use of the relation 


o= Lw/v=[(2eL3)/vh]| H’ |20(k). 


(4.29) 


(4.30) 


(4.31) 
Thus 


a(n; k:) 


Tra o 


D A4l 
= 64m(k2/ki) by a “fi 
ded Dm [A—II (2A+1)(A+v+/+1) 


steps of tw 


(2v+1)(2/+-1) 


XL(Aja-nnA s04¢~DAgo—-r4-v)/(Ajasren) jac? 


«| f dry rC, (Riri) Railri) 


0 


rl 
xf dry r?**C\(ke,%2) exp(—r2/ao) 
0 


+f dry 7°**C,( Riri) Rai(ri) 


0 
2 


x f drs r2!—*C)(k2,r2) exp(—re a) | . (4.32) 
ri 
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We have coded Eq. (4.32) for the IBM 704 and 
calculated numerically values of o(n,J; k;). The details 
of this calculation are described in Appendix A. We find 
that our results for ¢(m)=>00""o(n,l) may be repre- 
sented within + 2% for both k; and nS+/m by 


o(n,m,k;) ~ An*[1—exp(— Bn) } 


Xexp{—[(C+Dn*)'—Ct}}, (4.33) 


where 


A =[26.8+ (138/4/m) — 268/m ]/ (k:?m'), 
B=0.123-+2.60/x/m, 
C=40.6(k;?/m)/[1+-4.44(k:2/m)], 

D={f (0.615)?-+27.1 (k;?/m) }}—0.615) /4/m. 


It is to be noted that because of the k,;* factor, most 
of the captures will be of thermal mesons and the rela- 
tive distribution of mesic atoms will be essentially that 
of (4.33) with k;=0. The n® factor insures that most of 
the mesons will be captured in the highest m state 
allowed by energy conservation (n</m). (We com- 
pared this formula in the range 9 <m < 630.) 

Figures 1 and 2 show the distributions for #~ and K~- 
mesic atoms in the different (n,/) states. Figure 3 shows 
the probability of finding a meson between r and r+dr 


°o 
» 
a 
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\ 
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Fic. 1. Partial Coulomb capture cross sections as fractions of 
the total cross section for x~ mesons on hydrogen at nearly zero 
energy. The lines represent constant principle quantum number, n. 
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Fic. 2. Partial Coulomb capture cross sections as fractions of 
the total cross section for K~ mesons on hydrogen at nearly zero 
energy. The lines represent constant principle quantum number, n 
Values for both m and / large are somewhat uncertain due to the 
calculational difficult) 


in an ensemble of mesic atoms. It is a plot of 


1 a(n) 


[Ra(r) P. (4.35) 


mi n 
P(r) ee & 


=O total 


One can see in this plot that both the #~ and the K 
mesons are captured at approximately the same radial 
distances. It is easy to show that the fractions of mesons 
captured between E and E+dE is also approximately 
the same for x~ and K-. This result follows because a(n) 
is approximately proportional to m to some power. 

Figure 4 shows a comparison for large values of k, of 
(4.33) and our numerical results for the cross sections 
for a meson of reduced mass 100. A factor of the form 
[1+ exp(Fn) ] would appear to correct (4.33) properly, 
but the computational difficulties connected with large 
k, n, and m make it difficult to determine such a cor- 
rection reliably. 


5. CAPTURE PROCESS IN THE CARBON, 
OXYGEN, NITROGEN GROUP 


lor our purposes, a crude estimate of the capture 
process will suffice. We shall simply adopt the estimate 


BAKER, 


3. Probability 


on I 


and K 


mesons 


of Fermi and Teller.? (See also, Burbridge and deBrode,"” 
Ferretti,» Rosenberg,’ and Wightman.'*) They find 
that the total capture cross section is roughly propor- 
tional to Z, the After the 
meson is captured, it descends rapidly by electron ejec- 
tion, and in the last stags 


number of atomic electrons. 
by radiative transition, to a 
low-lying state where it is absorbed by means of strong 
interactions wit All this transpires in a 
time of the order of 10-™ seconds, which is short com- 
pared to the lifetime of the x or A 
the emuls 


h the nucleus 


and with respect 
toa close collision time in on. 


6. MESIC HYDROGEN ATOM PHASE 


Shortly after (about 10-" second) a meson has been 
captured, if it lands on a carbon, oxygen, or nitrogen 
atom, it will be absorbed by a nuclear reaction. On the 
other hand if it lands on hydrogen, it will have ejected 
the single electron and be unable to descend to a lower 
state by the Fermi-Teller process 
gamma emission, as th 

The transition rate for direct nuclear capture’* from 


It cannot decay by 


S prov ess 18 too slow.’ 


2G. R. Burbridge and leBrode Rev. 89. 189 
(1953) 
3B. Ferretti, Nuovo cimento 
“«R. L Mag _ 759 
16 A. S. Wightman, Phys. Rev 521 (1953 
16H. A. Bethe and F. deHoffmann, Mesons and Fields 
Peterson and Company, Evanston, 1955), Vol. II, p. 101. 


Phys 


1948 
1949 


° Rose nberg, Phil 


Row, 
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S states is for the x 
W ~~ (7.0K 10"/n*) sec, 
including both of the relatively slow reactions 
x +P— N+y7, 
a +P— N+’. 


The transition rate for direct nuclear capture’’ from S 
states is, for the K~ 


(6.2) 


W x =4.7X10'7/n® sec. (6.3) 


Day, Snow, and Sucher'* point out that the Stark 
effect is strong enough to produce very good mixing 
between the mn’® different eigenstates with principle 
quantum number n. In the solid state the mesic atom 
will be almost continuously subject to fields which 
produce Stark transitions at a significant rate. Adopt- 
ing the estimates of Day, Snow, and Sucher we see that 
almost all the mesons captured will be subject to Stark 
transitions at rates of 10 to 4X 10"* sec”. These rates 
are larger than the depletion rates of most states be- 
cause of the direct capture (n>4 for K~, n>2 for x~), 
radiative transitions and collisional transfer or de- 
excitation. Thus we will assume that Stark “pumping” 
maintains an equidistribution between the n’ eigen- 
states with principle quantum number n. As there is 
only one S state per n, the depletion rate due to direct 
capture may be found by dividing (6.1) and (6.3) by n’. 

We assume that the transfer rate to other atoms, Wz, 
is the same in all states. It is probably higher for larger 
n but as its effect is chiefly to transfer the mesons out 
of the higher m states and allow direct capture from the 
lower m states, this assumption should not seriously 
affect the conclusions. We also assume the de-excitation 
probability rate, Wp, for n> n—1 is a constant. The 
results are not very sensitive to W p so long as Wp SW r. 
Under these assumptions, if Y,(¢) denotes the popula- 
tion of the m’th level at time ¢ after capture and W pc(n) 
the direct capture rate from the n’th level, then 


Y,.()=—W,j¥;(), (6.4) 
where 
Wi=WrtWoc(1), Wi=WrtWotW cl) 


Wii=—Wo. 


jA\, 
(6.5) 
The total loss caused by nuclear capture will be 


* [ym] 


> Wocl(n)Y, (bd 
) nl 

lym] lym] 

= DY Wocl(n)(W),jY;(0). (6.6) 


n=l j=l 
Equation (6.6) is easy to evluate as W,,; is a triangular 
matrix. Barkas et al.® find about 0.439% K- mesons 
stopping on hydrogen in nuclear emulsion out of 4700 
7G. Frye, Phys. Rev. 113, 688 (1959). 


'* T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 
61 (1959). 


*-MINUS AND 


K-MINUS MESONS ON H 








L 
30 35 





Fic. 4. Comparison of Eq. (4.33) with Eq. (4.32) for large hi 
for a meson of reduced mass 100. The lines represent Eq. (4.33), 
and the dots Eq. (4.32). 


observed stoppings. Estimating roughly from the Z law, 
we find about 65% stop initially on the heavy elements, 
30.5% on carbon nitrogen, or oxygen and 4.5% on 
hydrogen. Hence a little less than 10% of those origi- 
nally captured on hydrogen are retained. We find that 
this percentage may be approximately reproduced with 
either 

Wr=1.3X10" sec, 


W p=0, (6.7) 


Wr=W p=1.7X 10" sec. (6.7b) 


These rates are in reasonable agreement with estimates 
for close collision rates in emulsion analogous to those 
given by Day, Snow, and Sucher"* for liquid hydrogen. 
If we assume that these rates are the same for #~ mesons 
then we get 0.25% from (6.7a) and 0.64% from (6.7b). 
These results imply that the number of x~ observed 
stopping on hydrogen should be of the order of 2X10. 

That so many fewer x undergo nuclear capture on 
hydrogen than K~ is caused chiefly by the anomalously 
low w~ nuclear interaction cross section at zero energy, 
but, due to the Coulomb capture distribution, the 
number of x~ is larger than one might suppose from a 
simple comparison of the direct capture rates. 
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APPENDIX A 


In order to evaluate (4.32) we first calculated the 
various wave functions. The free state electron wave 
functions were calculated by integrating the differential 
equation” for [C\(k2,r2)/r2* | to the edge of the angular 
momentum barrier and then the differential equation” 
for [Cy(Rere) | to the maximum value of 7. This in- 
tegration was performed for the two largest values of A 
occurring and the rest of the wave functions were cal- 
culated by the standard recursion relations.” A similar 
procedure was followed for the free state meson wave 
functions, except inside the angular momentum barrier 
[C,(ki,r1)/r1” | was calculated by means of a “double 
precision” power series because of the difficulty in 


integrating the differential equation for it. For the 
bound state meson wave functions we calculated the 
two highest / values for each value of m directly from 
(4.11) and calculated the rest from the easily derivable 
recursion relation 


l (- 
l+1 


(l+-1)*\! 
Ry 1-1(n1) ) Ranlr) 


n—P 


n(21+-1) 
- (: 
l+1 


where 7; is in units of the electron Bohr radius and m in 
units of the electron mass. The indefinite electron in- 
tegrals were formed by Simpson’s rule integration. In 
order to accommodate the different rate of variation of 
the meson wave functions at different values of r we 


Ll+-1)\, Rawa(ni) 
ag ) , (A-1) 


(n?—P)3 


mr) 


used 300 integration steps and varied the step size by 
a factor of 64 between r small and r large. 

In order to prevent the use of an inordinately large 
number of integration steps for large r when k;, is large 
we have generalized Simpson’s rule for a weight func- 
tion which is not a constant, following Filon.’® It is 
easy to show by expanding f(x) in a power series that 
to Simpson’s rule accuracy, 

b 
f f(x)w(a)dx {al b,A) f(b)- a(a,A) f(a) 

. 


+-3[8(a,A) f(a)+8(b,A) f(b) ] 


+> f(a+ (2r—1)A)y(a+ (2r—1)A, A) 
1 


m—1 
.. >° 
a 


} 


f(a+2rA)8(a+2rd, A)}A, (A-2) 


»L.N.G 
1929 


Filon, Proc. Roy. Soc 


Edinburgh) 49, 38 (1928 
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where 
a+2mA=b. 
and we define 


a(x,A) 


X [w(x— A(1—6))—w(x+A(1—8)) ]d8, 


B(x,A) 


6))+-w(x+A(1—6))]d0, 


y(x,A) f (1—#)w(x+ Ad)d0. 
l 


It will be noted that for w=1, we obtain Simpson’s rule. 
This generalization of Simpson’s rule is useful when w 
varies rapidly with respect to f. We used it for r larger 
than about two Bohr radii where R,:(r) vary relatively 
slowly compared to C,(k,,r) for ky large. We approxi- 
mated (A-4-6) by a Simpson’s rule integration and 
obtained 


(A-6) 


, . it 3 } 
a(x,A)- +4 44) | 


1A)—w(x+4A)], (A-7) 
B(x,4) = —}[w(x—2A)+w(x+ 9A) | 
+3[ w(x—4A)+w(x+4A) ]+w(x), 


4 (x,A) = 3[w(x—4A)+u 


(A-8) 
(A-9) 


| 
r+4A) ]+w(z). 


In order to check the accuracy of our calculations we 
compared the results of numerical integration with the 
following analytically done integrals 


x 2d | T(A+1+4/ke) | (2R2)” 
ff arard*Cu(bor be 


. ag-2+ ke) +2 


Xexp{[r- 4 tan—'(aoks (2kedo)}. (A-10) 


and for n+A—v=1 


0 


f dr, ry°**R, ail 7 C,( Ri, 
0 


2m!3\T(v+1+im/k 2k) 


2m/ nai 


(2m/ao)[1— (v+1)/n] 
> 4 . 


[(m/nao)?+k;* | 


[ m 


1 ' Naok 
Xexp} w—4 tan ( ) l (A-11) 
2k,a m 


We found the accuracy to be sufficiently good to lead 
us to believe that the cross sections herein reported 
are good to at least a few percent. 

We found that it was only necessary to carry the 
summation over \ to a maximum value of 3 to get 
almost all the cross sections good to about 0.1%. 
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Representation of States in a Field Theory with Canonical Variables* 
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We investigate the properties of a functional representation of states for a self-coupled scalar field theory. 
The assumption is made that all states can be generated by applying functionals of the field at a fixed time 
(¢=0) to the vacuum state. It is shown that for the class of models considered the Hamiltonian is uniquely 
determined by the vacuum functional. The calculation of scalar products between states leads to functional 
integrals. The measure in this integration over function space is also determined by the vacuum state. Two 
methods for the evaluation of the functional integrals are discussed. The first one reduces the problem in 
some simple cases to the solution of an eigenvalue problem for a Hilbert-Schmidt kernel plus a finite number 
of ordinary integrations. The other one gives a perturbation series. 





I. INTRODUCTION 


E want to discuss here some aspects of a field 
theoretical model of the following type: The 
basic variables are a scalar field g(x) and its conjugate 
momentum a(x). They shall satisfy the ordinary 
canonical commutation relations. 
[(x),¢(y) ]=—id(x—y), 
Le(x),e(y) J=[r(x),4(y) J=0. 


The Hamiltonian shall be of the form 


(1) 


, 
H=-[ eee+ 2"), (2) 


where H’ is a functional of the field ¢ only. In particular 
we could write 


1 
H'=- [ (|velt+mrg et el, (3) 


and call H/ the interaction Hamiltonian. 

We will not discuss here the problems associated with 
the ultraviolet divergencies which are encountered if 
H' is an integral over a point function such as 


= f ola) (4) 
But we consider for instance models of the form 
a= . + fica +4) 9(%1)- ++ o(x4)d*xy-+-d*xq, (4a) 


where A(x,---x4) is a smooth “smearing function.’’ We 
will therefore not assume Lorentz invariance but only 
invariance under the Euclidean group (translations and 
rotations in 3-space). It is obvious, however, that any 
qualitative information about the behavior of the solu- 
tions of the above models will also help in the discussion 


* Supported in part by the U. S. Atomic Energy Commission. 


of a local relativistic field theory like (4) which is just 
a limiting case of (4a). In fact, this provides part of 
our motivation. 

In the standard treatment of our problem one starts 
with a decomposition of g and # into “bare-particle 
creation and destruction operators” at(k), a(k) and 
represents the states as vectors in the associated Fock 
space. This seems unfortunate for several reasons. In 
the first place the quantities a(k), at(k) are less well 
suited to the problem than the original ¢ and w. In 
fact it seems extremely difficult to gain any qualitative 
insight into the nature of the solutions in a scheme 
which classifies according to the number of bare par- 
ticles. Secondly the Fock-space treatment cannot be 
applied directly in a model with vacuum polarization. 
The nature of this difficulty may be stated in the fol- 
lowing way: There are infinitely many inequivalent 
irreducible representations of the system of commuta- 
tion relations (1).' One particular possibility among this 
infinite multitude is Fock space. Thus the situation is 
in marked contrast to wave mechanics where one has to 
deal only with a finite number of canonical variables 
Gk, Px. There one has no representation problem since 
one knows that all irreducible representations of these 
operators are equivalent.? Now if the theory is free of 
ultraviolet divergencies this means, roughly speaking, 
that the relevant volume of momentum space is finite. 
If in addition we would put the system into a box to 
make also the volume of ordinary space finite, then 
only a finite number of oscillators would be significant 
and the difficulty would disappear. On the other hand, 
for an infinitely extended system, it is very easy to see’ 


1 This fact was first recognized by K. O. Friedrichs, Mathe- 
matical Aspects of the Quantum Theory of Fields (Interscience 
Publishers, Inc., New York, 1953). For the case of the anti- 
commutation relations it is implicitly contained already in the’ 
paper by J. Von Neumann, Comp. Math. 6, 1 (1938). For the 
commutation relations an indication of the phenomenon may also 
be found in the paper by L. Van Hove, Physica 18, 145 (1952). 

2 Jj. von Neumann, Math. Ann. 104, 570 (1931); F. Rellich, 
Gétt. Nachr. 107 (1946) 

*R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
29, No. 12 (1955). 
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that the representation appropriate to the case H!=0 
(free field) cannot be appropriate to a case with inter- 
action unless H’ is of such a special form that it leaves 
the unperturbed vacuum invariant. In other words, only 
for a model without vacuum polarization does the cus- 
tomary “bare-particle Fock space” provide a possible 
representation in which one can start to calculate. It 
must be emphasized that the argument just quoted 
from references does not make use of Lorentz invariance 
but only of the invariance under translations in space 
and therefore the difficulty is present even in a con- 
vergent theory as soon as one has 
vacuum polarization terms in the Hamiltonian. 

Therefore if one wants to use Fock space in such a 
model, one is forced to introduce a finite total volume 
V and discuss the effect of the limit V — ~ at the end. 
This complication is not very serious for some questions 
but it is troublesome for others. For instance, while we 
know that the S-matrix elements must turn out to be 
independent of V in the limit, the wave functions of 
physical states contain normalization factors which de- 
pend exponentially on the volume. A careful analysis 
of the volume dependence of various quantities has 
been made recently within the scope of perturbation 
theory.‘ 

If we want to avoid using a finite box and Fock 
space in the treatment of the problem, we must find a 
way to single out that particular representation of (1) 
which is appropriate to the given Hamiltonian (2). 
Systematic studies of the relations (1) have been made 
by Garding and Wightman® and by Segal.® Unfor- 
tunately the results of reference 5 are not so convenient 
for our purpose because in that work the occupation 
number operators in some discrete basis are taken di- 


nonrelativistic 


agonal. It seems more natural in our problem to 
diagonalize the fields. This corresponds essentially to 
Segal’s approach. A naive version of of his 
methods will therefore appear in this paper, but our 
assumptions are more specific. 


some 


Our approach is exploratory and therefore, apart from 


Appendix I, mathematically naive.’ Its main purpose is 
their 


to present some useful concepts and discuss 


relationships. 


Il. THE VACUUM FUNCTIONAL 


We want the model defined by Eqs. (1) and (2) to 
satisfy the following requirements: 


*L. Van Hove, Physica 21, 901 (1955); 22, 343 (1956). N. 
Hugenholtz, Physica 23, 481 (1957); W. R. Frazer and L. Van 
Hove, Physica 24, 151 (1958). 

*L. Garding and A. S. Wightman, Proc. Natl. Acad. Sci. U. S. 
40, 617 (1956). 

* I. E. Segal, Trans. Am. Math. Soc. 88, 12 (1958); Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 31, No. 12 (1959). 

? Parallel to this work, a mathematically rigorous discussion 
of the representation problem has been taken up by J. Lew, A. S. 
Wightman and one of us (R. H.). H. Araki has analyzed some 
examples in which the connection between the Hamiltonian and 
the type of representation can be worked out explicitly. 


AND R HAAG 


(t) There exists a discrete (i.e., normalizable) ground 
Stale of H, called the lale Vo, u 
under the Euclidean group and under time inversion. 


vacuum hich is invariant 


(ii) Every other state of our system may be generated by 


applying some functional of the 
the vacuum. 


Thus 


field operators ¢(x) to 


Vv if 


yg) Vo. 


In other words, it is assumed that we can create all 
the states from the vacuum without making use of the 
momentum operators. A precise mathematical formula- 
tion of assumption (ii) will be given in Appendix I. 
Here we shall be content to illustrate the meaning of 
this assumption and the consequences by analogy with 
the quantum mechanics of a single oscillator (i.e., we 
have only one pair of canonical variables p, g). We take 
q diagonal and consider the the 
ground state Wo(q). Since Yo has no nodes, every other 
state can be approximated arbitrarily well by F(g)~o(q), 


wave function of 


where the operator F may be chosen as a bounded, con- 
tinuous function of g. The following two consequences 

are seen immediately : 
(1) If Gis any operator which commutes with g then 
Gy 


(2) There exists a function L(g 


#0) unless G=0 (5) 


such that 
Lp -11 d ¥ 0 


A(@) then L=dA/dq. 
In our field theoretical problem we draw two analo- 


In fact, if we write pore 


In particular we assert that 
, called A, such that 


gous conclusions from (ii 
there exists a functional of the field 


SY (), 
with 


L oA 6¢ L). 8) 


Because of the invariance under time reflection, A must 
be a real functional of ¢ so that A and L(x) are Her- 
mitian operators. 

What is the A and the Hamil- 
tonian H? Making use of the special form (2) of H and 
relations (1 


connection between 


of the commutation can write 


1 
H= fc vc) +iL (x) [ala iL(x 
) 


), we 


lx+F(¢). 


If Ey is the vacuum energy then (7) tells us 


[F 0 Wo=0. 


all the g(x) 
ii) that the operator F— Ep itself 
from now on take Ey=0.° Then 


Since, however, F(¢ commutes with 


we conclude from 


must vanish. We will 
8 This is clearly necessary if we 

of an infinite volume since EZ» must be 

does not restrict the generality; if the originally 

Hamiltonian gives £)#0, one must consider H —/ 

Hamiltonian 


> results in the case 
proportional to V. It also 
given formal 
as the proper 
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we learn that 
n= f ate)4 (x)d*x, (9) 


with 
A (x) =2-4Lr(x)—iL(x) j. (10) 


If we multiply (9) out and compare with (2) we get 
the following explicit relation between H’ and A 


5L (x) 
frcrer- f— —d'*x= 2H". 
5y(x) 


¥ 


(11) 


We want to point out one possible use of this equation. 
If one wants to study the matheraatical structure of 
models of type (1), (2), it may be advantageous to 
consider A rather than H as given. H’ can then be 
calculated directly from (11) while an assumed H’ does 
not, in general, yield a closed expression for A. Let us 
examine finite polynomials for A of the form 


N 1 
A=>> —An(ar- + an) (a1): ++ ole, xy: + -d*x,. 


n=2 n! 


(12) 


The simplest choice, V = 2, yields a theory of noninter- 
acting particles which have an energy-momentum 
relation 

t=)(p)?, (13) 
where A(p) is the Fourier transform of \2(x%,—~*2). 
Polynomials of odd degree are ruled out by the require- 
ment (19) below. The simplest nontrivial choice is 
therefore V =4 which gives a polynomial of sixth degree 
for H. The finite polynomials (12) for A have the serious 
drawback that (except in the trivial case N=2) they 
do not yield theories which are even formally Lorentz 
invariant for any choice of the kernel functions. It is 
easy to see this either by inspection of (11) or by apply- 
ing infinitesimal Lorentz transformations to (7). 

We could have arrived at (7) and (11) also in the 
following way. Let us assume that we can take the field 
operators ¢(x) diagonal, represent the states as func- 
tionals of a c-number field x(x) which is allowed to 
vary over the function space §® and represent the 
momentum operators by the variational derivative 


— i[ 6/5x (x) }. 


Then, calling the vacuum functional Vo(x) and writing 


(x)= (14) 


Vol(x) =e A(x) (15) 


we immediately get (7). Any other state V=F(¢)Vo 
will be represented by the functional 


V(x) =F(Xye4™. (16) 


Of course, the hard part of the representation problem 
has not been touched upon by making these assign- 

* We shall not make any specific assumptions about & in this 
paper except that it shall be a linear space of functions. 
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ments for g and w because one has yet to define the 
scalar products between states. Alternatively speaking, 
one must define the process of integration over the 
space &. We will show in the next section that the 
functional A determines the measure of integration, and 
we shall give formulas for the computation of this 
measure. Thus the functional A occupies a central posi- 
tion in the discussion of the connection between the 
Hamiltonian and the type of representation of (1). 
It may be used to characterize the representation and it 
determines the Hamiltonian by (11). 

We now want to mention three simple properties 
which A should possess. The first is obvious: the in- 
variance of the vacuum under the Euclidean group is 
expressed by 

A(x)=A(x’) with  x’(x)=x(rx+a), (17) 
where r is an arbitrary rotation and @ an arbitrary 
translation. Secondly, since exp(—A) is essentially the 
probability amplitude for finding the field x(x) in the 
vacuum state, we expect 


lime 4x) =O 


rn? 


(18) 


for any fixed function x. 

Finally let us imagine a division of space in cells and 
denote by R, the set of operators which are functions 
of the g(x), and x(x), with x restricted to the cell &. 
We shall assume that the Hamiltonian is essentially 
local, i.e., H~>-, MH, with H, belonging to R, provided 
the cells are sufficiently large. This means that the pro- 
jection operator on the vacuum is approximately a 
product of projections Py with P,eR,. In this approxi- 
mation W»(X) is then a product of the Wo(X,), where X, 
is the restriction of x to the cell &, i.e., 

X,=X(x) if x is in cell k, 


(19) 


x,=0 otherwise. 


Hence 


A= >>, A(X). (20) 


In order to satisfy (20) each kernel function A, of a 
polynomial (12) must tend to zero with increasing dis- 
tance between any two points x; and x;. The advantage 
of the exponential expression Vo=exp[ —A(x) ] is thus 
apparent. Indeed, we have here an example of the well 
known linked cluster expansion which has been used in 
different forms in statistical mechanics and quantum 
field theory.” The requirement (20) imposes an inde- 
pendent restriction on acceptable choices of mathe- 
matically simple functionals Wo(x). It would be tempt- 
ing, for instance, to assume 


1 
Vo(x) Poxdeso| - fre spx(a)x(ohatat'y], (21) 


” See Appendix II for examples and references. 
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where P is a polynomial of finite degree, since the 
vacuum expectation values of products of fields could 
then be evaluated explicitly. However, the requirement 
(20) rules out such an ansatz. 

To close this section we want to make some remarks 
about the problem of solving Eq. (11) for A if H is 
given. One can set up a Ritz variational principle to 
determine the “best” bilinear choice for A. This leads to 
a nonlinear integral equation for the kernel function \ 
(see Appendix III). It is not clear to us, however, 
under what circumstances such an approximation can 
be trusted. Alternatively one may set up a systematic 
perturbation scheme for the calculation of A if H’ is of 
polynomial form. One then starts with a bilinear zero- 
order Hamiltonian 


fe ad | ia Xo) (2X1) 9 X2)d*x\d* xo. 
9 


Putting H'’=H '+gH' one expands the kernel func- 
tions A, into power series in the coupling constant: 


An= > gr,.™. 
Starting from the zero-order solution, 
A(p)=[h (9), 


the calgulation is completely straightforward and need 
not be described here. h(p) is the Fourier transform 
of h® (x). The two approaches could be combined if 
one takes as the starting point of the perturbation 
calculation the result of the variational method. 


HH! 


A.%=0 for nx2, 


Ill. THE EXPECTATION FUNCTIONAL 


We use the notation 


o(f) fe x) f(x)d*x, 


U(f)=expi¢(/). 

These quantities are, respectively, Hermitian and uni- 
tary operators if f is a real function of x belonging toa 
space §&,, the test function space. We will not explore 
the consistency conditions which must be observed in 
the choice of the spaces R and R,. This question is one 
of the central points in the mathematical representation 
theory of the canonical commutation relations (1).%? 
Here we shall only assume the existence of the “scalar 


produc E 
x,t) fr fix 


(23) 


for every feR, and xeR. We now define the “expecta- 


tion functional” E(/) by 


E(f) (Vv Utfyy (Vo, Vo) 1 24) 


AND R 


HAAG 


It will be convenient in the following not to normalize 
Wo to unity at the outset. E(f) is the generating func- 
tional of the vacuum expectation values of field prod- 
ucts since 


E(f)=>.. (i" n!) fy 1 


with 
£alXi°° 
It is sometimes useful to put 
E 


because 7 has the linked cluster property (20). 7 is the 
generating functional for the system of “truncated 
vacuum expectation values” or “‘n-functions.””™ 

The functional E may be used to define the scalar 
product between state vectors in the following manner: 
According to assumption (ii) every state vector V can 
be expressed in the form 


VvV=F 
(WV 1 WV 


val Vo. 


(28) 


The scalar product therefore takes the form 


(VY; V2) (Wo,F1(¢)*F ole Vv ). (29) 
However, for any functional F(¢) we have according 


to (22) 
(%,F (¢)U(f)Wo)=F(- 


13/8) E(f) (Yoo), (30) 


and hence 


(WF (eg) Wo) =[F(—i6/Sf)E Wo,%o). (31) 
The definition of the scalar product implies a definition 
of a functional integral over the representative func- 


tionals (16). 


(Woo) fe 2A x5 y 
(Vi,V2 fre x) F(x )e*4 Wb. 


For any functional G(x) the integral then is defined by 


fe x )bx = (Vo,24G (eo) Wo) 


A functional G(x) is integrable if the right-hand side 
of (33) exists. A sensibly defined integral should be 


linear and invariant under translations; i.e., 


feu +-Go(x) ldx fa x dx + [a x)bx, (34) 


"P. Kristensen, Kgl 
Medd. 28, No. 17 


Danske Videnskab 
1954): E 


Selskab, Mat.-fys. 
Nuovo cimento 2, 50 (1955). 


I reese 
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feccrxex= fecoax 


The relation (34) obviously holds for the definition 
(33). Equation (35) is also easily verified from 


(35) 


Jf eectryex = (Wo, CAG o-+-X 1) Vo) 


=(e “ifn (z)Xi(z)dzeAlo yy 


G( get (2) x12) dzeA(@,), (36) 
The right hand side of (36) is independent of X, since 
m expA(¢)Wo vanishes according to (7) and (8). 

We shall make use of (34) and (35) in a heuristic 
fashion in order to evaluate the functional integrals. 
Imagine for a moment instead of the functional G(x) 
a function of a finite number of variables G(q,-- -q,). 
It is well known that for such functions the properties 
corresponding to (34), (35) are sufficient to determine 
the meaning of the integration symbol apart from an 
arbitrary normalization factor. Let us now take a 
complete and linearly independent but not necessarily 
orthogonal basis of functions X, in R and represent an 
arbitrary x by its expansion coefficients g; in that basis. 
The functional G(x) then becomes a function of the 
countably infinite set gx. The analogy with the case of 
a finite number of g, would lead us to infer from (34), 


(35) 
feos -const f Gla -+)dqidqz:-+. (37) 


The right-hand side is still only of symbolic value but 
it will be given a precise meaning below, at least for 
some simple cases. 

We turn to the problem of computing E(/) from a 
given A. According to (24) and (33) we may write 


Bin-| f exp(—2a)x]-+ f expLi(x,f) —2A(x) Jéx 


=I 


= | f exp —2A(qig2- ++) \dqidq::-- | 
xf expli >> gu(Xu,f) —2A(qige- ++) |dgqidga---. (38) 


In order to evaluate the integrals in (38) we appeal to 
the linked cluster property of A which implies that in a 
suitable basis A is approximately a sum of terms, each 
of which depends only on a finite number of q,’s. Let us 
therefore restrict our attention first to cases in which A 
is of the form 

A=DoiA(Gi- * -Gitn)- (39) 
We also restrict ourselves to test functions for which all 
but a finite number of the (X,,f) vanish. This latter 
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restriction is not serious because, if (38) is meaningful 
for these special test functions, then the remaining 
question is one of extending the definitions. In other 
words, it concerns the precise nature of the test func- 
tion space which we shall not attempt to discuss in 
this paper. Under the conditions stated we may write 
instead of (38) 


E(f) 
= fim} ff expl—-2 5. A(qu- geen) v+++dqn 


x f explt Die ga(Xef)—2 Li dC + -Girn)} 


dq y°° -dqn. (40) 
In the sums in (40) the index 7 shall run from — (N+n) 
to +N because the contributions which are due to an 
i outside of this interval cancel. For each N the right- 
hand side is then well defined. We need to show that 
the limit exists. We shall do this for an example which 
brings out most of the points of interest. Take n=1 
and, for instance, 


X(Gi,Qi¢t) = — 44+ pgigiar— Squat", (41) 


and take test functions f for which (X,,f)=a, for 
ni <Rk <n and (X,,/)=0 for all other values of &. Then 
(40) becomes 

E(f)=limLK @%* (¢_w_1,9n41) [° 


4 


n2 
x fx N+nit1 (gn 1,9N41)exp(t ) i Onde) 


kenny 
KK Gni,dnit ape *K (gno - 1,Qn2)K N+1—ng (Gns9N4 1) 


X dqny: ’ -dgna, (42) 
where 


K(q:q’) = exp — 2A( qiq’) J, 


and K“" is the n-fold interated kernel. Now we observe 
that K is a kernel of Hilbert-Schmidt type. Therefore 
it has a highest eigenvalue « which is separated by a 
finite distance from the next eigenvalue. Degeneracy 
could only be accidental. So we will argue that it is 
nondegenerate. The eigenfunction to the highest eigen- 
value we denote by ¢(q). As N gets larger only the 
contribution from the highest eigenvalue survives and 
we get in the limit 


nga 
E(f) cer fen exp(1 y B 0Gn)K (qni,gni +1) 
x eee K (qno 1,gn2) o(qn2)dgny- ° -dgne. (43) 


Thus the evaluation of the functional integral is reduced 
in this case to the eige nvalue problem for the kernel K 
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and a finite number of integrations. This simple result 
suggests that, starting from (38) useful approximation 
procedures may be developed for the calculation of E 
from A also in more realistic cases. 

A perturbation theory of the expectation functional 
can best be developed starting from the definition (24). 
Let ¢ be a state represented by exp[—Ao(x)] for 
which the expectation functional 


Ko(f) = (bo, U (f bo) (b0,60)™ (44) 


is known explicitly. Such is the case for bilinear Ao 
| ) 


1 
pr Y1,2 Ci X1) Cl Xe \d*x ,d* Xe. 
) 


Aol) (45) 


We have then 


1 
Eo( f) =exp fp '(41,%2) f (41) f(%2)d*x\d* x2 
| 


expno\/ ). 
The vacuum state Wo can be expressed by 
Wo=expl—A’( 
where A’=A—A 
The expectation functional E(/) takes the form 
E(f) 2A'(¢) JU (f) 0) 
X (@ , exp| . 2A’(¢) kb) - 


($0, exp| 


and hence 
E(f) 2A’ 16/5f’) JEo(f’)} os 
2A 


{exp| 
< exp| 16/6f) \Eo(f). (49) 

A perturbation ¢ xpansion for E(f) is obtained by ex- 
panding the exponentials. The denominator guarantees 
the condition £(0)=1. To make evident the corre- 
sponde nce between the terms of the perturbation series 
and diagrams, one may introduce a set of creation and 
formal Fock 
Then, making the 
—1(6/6f(x)) — a(x), one 


annihilation operators at(x),a(x) in a 
space with the formal vacuum 1. 
substitutions f(x) —> —iat(x), 
gets from (49) the following expressions for the vacuum 


expectation values (26): 


~ 


~ 2A’ (a) JEo(— iat) | Qo)- 


2A’ (a) JEo(—iat) |Q 


Qo | exp| 


£n(X1°* Xn) 


(Qo\a(x1)---a tn) expl - (50) 


If, as assumed, Fo is of the form (46) one can simplify 
the expression by shifting /» to the left and obtain 


2A’(b) |'2 


X (Qo! exp — 2A’(b) ] 


1 
| fr '(x,y)at (y)d*y. 
2 


£n\*X1° b r,) exp| 


with 


AND R 
The evaluation of the numerator irly leads to Feyn- 
tor a and 
1e kernel fun is of A’. If the numerator 
and denominator are e\ 


man diagrams witl vertices 
which are tl 


eparately it 1s neces- 


sary to introduce a finit ne or the equivalent but 


his volume. In fact, if one 


diagram langua ne finds that the 


the ratio is indepe ndent 
uses the volume- 


dependent terms ar diagrams with disconnected 


vacuum parts. One can show that one obtains the cor- 
rect ratio (49) or (50) if one omits all such diagrams in 
the numerator and drops the der 
time.‘ 

We still want to describe a perturbation scheme for 
the »-functional which is defined by E(f)=expn(/). 
This scheme has the advantage that volume- 
dependent terms arise at any st of the 
From (49) follows 


ominator at the same 


ho 


calculation. 


ige 


dno 
= ¢ nu 


exp| 2 


bf 


Equation (52) yields 


where 7,, is det yn formula 


One observes that ther cist ! t formal 
analogy between the prol em d ] 1 in this section, 

from A the 
problem of computing the vacuum expectation values 
of time-ordered products in il field theory from 
the Hamiltonian. Li now be a s} ime i and 


consider field equatio1 


namely the computation of / and 


’ 


point 


m 


L’ is the interaction part of the 
more let 7 
of r-functions defir 


ilegral. urtner 
f) be the rener } 


ed by 


T(f) > 7 n! fi 


| of the system 


where T is the time-ordering symbol. Then the formulas 


( ribe d 


of this section may be literally tr according to 





REPRESENTATION OF 
the key 
space +> space-time, 

E(f) - T(f), 

—2A’ <> iL’, 


—2A «12, 


1 
£ fe@o-m g(x)d'x+ L'. 
) 


In this manner (37) goes over into a certain version of 
the Feynman integral”; the counterparts of (49) and 
the perturbation scheme derived from it are well 
known." In spite of this exact formal correspondence 
there is a decisive difference between the 3-dimensional 
and the 4-dimensional! formalisms. It can be seen from 
the fact that in the first case the integrands of the func- 
tional integrals have the damping factor exp(— 2A) 
while in the second case there is an oscillating factor 
instead. Again, if one uses the 4-dimensional formalism 
to calculate the equal-time vacuum expectation values, 
the perturbation series proceeds according to powers of 
H' whereas in the 3-dimensional formalism this calcula- 
tion is broken up into the two steps H — A and A— E. 
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APPENDIX I. MATHEMATICAL SUPPLEMENT 
We want to give here a precise mathematical formula- 
tion of the basic assumption (ii) of Sec. II and of some 
of its consequences. Let us consider the set {A} of 
operators which are of the form 


N 
A=>P eU (fi), 


=! 


(1.1) 


where N, c;, f; are arbitrary. [{A} contains all linear 
combinations of a finite number of L’(/,)..| We denote 
the von Neumann ring which is generated by these 
operators by Y. Y% consists of all bounded operators in 
the representation space which either belong to {A} or 
are strong limits of sequences in {A}. The precise for- 
mulation of our assumption (ii) then is that 


~ 


Av,=T 1.2) 


2 R. P. Feynman, thesis, Princeton, 1942 (unpublished); Revs 
Modern Phys. 20, 367 (1948); J. G. Polkinhorne, Proc. Roy. Soc. 
London) A230, 272 (1955); P. T. Mathews and A. Salam, Nuovo 
cimento 2, 120 (1955); J. Klauder, thesis, Princeton, 1959 
(unpublished). 

4M. Gell-Mann and F. Low, Phys. Rev. $4, 350 (1951 
F. Coester, Phys. Rev. 95, 1318 (1954); J. G. Valatin, Proc. Roy 
Soc. (London) 229, 221 (1955). 
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is a dense set of vectors in the representation space. In 
standard terminology this is expressed as: Vo is a cyclic 
vector with respect to the ring W. 

The following two statements are consequences : 


(1) Ifan operator B commutes with Uf and annihilates 
the vacuum then B=0. [Compare (5), Sec. II. ] 

(2) Y is maximal abelian, i.e., every bounded opera- 
tor which commutes with WY belongs to MY. The first 
statement is easily proved by 


BAY) = ABV =0. 


BT 


The proof of the second statement has been given by 
Segal. Conversely: If one applies the spectral theorem 
to the abelian ring Yl one obtains a decomposition of the 
space into a direct integral 


H - f 9 duo», 


such that every operator of the ring acts as a multiple 
of the identity in each )®. If the ring is maximal 
abelian then the ) are one-dimensional. In that case 


(1.3) 


every vector which has nonvanishing components in 
(almost) all ) is a cyclic vector with respect to YI. 
Therefore assumption ii) can be replaced by the re- 
quirements that Yt be maximal abelian and that the 
vacuum state shall have nonvanishing components 
almost everywhere in the spectral decomposition. 

For Eq. (9) in Sec. II the distinction between 
vanishing “almost nowhere” and vanishing “nowhere” 
becomes important. Take the example of the single 
harmonic oscillator. The excited states as well as the 
ground state are cyclic vectors since the nodes are 
isolated points which have measure zero. We can there- 
fore go through the argument leading to (9) taking for 
WV, the first excited oscillator state. The zero of the 
energy scale must, of course, be correspondingly ad- 
justed, i.e., we should put then 


H=\(P+¢)-}. 

Arguing as in Sec. II we obtain 
A=2-4(p—iL), At=2-4(p+iL), 
L=q-q' H=AtA. 


(1.4) 


1.5) 


The appearance of (1.5) seems in contradiction to the 
fact that H now has a negative eigenvalue. This ap- 
parent paradox is explained as follows: although A* is 
formally the Hermitian conjugate of A it is not a proper 
adjoint because of the singular character of L.'5 


APPENDIX Il. THE LINKED CLUSTER THEOREM 


In statistical mechanics and in quantum field theory 
one is frequently dealing with hierarchies of the fun 


tons g,(4 r,) which have the following asymptoti 


I. E. Segal, Mem. Am 
We are indebted to V 


tion of this poin: 


Math. Soc. 9, 65 (1951) 
Bargman and H. Araki for a clarifica 


“4 
5 
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property : If we divide the points x;- - -x, in an arbitrary 
fashion into m clusters of k,---k,, points, respectively, 
and denote the points in the ith cluster by 2,1: + - xix, 
then, as we increase the separation between the dif- 
ferent clusters 


Bn (Xr + Xn) —> Ber (Xi1- + + 1ky) Bka(Xe1* + +e 2kg) *° 


XK gkm(Xmy* * * Xmkm). (11.1) 


The physical meaning of (II.1) is simple. If the func- 
tions can be interpreted as probability distributions 
then (II.1) states that all correlations decrease with 
increasing separation in space and that one obtains 
statistical independence in the limit of infinite separa- 
tion. We shall call here a system of functions with the 
asymptotic property (II.1) for short a g-system. Ex- 
amples: Let W be an arbitrary normalized physical 
state in one of our models. The two most frequently 
used ways to represent W are (a) by the set of Fock- 
space amplitudes and (b) by the set of “covariant wave 
functions.”’ The former are defined by 


Cn(X1° °°, N-KQo 


a(x)++-a(x,)|¥). (1.2) 


In (11.2) Q is the “unperturbed vacuum,” a(x,) are 
“bare particle destruction operators” and JN is a nor- 
malization factor which depends exponentially on the 
total volume and is introduced to make the amplitudes 
finite in the case of infinite volume. The covariant wave 
functions are defined by 


On\X1° °° Xn) (Vo 9(%X1)°** G( Xn) WV). (11.3) 


Both sets of functions are g-systems. The reason for 
this may be seen most simply in the terminology of 
Eq. (20) of Sec. II. Since both the actual Hamiltonian 
and the unperturbed Hamiltonian are approximately 
decomposed in the form (20), the projection operators 
on the true and on the unperturbed vacuum are both 
approximately products of projections which belong 
to Ry. Secondly, every normalizable physical state be- 
comes equivalent to the true vacuum in the asymptotic 
regions of space. Finally, the bare particle annihilation 
operators a(x) are “almost local” in the sense used 
by Haag.'® 

The following theorems are useful in dealing 
g-systems. 


with 


(1) Truncated functions. One introduces the system 
of functions s,, Yy°°°*Xn) 


£1(X) =5,(%), 


£2(X1,%2) = So(X1,%2) +51 (41)51 (4X2) 
$3(X1Xoxs) +51 (21) S2(xox3) 


+ 31\ Xe 


£3(X1XeX3) 
$o(X1%3) +51 (43) S2(X1%2) 


+51 (x1)51(x2)51 (x2), 


(II.4) 


Xmi°* *Xmkp). 


tn) =D sky (xya+ «Xk 1) «+ Ske 


. Haag, Phys. Rev. 112, 669 (1958) 


AND R 


HAAG 


Let us « all R,, the radius of t iallest sphere enc losing 
Then IS 


the points x,---x, equivalent to the 


statement 


$,(41°-'x,) 0 for R,—- oo. 


(II.5) 


We call (IT.4) the “Ursell expansion” or “linked cluster 
expansion.””!” 

(2) Generating functional 
convenient constants go=1 
Then to any system of functions 


functional by 
Jo. 


x f Up,°°°) = 1x): 


For the following it is 
to define the and so=0. 


we define a generating 


G(f)=d (n! 


-dx,. (11.6) 


For a g-system the 
equivalent to 


asymptoti (11.1) is 


prope rty 


G(fitf >G(f)GU (II.7) 


if the separation between the supports of the two test 
functions f; and f» is increased towards infinity. On the 
other hand, for a system of truncated functions the 
equivalent of (IT.5) is 


Sf SC ‘e). (11.8) 


The Ursell expansion corresponds 
relationship 


functional 


G(f) (11.9) 


expS(/). 


For formal calculations it is often useful to insert in 
(11.6) instead of the « function f(x) a set 
of formal creation operators a(x) as in (50), (51). Gand 
S are then operators in a Fock space and the functions 


may be obtained from the generating operators by 


~ 


number test 


G(at) Q), 
(1.10) 
Q 
(3) Corollary. For f(x we get 
identity 


from (II.9) the 


i+>- (n!) 


n 


(1T.11) 


If the s, are translationally invariant functions satisfy- 
ing Eq. (11.5) then /§---Sfs,(a v,)dx,-+-dx, is 
proportional to the volume V for large V. In that case 
the left-hand side of (11.11) becomes therefore equal to 
expceV, 


where c¢ is independent of V. Since the nor- 


1H. P. Ursell, Proc. Cambridge Phil. So 
J. E. Mayer, J. Chem. Phys. 5, 67 (1937): B 
Uhlenbeck, Physica 5, 399 (1938 


23, 685 (1927); 
Kahn and G. E. 
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malization factor in (II.2) is given by 


N=1+>, (n!) tf Planer 0) Pardee 


and |g,|* is also a “g-system,” the volume-dependence 


of N is exponential. (See also reference 4.) 


APPENDIX III. VARIATIONAL APPROXIMATION 
FOR A ; 


We want to find the best bilinear approximation for 
A. Let us define “best” as that expression which gives 
the lowest expectation value for H. Consider the mode] 


1 1 
a=- f r(ayest- fr(ame(melniPadr 
2 2 
+ (1 41) fae (as - +44) 9(%1)+ + + G(x) 

XK d3x,- ++ d*x,4. (IIT.1) 

[Compare (3) and (4a).] For bilinear A we evaluate 
easily the expectation value of (III.1) using for in- 


stance (7), (8), (31) and (46): 


(0,60)! (0,H do) 
1 1 
= =f x(ainddtn t= fWOr(a,2 Ma ada es 
4 4 


+632) f h(a + ag )AT* (x0) (924) 


Xd*x,-+-d*x,4. (IIT.2) 


It is convenient to introduce the reciprocal of the 
Fourier transform of A(x,y) as the unknown. Therefore 
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we put 


A(x,y) = (24) fo) texpip(x—y)d*p. (IIT.3) 


Furthermore, let 4®(p) be the Fourier transform of 
h® (x,y) and 


K (p,q) = (2m) fice Pita Biddy, (111.4) 


where £ 
becomes 


(2m)*V—*(o,60)-" (0,0) = f [o(p) +h (p)o(p) ld*p 


Xi—X2, N=X2—X3, [=X%z3—%, then (III.2) 


1 
+ [ Kp@olPodepae (I1I.5) 


V is the total volume of space to which (¢0,H@») must, 
of course, be proportional. To make (III.5) an ex- 
tremum p must satisfy the integral equation 


1 
p(p)*=h® (p) +f KoaoCaoae (IIT.6) 


We remark that in the case of the local field theory 
(3), (4) 
k® ax p'+ m?, 


h® (é,,f) = go(2m)*5(E)5(m)5 (5), 
k(p,q) = fo. 


In this case (III.6) is solvable and leads just to an 
infinite mass shift, 


p(p)= (pP + M?)-* 


Umit deo f (p+ MyM (HII.7) 
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Pion Theory of Nuclear Forces with Nucleon Recoil* 
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The nuclear potential between two nucleons with nonrelativistic velo 
is calculated by using the relativistic pion theory and taking fully into ac 
The resulting potential completely disagrees with the Klein potential! 

a lesser extent. It is shown that an expansion of the contribution of th 
of the pion and nucleon masses leads to erroneous results 


1. INTRODUCTION fields is usually expressed 


I’ has often been suggested! that perturbation theory 
might yield a fairly reliable result for the nuclear i a 1) 
potential in all regions except in the immediate neigh- 
borhood of the nucleons. Therefore, a semiphenomeno- — 
logical theory of nuclear forces, in which one uses a where 5 y related to the interaction energy density 
phenomenological potential at short distances and the H(z) in the interaction 1 oe 
pion theoretical potential at larger distances, has been 1 Ag 
developed by Lévy,’ Klein,? Gartenhaus,‘ and others. § far fa 
The second-order nuclear potential due to the pion n! U 
field is easy to derive, and the result is well known. 
However, an exact derivation of the nuclear potential y, fa ”) PCH (x) H 
in fourth and higher orders is extremely complicated, , 
and in all the calculations so far either the nucleon 
recoil has been completely ignored or it has not been However, as we have already pointed out,’ it is in some 
adequately taken into consideration. respects more advantageous to put 
In this paper we shall reinvestigate the problem of 
the fourth-order nuclear potential by using the rela- 
tivistic pion theory with pseudoscalar coupling. We 
shall assume that the nucleons are moving with non- 


A (a 


relativistic velocities in their center-of-mass system, and then expand 
but within this approximation we shall completely take 
into account the effect of the nucleon recoil. We shall 
also compare our results with those of Lévy and Klein 
to clarify the role of nucleon recoil in nuclear forces. 


4) 


It is easy to express the terms of the S,, and we 


The most interesting conclusion of the present paper nd 
hin 


is that the widely used practice of expanding the contribu- 
tion of the nucleon recoil in powers of the ratio of the pion 
and nucleon masses is mathematically incorrect. 


2. RELATION BETWEEN POTENTIAL AND 
SCATTERING OPERATOR , 
where 
We shall first discuss briefly how we can obtain in 
general a Hermitian two-particle potential from the 
scattering operator 


ab : ¢ . snotes summation OV i possibl 1 integré 
he scattering operator for a system of interacting denote biamemaene i ve integral 
- values of 1, 2, , Np» Such tl utnet+:--+n =n. 


* Supported in part by the National Science Foundation. When S,=0 for odd values 1, it follows from (5) 
! See particularly M. Taketani, S. Nakamura, and M. Sasaki, that 

Progr. Theoret. Phys. (Kyoto) 6, 581 (1951 °@ 
2M. M. Lévy, Phys. Rev. 88, 725 (1952 K (6) 

A. Klein, Phys. Rev. 90, 1101 (1953 K si " 

4S. Gartenhaus, Phys. Rev. 100, 900 (1955 =" i~O4 /y (7) 
8 For a survey of the considerable theoretical work on this 1 he latt tas al thes W. % ) } 

subject see G. Breit and M. H. Hull, An J Phys. 21, 184 (1953 ; where the latter relatio ows tna K, IS equal to the 

H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, — 

Peterson and Company, Evanston, 1955), Vol. II; and Suppl. *F. J. Dyso *hvs. Rev 5.4 736 (1949 

Progr. Theoret. Phys. (Kyoto), No. 3 (1956 7S. N. Gupt , ridge Phil. Soc. 47, 454 (1951 
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Hermitian part of iS,. However, in general 
K,#}1(S,—S,*). 


We shall call the simple expansion, given by (1), the 
direct expansion of the scattering operator. On the 
other hand, the expansion, given by (3) and (4), will be 
called the unitary expansion, because this expansion is 
exactly unitary in any approximation.’ We also define 
an effective interaction energy density H.4, which is such 
that the contribution of H. to the unitary expansion 
of the scattering operator in the first approximation is 
equal to the total scattering operator. It is then evident 
from (5) and (2) that Huy is related to K as 


K= (1/ch) f ax Hen(x). 


Since S is unitary, it follows from (3) that K is 
Hermitian, and therefore His, given by (8), is also 
Hermitian.* 

We now consider the mutual scattering of two 
nucleons, whose propagation four-vectors are p and q 
in the initial state and p’ and q’ in the final state. We 
can express the effective interaction energy of the two 
nucleons as 


(8) 


f aacnav- fave ~(p’ )e~*?’4Y"-(q')e*"'* 

XV (p’— p)¥* (q)e'**y* (p)e*”*, 
where ¥*(p)e'?* denotes a Fourier component of the 
positive frequency part of the nucleon field operator, 
y*-(p) denotes the Hermitian conjugate of ¥*(p), and 
V (p’—p) is related to the two-nucleon potential V(r) as 


Vir (2n)-* f dk eV (k), 


Substituting (9) in (8), we get 
K= (2r)*(1/ch)b(p— p'’+q—q'¥* (p' ¥*(q’) 

x V (p’—p)y* (q)y¥* (p), 
which gives us the required relationship between the 
scattering operator and the two-nucleon potential. 


(9) 


10) 


(11) 


3. PION-THEORETICAL NUCLEAR POTENTIAL 
Let us consider the mutual scattering of two nucleons, 


whose propagation four-vectors are p and q in the 


S4(a) = (19? g4/ ON’ \5(p— p’+q—q')[¥ q )y.7i7w* (q) IV 


fee i, 
xf auf av | aw ( 
0 0 [x?(o— 2w)?+A2(1—v) + (u—1 


[og,—w( putqu) IL 
*(yv—2w)*+A2(1—1 


sit should ter 
general. 


noted that our effective interaction energy 
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iensity 


WITH NUCLEON RECOIL 1147 


Xi 


S— 


P (@) 


Fic. 1. Diagrams for the fourth-order pion 


theoretical nuclear potential. 


initial state and p’ and q’ in the final state, and let 


he= Pp — Pu= — (Gu — Yu). (12) 


We then have in the center-of-mass system of the two 
nucleons 


, 


p=—q, p'=—q', po=qo=fo=qQ, 


k=p’—p=—(q’—q), ko=0. (13) 


The derivation of the second-order pion theoretical 
nuclear potential in the center-of-mass system of the 
nucleons is quite straightforward, and it is known to be 


1 g’ X 2 e* 
( )rcn( ) (2D -_) 
12 \4arch kK x 
> om 
x| 0-0 (1+ +=)s| (14) 
x # 


where A and « are related to the pion mass yw and the 
nucleon mass M as \=uc/h and x= Mc/h, x=r, So” 
is the tensor operator, and other symbols have the 
usual meaning. 

To obtain the fourth-order nuclear potential we have 
to consider the diagrams shown in Fig. 1. After re- 
normalization, the contributions of these diagrams to 
the scattering operator are found to be 


(p rity (p 


u>+uv)+ (p—q)*(w*—rw) | 


q-—w(p,+q,) ] 


), (15) 
)P 


4 


+k? (u—v—u?+uv)+ (p—q)*(w*?— ww 


8) is different from that in reference 6, which is not Hermitian in 
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(— in gt/ch?)b(p— p’+q—q' IV (q’)yatith* (q) IL (p')v.757.* (p) ] 


l u r bS ue 
xf auf av f dw ( —— 
0 0 0 [x?0?+-d?(1—9) + (u—v— 0? +1 


T Logy+w(p.— qu) JLvq. +w(pr— qr) ] 
[x*0?-+A?(1—0) +4? (u—0— 1? + uv— pw +" 


-vw-+w*)-+-(p 


Sa(c) = (—8in'g'/Ch*)3(p— p’+-q—q) LY (p’)vsrh* (p) IL (q’)vs7¥* (Q) J 
(R?+X 


(u— 0?) (k?+ 2?) (u— u*) (k?+-A?) 
xin(1 : ) +- (x? tun? 3un?) In + 


n+)? (10?— 1) e+ (0? — 4 


1 
S4(d) = S4(e) = (in g*/h*)5(p— p’+q—q') LY (q’)vs7h* (q) L- (p’ )v7.0* (p) ] , 
(k2-+-d 


; . v*k? + 2uvpk \?(1—1) \?(1—1) 
xf auf éo| —2 in( 1- )+ | (18) 
0 0 u°x?-+d?(1—) u°x?+-d? tk? 


(1—u)—vk?—2uvpk u’x*+d?(1—) 
Sa f)=Sa(g)=Si(h) =S,(i) =0. (19) 
We have evaluated all divergent integrals by the method of auxiliary fields,® which is mathematically unambiguous 
as well as free from difficulties of physical interpretation. 
So far we have not made any approximations. However, to simplify our calculations we shall now assume that 
the two nucleons have nonrelativistic velocities in the initial and the final states, so that we can treat p? and k? as 
small quantities compared with «*. It is then easy to see that the leading terms in S,(a) and S,(5) correspond to 
the values u.= v= 4 of the indices uw and vy in (15) and (16), and that S,(c) and S,(d) are negligible compared with 
S,(a@) and S,(6). Thus, retaining only the leading terms and carrying out some simplifications, we obtain for the 
total contribution of the fourth-order diagrams 


Se= (intg'/Ch)(p— p'+-q—7 {IV (@) rar (@) LV (0): * (D) 


+[y*-(q’) rit (q) v*-(p') 57h (p) Vn}, (20) 
where 


1 r 1 1 
| F f auf dt of du : 0 - 7 
> 0 ULate®(2w—1)2-++02(1—2) + e2(u—0) (1—u) ] 


1 , l 1 
I, f uf dv1 f dw ( ~~ — _ = 
0 0 J [xv®+A2(1—v)+k?(u—v)(1—u)] [v®?+A2(1—1 


When we carry out the integrations over w, we obtain 


1 , 1 
) f uf dv v— —— = 
4 ‘ [x?v?+-A2(1—v)+k?(u—v)(1—) ] 


4 N(1—2) +k? (u—1 
I= auf dt ( — ——_—_— , 
“9 [x*v?+A2(1—2) +k? (u—v)(1—u)] [er +d2(1—2) + (ue —1 


By using (7) and (11), we get from (20) 


V4(k) - (g', 16rch)[ 77, 7,0 r; DI +7,27,2 r; De OJ, } 
~ (g4/16x¢ch)[3(Lo+ 1s) +22: 2 (Iy—Te 
*S. N. Gupta, Proc. Phys. Soc. (London) A66, 129 (1953). 
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Substituting (23) and (24) in (25), and carrying out 
integration over the k space, we find that the fourth- 





order nuclear potential as a function of x= is given by 


= (29) fa e***V4(k) 


= — (g°/4rch)*\ch P(x) — 2+ 2™Q(x) J, 


where 


ray=— f auf dy —— 
8rd? (u—v) 2(1—w)?- 
- 
~~ f uf oo 
ER ig 


(x'/d!)P+ (1-2) 
ey 


with 


(s—s)(i—n ) 


We have evaluated the integrals P(x) and Q(x) numeri- 
cally for various values of x by taking \/x«=0.15, and 
the results obtained are given in Table I. 

The static potential (26) has been obtained by 
treating p* and k’ as small compared with «’ and re- 
taining only the leading terms in S,. If we also retain 
some smaller terms in $4, we obtain a spin-orbit inter- 
action, which is however too small to be of any great 
significance for nonrelativistic velocities of the 
nucleons.!® 


Taste I. Results obtained by numerical integrations of the quan 
tities P(x) and Q(x) for various values of the parameter x. 


P(x) 
0.86632 
0.18116 
0.06264 
0.02711 
0.01331 
0.00708 
0.00399 
0.00234 
0.00142 
0.00089 
0.00057 
0.00037 
0.00024 
0.00016 
0.00011 
0.00008 
0.00005 
0.00004 
0.00003 
0.00002 


U(x) 


0. 37890 
0.04868 
0.01216 
0.00405 
0.00161 
0.00073 
0.00037 
0.00021 
0.00013 
0.00008 
0.00005 
0.00004 
0.00003 
0.00002 
0.00001 
0.00001 
0.00001 
0.00000 
0.00000 
0.00000 


DAD bee pet ed tet ae be td ed 
coe mR IAW ew 


” For a discussion of the spin-orbit interaction in the fourth- 
order pion-theoretical nuclear potential, see G. Breit, Phys. Rev 
111, 652 (1958) ; S. Otsuki, Progr. Theoret. Phys. (Kyoto) 20, 171 


(1958); N. Tzoar, R. Raphael, and A. Klein, Phys. Rev. Letters 2, 


433 (1959) and 3, 145 (1959); S. Okubo and S. Sato, Progr. 
Theoret. Phys. (Kyoto) 21, 383 (1959). 
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Fic. 2. Fourth-order pion-theoretical nuclear potential V, in 
units of (g*/4rch)*\ch as a function of the distance x=Ar. The 
curves a and } describe the nuclear potential with recoil in different 
isotopic spin states as explained in the text, while the curve c 
describes the nuclear potential without recoil. 


We shall not derive higher-order contributions to the 
pion-theoretical nuclear potential, which presumably 
do not give rise to any appreciable effect outside the 
phenomenological core. 


4. REMARKS ON THE ROLE OF NUCLEON RECOIL 
IN PION-THEORETICAL NUCLEAR POTENTIAL 


The evaluation of the nuclear potential can be con- 
siderably simplified, if we make the further assumption 
that A/«<1. This approximation can also be looked 
upon as neglect of the recoil of the nucleons, because 
it is equivalent to assuming that the nucleons have an 
infinitely large mass compared with that of mesons. 

The fourth-order pion-theoretical nuclear potential 
with complete neglect of nucleon recoil was first 
obtained by Lévy," and was found to be 

V,(Lévy)=— 


(g*/4arch)*\ch(3d*/29x?)K,(2x)/x*. (30) 


Later, Klein modified the above result by including 
partially the effect of the nucleon recoil, and thus he 
obtained? 
V 4(Klein) = — (g*/4arch)*\ch (3d?/2an*) (1/2") 
LK i(2x)— (9d/2x)(14+1/x)e**]. (31) 
It should be observed that (30) and (31) do not involve 


! We have dropped a spurious term in Lévy’s result, as given 
in reference 2. 





1150 St 


RA J 
the isotopic spin operators, while our fourth-order 
nuclear potential (26) involves these operators. 

The fourth-order pion-theoretical nuclear potential 
in units of (g*/4arch)*\ch as a function of the distance 
r=Ar is shown in Fig. 2. The curve a describes the 
potential (26) in the singlet even or the triplet odd 
states, the curve 6 describes the same potential in the 
triplet even or the singlet odd states, and the curve c 
describes the potential (30). We find that our potential 
(26) has the same general features as the Lévy potential 
(30), but the two potentials differ considerably numeri- 
cally. For instance, at a distance of one pion Compton 
wavelength the magnitude of our potential is less than 
that of the Lévy potential by 40% in the singlet even 
or the triplet odd states and by 20% in the triplet even 
or the singlet odd states. It is even more significant that 
our potential (26) is in complete disagreement with the 
Klein potential (31), because the second term within 
the square brackets in (31) completely changes the 
general features of the Lévy potential. 

We shall now discuss why the neglect of the nucleon 
recoil in nuclear forces is not very reliable from the 
theoretical point of view. Replacing the variable of 
23) and (24) by 


integration v in | 


we can express (23 


1s ' . Z 
Be f uf dz 

2x? Jy ; [222+ ka ( 1 — 
«L1+ f(A/«)], (33) 
where 
u){ 4u?(22—1) 


1(A/K) — (A/x) (2? 


+ (X/x)?(2?— u)? |] (34) 


We can neglect the effect of the nucleon recoil by neg- 
lecting A/x compared with 1. Thus, (33) reduces to 


" ; " 
' 3 f uf 
2k? Jy 1 


and similarly we can reduce (24) to 


7 ' . 
T,, f du cdz 
Qn" J, J) 


edz , 
[A22?+- hk? (1— 1) | 


N?s?-+ ku (1 — 1) | 


[ 
L 
2\?+ 2k?u(1— x) 
[A*s?+ k?u(1— a) P 


After some elementary integrations, we obtain from 


(35) and (36) 


N 


GU PT 


(2) fk k , dr fa Ls ry, 


\/4ork-r 


\ 


Ky 


2Ar), (37) 


which, on using (25), gir he Lévy potential. 


Howeve r, in the above tion we have neglected 
illy for large values 
ent of \/x and has 
the Lévy approximation 


treat A/x 


f(\/x) compared with 1, w ctu 


of z the quantity A\/x) is I pend 
the value —1. This sh 
cannot be justified nm even if 
as small compared w 
Further, the Kle 
retaining only the 
which reduces (34 


mn 


equivalent to 
tional to A K in (34), 


f(r 


A 


-1 while 
which is proportional to z. 


But, for large values of 34) behaves as 
(38) acquires a large value, 
K le 


‘ 
it Lévy 


This shows that the 
h in tl 


ipproximation Is even more 


objectionable t ition 


approxim 
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the treatment of nuclear forces may seem rather 
questionable. However, it seems to us doubtful whether 
the effect of nucleon recoil can be adequately taken 
into account in the extended-source meson theory. 
Moreover, as we have already pointed out, the per- 
turbation theory even with strong coupling can be 
applied to derive the nuclear potential outside the 
phenomenological core, while there does not seem to 
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be any theoretical justification at all for applying the 
perturbation theory to the pion-nucleon scattering. 
Therefore, it seems to us more reasonable to separate 
the problem of nuclear forces from the problem of pion- 
nucleon scattering, and test the validity of the present 
nuclear potential (both with as well as without the 
contribution of the p® meson) by applying it to the 


interaction of two nucleons at nonrelativistic energies. 
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Some Analytic Properties of the Vertex Function* 


REINHARD OEHME 
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(Received September 3, 1959) 


The absorptive part of the vertex function Fé’, p?, (k— p)*] is an analytic function of the mass variables 
k? and p*. On the basis of causality and the spectral conditions, the region of regularity D(c) of the absorptive 
part A (k?,p?,o7) is obtained for fixed values of ¢ 2c. The boundary of D(e) is calculated explicitly for the 
case k?= p, which is of interest in connection with form factors. By the use of examples based upon pertur- 
bation theory, it is shown that this boundary is characteristic for the physical assumptions that have been 
made. The intersection D of all domains D(e) for o 


> ¢ is the region for which F is an analytic function of all 
three variables, with (k—/)? in the cut plane and 


kp? 


composite structure of particles is discussed. 


in D. The relation of these general results to the 


A simple, direct representation for the vertex function F is used in order to find limits for the region in the 


(k—p)* plane where singularities are allowed by the axioms. For real k?= p? =z 
larities are restricted to a finile region, and the static 


corresponding cut in the z plane 


I. INTRODUCTION 


N an earlier article’ we have shown that in local field 

theories the electromagnetic form factors of particles 
can have singularities which are a consequence of the 
structure of these particles as composite systems. These 
“structure singularities” are related to the quantum- 
mechanical tunnel effect. They appear in the physical 
sheet of the complex z; plane [23= (k— p)*= momentum- 
transfer variable | only if the particle in question can be 
considered as a loosely bound system of its constituents 
such that the binding energy, B, does not exceed a 
certain limit. In 
masses m and ms, 


the case of two constituents with 


we have the limitation 


B<m+m,—(m?+m,7)!. (1.1 


The restriction (1.1) can be obtained by the use of 
examples from perturbation theory, but it is actually 
more general. It also appears, in a somewhat different 
form, if one derives analytic properties of the vertex 
function on the basis of Lorentz invariance, causality, 
and the spectral conditions.? In fact, it was in this 


*Work supported in part by the U. S. Atomic Energy 
Commission. 

'R. Oehme, Nuovo cimento 13, 778 (1959). This paper will be 
referred to as II; it contains further references 

?R. Oehme, Phys. Rev. 111, 1430 (1958). This paper will be 


referred to as I. 


cut (k—p)? 2, 


Pp’ =z, it is shown that the singu 
provided z is below the onset of the 


context that limitations corresponding to Eq. (1.1) 
were first obtained.* 

In this paper we discuss some further analytic 
properties of the vertex function which can be obtained 
from the axioms mentioned above. In the first two 
sections, we explore the ‘“‘cut-plane” representation of 
the vertex function. This representation has been 
introduced in a previous reference. It defines the 
domain D in the space of the complex variables z,= k* 
and 22= 7p for which F(z;222,) is an analytic function 
for (2,2.)eD, and 23 in the whole zs plane except for 
the static cut #32’, ys=0. The region D is the inter- 
section of all D(a) for «o>, where D(a) denotes the 
domain of analyticity of the absorptive part 


A (2,220?) = lim (1/21) F (2\220?+-ie) 


F (z,20—ie)] (1.2) 
as a function of 2; and z:. The mass ¢2 0 is given by the 
spec tral conditions. For the case 21> 22=2, which is of 
interest in connection with form factors, we compute 
the boundary of D(c) in the complex z plane. Then we 
show, using examples based upon perturbation theory, 
that the boundary is characteristic for the axioms that 


*H. J. Bremermant 


R. Oehme, and J. G. Taylor, Phys. Rev. 
109, 2178 (1958 
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we have used. This means that the region D(c) can 
only be enlarged by introducing additional, 
assumptions into the problem. 

In Sec. 3, we use a “direct” representation of the 
vertex function in order to obtain a limitation for the 
region S; in the zs; plane where complex singularities are 
allowed by the axioms. In the derivation of the direct 
representation, only a fraction of the consequences of 
causality and spectrum are used, and hence the resulting 
region of analyticity is not characteristic for these 
physical principles. However, the representation is 
sufficient to show that .S; is finite if z is real and below 
the onset of the static cut in the z plane. 

Let us add here a few remarks concerning the 
limitation (1.1). Physically we require that the masses 
m and mz are restricted to the experimental masses of 
existing particles having the right quantum numbers and 
interactions to form the composite system with mass 
M,y=m-+m;,;—B, the form factor of which we are 
considering. However, in the general approach we use 
very little information about the low-mass states in 
the Hilbert space corresponding to the strongly inter- 
acting particles. The spectral conditions give only 
lower limits; they require for instance 


new 


m+m;2a, 2m2c. (1.3) 


Often it is possible to find unphysical masses m and m, 
which satisfy the conditions (1.3) and lead to a binding 
energy B such that the inequality (1.1) holds. Then 
there appear structure singularities in the 23 plane that 
are unphysical, because they describe the composite 
structure of the Mo particle due to the probability 
distribution of the physically nonexistent m and mz, 
particles with respect to the center of mass of the bound 
system. As an example, take the form factor of the 
nucleon, where a=M-+m,, c=2m,, and Myp=M. For 
the physical choice, m=m,, m;=M, the inequality 
(1.1) is not fulfilled, whereas the unphysical possibility 
m=m;=}(M-+m,) gives 


B=m,<((v2—1)/v2]}(M+m,). 


Physically, and according to the examples from pertur- 
bation theory,' we expect that the composite structure 
singularities appear always on the real axis for real 
values of the mass variable z. On the other hand, we 
know that in many practical cases the axioms, i.e., 
Lorentz-invariance, causality, and spectrum, do not 
exclude the appearance of complex singularities in a 
finite region of the z3 plane.‘ It is not known at present, 
to what extent the additional assumptions, which are 
necessary to eliminate the unphysical structure singu- 
larities, will also restrict these complex singularities. 


Il. THE CUT-PLANE REPRESENTATION 


It may be instructive to sketch briefly the main 
steps in the derivation of the cut-plane representation 


*R. Jost, Helv. Phys. Acta 31, 263 (1958 
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As usual, 
in the analytic properties, it is sufficient to consider only 
real fields. Let us introduce three such fields 
a(x), @a(x) and oc(x). We 
current operators by 


for the vertex function.’ since we are interested 
S¢ alar 


denote the corresponding 


1 (a ma*)ba(x), etc. 


The vertex function is then the Fourier 
transforms of the value of a 
retarded or advanced product. We choose to write it in 


the form 


G(k,k2) J fener etkizitihaziG (xy), aa) 
where 
0» 
| 


C(O 
G(x.) (0 
bd (x2 )bb. 
+-6(x;—x2)[C(0),| 


given as 


vacuum expectation 


4 084 


(2.2) 


The current {(x), B(x), and C(x 


causality requirements of the form 


operators satisfy 


5A (x;)/bb 8 (x2) = —10(x1—2 1 (x,),B(x2) ]=0 (2.3) 


unless we have 
(Xy r9)° 20 


and Cj9— X29) 2 O. 


function 
the matrix 


( ondition, the 
] 


G(k,,k2) is, of course, directly related to 
element 


By means of an asymptoti 


p C(O : 


of the current operator ( the one-particle 


states corresponding and op, 
respectively. 

As a consequence of the causality condition (2.3), 
the integrand in Eq. (2.1) has support only if x, and 
x2 both lie inside or on the past light cone; that is, 
we have 


~ , 
G(x,y)=0, unless 2x10‘ X; Yoo — | Xe 


These support properties imply that G(k,,k2) is the 


boundary value of an analytic function in the com- 
ponents of the four vectors k; and ko; it is regular in the 


tube domain 
Im k, Im ko>!|Imk 


Im kio> (2.4) 


G(ki,k2) under orthochronous 
Lorentz transformations and the analyticity in the 
tube (2.4) are sufficient to assure that the analytic 
function depends only upon the inner products 


The invariance of 


ind 2 kitks 


(2.5) 


the domain over which the inner 


od D. Hall and A. Wightmar 


; Danske Videnskab. Selskab, 
Mat.-fys. Medd. 31, No. 5 (1957 
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products vary if the vectors vary over the tube (2.4). 

The region 3M is a domain in the space of three complex 

variables which is bounded by pieces of analytic 

hypersurfaces.° Here we are only interested in the 

property of 9% to contain the whole cut 2; plane, 

provided z,; and z2 are real and negative. For such 

values of 2; and Zz. we may then write’ 


1 - A (2207) 
F (22023) =— f do?—— q 
i? 


@ 
T o*-—Z3 


(2.6) 


assuming that F (2,223) is sufficiently bounded for 
z3— *. In general a finite number of subtractions may 
be required. The absorptive part A (z;22.0°) is given by 
Eq. (1.2); it can be directly expressed as a Fourier 
transform of vacuum expectation values. Using Eqs. 
(2.1), (2.2), and (2.6), we find 


i 
A[k;’, k?, (ki tke)? |= ff are, ethizit tkare 
2 


X (0|6(—x2)[[C(0) ,B(x2) ],A (x1)] 
+4( hd x2)[C(0),[A (x1),B(x2) ]] 0). 


(2.7) 
The representation (2.7) will enable us to show that, 
for fixed o*, the absorptive part A (2;220*) is an analytic 
function of z; and 22, which is regular in a certain 
domain D(c). 

So far we have used only the causality conditions 
(2.3), but we shall need now also the spectral conditions, 
which may be expressed in the form 


(0|A|n)=0 
(0| Bjn)=0 
(0|\C|n)=0 


unless p,?2 a’, 


p20’, 
pede. 


Here |m) denotes a state with positive total energy 
pro and total momentum p,. Using the spectral condi- 
tions, we can simplify the expression (2.7). The first 
term in this representation may be decomposed with 
respect to a complete set of intermediate states |) 
such that there always appears a factor (nm! A (x;)|0) or 
its complex conjugate. Hence we may use Eq. (2.8) to 
show that the first term in Eq. (2.7) vanishes for 
k,?<a*. In the region of interest, i.e., for z; and 22 
real and negative, we may now write 


AL Ri?, ke?, (Rit+h:)?] 


unless (2.8) 


unless 


i 
= J fart exp }i(ki— ke) - y+-i(kiths)- x] 
2 


X6(y)(0| [(C(—-x), [A Gy), B(—}y) ]] 0). 


(2.9) 


It is convenient to choose a Lorentz frame such that 


* G. Kallén and A. Wightman, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Skrifter 1, No. 6 (1958). 

7 The relations (2.6) and (2.7) can also be obtained by the use 
of the method described in Sec. 2 of reference 3. 
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ki+-k.= (0,0), o>9. We introduce in Eq. (2.9) a sum 
over intermediate states in order to bring it into the 
form 


(1/2¢) Siny | d*y exp[4i(ki— ke) -y J0(y) 


X (0|(A (dy), B(—4y) ]| m) 


< (n|C(O)|0)(2x)5(kit+ke— pn). (2.10) 


Because of o>0, the first term in the commutator 
(2.8) gives no contribution. Let us write g=4(ki— ke) 
and consider the functions 


fralQ=F(t 2) faye ¥9(+¥) 


<x (0|[A (hy), B(—4y)]|m), (2.11) 


which are Fourier transforms of retarded and advanced 
functions, respectively. As a consequence of the spectral 
conditions, we find 


fAq)- fa(q) =() 


unless we have 


(Spnt+-9)2 2, sPnot+go29, 


(2.4) 


and 


(bPn—gP 2B, 4Pno—go20. 


In Eq. (2.11) we take p,= ki +-ke= (0,9); then we have 
f= fa for all g that satisfy 


ba — (B+-q")'< go < (a+ q")'—4}eo. (2.12) 


The properties of the functions f, and f,, as expressed 
in Eqs. (2.11) and (2.12), are sufficient to prove, by 
the usual chain of arguments, that both functions are 
boundary values of an analytic function f(q).? This 
function is regular in the envelope of holomorphy of the 


‘domain WIUN(S), where we have 


W ={q:|Im qo! >|Imq}}, (2.13) 


and N(S) is a complex neighborhood of the region in 
real space defined by Eq. (2.12). Disregarding possible 
convergence factors and polynominals, the function 
f(q) may be represented in the form* 


}(x,u; 0) 
dx——__—_ 


f(q) few f ——— 
no(u) n° —(q—u)? 


where ® vanishes except for 


; (2.14) 


\uol+lul S40, x2xo 


(2.15) 


with 


Ko= Max {0, a—[ ( bo-+uo)?—u? }}, 
b—[(40—uo)*—u* }}}. 


Lehmann, Nuovo cimento 5, 1598 (1957 
Wightman (private communication). 


; L. G&rding and A. 
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The envelope ELWUN(S) ] is then given by the set of 
points g for which the denominator in Eq. (2.14) does 
not vanish for any set of parameters satisfying the 
conditions (2.15). Note that f(g) depends upon the 
internal variables of the state |) with p,= (¢,0). 

We may now insert the representation (2.14) into 
Eq. (2.10) and introduce, as a new weight function, 
the result of the summation over all states |m) with 
pbn=(o,0). Then we obtain a representation for A (2220") 
which can be written in the form 


W (kK, ; 07) 
fou fi a | 
«o(u) e—[4(ky -k2)—uP 


The weight function V has support only for w and « 
satisfying Eqs. (2.15). In addition it follows from Eq. 
(2.10) and the spectral condition involving C(x) that 
W vanishes 


A(k;’,ky?,0*) 


(2.16) 


for e?<¢ 


Although we have chosen a 
special Lorentz frame, we still have to make use of the 
invariance of A under space rotatidns. It follows that 
the weight VW can only depend upon the length of the 


where 


s(1+¢ 


and 


ko= max{0, a—}o[_(1+n)?—#]}, 


b—4o[ (1—n)?—#}). (2.21) 


In the language of function theory, the simple angle 
integration which leads from Eq. (2.16) to Eqs. (2.17) 
or (2.20) corresponds to an enlargement of the envelope 
E[TWUN(S)]. This gain is due to the fact that we have 
restricted our functions to the narrower class of rotation- 
invariant functions depending only upon go and q’. 


Ill. THE DOMAIN OF REGULARITY 


In the space of two complex variables, the domain 
D(c) is the set of all points 2, 22 for which the de- 
nominator in Eq. (2.20) cannot vanish for any allowed 
set of parameters. The intersection of D(a) with the 
real space has already been discussed in I. Here we will 
generalize these results and compute the boundaries of 
the domains D(c) for certain cases of interest. As far as 
form factors are concerned we are mainly interested in 
the function F(2,2023) for z3=22=z and a=). In this 
case D(c) degenerates to a region in the complex z 
plane. For every o2c we can characterize the comple- 
ment of D(c) by the set of all points which may be 
represented in the form 

tiy g?+ ix(o*— 4g")! (3.1) 


’ 
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vector u. Therefore, taking q real, we can perform the 
angle integration in Eq. (2.16) and find a representation 
that depends only upon go and q’. In order to avoid 
the appearance of a logarithm it is 
redefine the und 
tation in the form 


: a 
A (21220°) f iu f duo 


j 


convenient to 
write the 


we hte frunct 
weilg run on 


represen- 


» (2 


Here go and q* may now be taken complex. They are 
given in terms of the 


(2.17) 


Jo— Uo) +q?+u? F— 4u’q? 


ovariant variables 2, 22, and 0? by 
go= (%1—22)/20, q 
2.18) 
Using the definition 
A( 21202 o°+2 


we finally obtain the cut-plane representation 


B em " lo" 


with 


max{0, a—g}. 


Then we find that the boundary can be described by 


pie es of the three curves 


{ 


y 


For c=0 we have the cut plane x2 a’, y=0, but as soon 
as o becomes finite the cut is embedded into a singular 
region. In the interval 0S oa, D(e) is 


then given by 


the domain 


yi>y¥ 


and 


Fe yr ¢ 
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Finally we obtain for o2a 


¥| <Ymin(X%,o) oF 


Y| > Vmax(%,0) 
for @°/252%<e, 
and 

> 


4 


y'>ox! for x2 2a’. 


In order to give a qualitative picture of the domains 
D(o) for various values of ¢, we have plotted the 
boundary in Fig. 1 for several characteristic cases. 

Of special interest is the intersection of the regions 
D(c) for all o> c. Let us define 


D(a,c)= f) Dio). 


o2c 

Then the vertex function F (zzz3) is an analytic function 
of the two complex variables z and 23, which is regular 
for zeD(a,c) and all values of zs except those on the 
static cut x32, y;=0. For spectral conditions with 
c<a, the domain D(a,c) consists of all points z which 
+o. But for 
c>a, the region D(a,c) contains, in addition to the 
points with x< 4a’, the set 


lie to the left of the line x= ha’, —o ly 


y|<ymia(z,c), 4a°QxQ—+e 


Here the quantity ymin(x,c) is the function given in 
Eq. (3.2) with @ replaced by c. Using Fig. 1, one can 
easily visualize the shape of D(a,c) as the intersection 
of all D(c) for a2 c. 

We may now ask whether or not the regions D(c) 
and (or) D(a,c) are characteristic for the assumptions 
we have made, namely Lorentz invariance, causality, 
and the spectral conditions. Here we call a domain 
characteristic if it is not possible to continue analytically 
beyond its boundary without introducing additional, 
new assumptions into the theory. From the method used 
in Sec. 2 for the derivation of the cut-plane represen- 














Fic. 1. Boundaries of the domains D(c) for various values of ¢ 
and 2=2,=2:, a=b=2. The region of analyticity lies always to 
the left of the corresponding curve. The region D(a,c 
intersection of all domains D(¢) for o 2c. 


is the 
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tation, it is not evident that the domains D(o) are 
characteristic. However, we shall show in the following 
that it is possible to find functions that satisfy all the 
conditions we have imposed and that have singularities 
at points on the boundary of D(a). In this way we can 
account for all boundary points of the domains D(c) 

and thus prove that they are characteristic. 
Perturbation theory is a rich source for the construc- 
tion of functions satisfying our axioms. We use here 
especially the function 
F , (2,23) = F ,(2223,mmms), 


which has been discussed extensively in I and II. In II 
we have shown that, for all z=a+7y with x<m’+mj7, 
the function F, may be represented in the form 


L ent 
_A,(2,0°) 
j= da’ ? 
: o—-z 


4m “3 


F,(s, (3.6) 


where the absorptive part A ,(z,0*) is given by 


1 


(m-+-ms)* |[s— (m—mz,)? 


2(2—m?+m’)—o* 


[o?(o?— 4m?) }! 


(3.7) 


By construction, the 
axioms including the 
require 


function F,(z,23) satisfies all our 
spectral conditions, provided we 


m+m;2a and 2m2c. (3.8) 


We may also generalize F,(2,z3) somewhat by choosing 
the lower limit of the integral in Eq. (3.6) to be an 
independent constant co2c. Then we consider A ,(z,0*) 
only for «> co, and the spectral conditions are satisfied 
for m+m,2>a even though the mass 2m in Eq. (3.7) 
may be smaller than c. 

For a given «2c, the absorptive part A ,(z,o*) has a 
pair of poles at 


s=a+tiy=m'*+me+ im, o?—4m*}). (3.9) 


Let us choose the ‘‘masses”’ m and m; such that we have 


m+m,=a 
and 
m*+-m= x, 
or 
2m= a+ (2x—a?)!, 
and (3.10) 


2m;,= a¥ (2x—a*)!, 


for x2 4a*. Using the upper sign in Eqs. (3.10), we see 
from Eq. (3.9) that the position of the pair of poles is 
given by x and y=+Ymin(x,c). On the other hand, the 
lower sign gives y=+¥max(x,0). Here the quantities 
Ymax(%,7) and Ymin(x,7) are just the functions that have 
been defined in Eqs. (3.2). We can now account for 
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the complete boundary of D(c) for any given o2c. 
For every pair of points on the boundary, we use 
function (3.7) for different values of the parameters m 
and mz: 


(a) The points on the curve y=+/yYmin(x,0) are 
obtained by the use of the upper sign in Eqs. (3.10). 
This curve is applicable in the interval 4a?< x< 30? 
—ao+a? for a<o< 2a and in 4a?< x< a for ¢ 22a. In 
both cases we have o22m2a. 

(b) We obtain y=+ymax(x,o) using the lower sign 
in Eqs. (3.10). For «2a the curve is applicable in the 
range 4a?<x<a@? and for o<a in the interval }0?—ae 
+a’?< xa’. We have always a>2m20 besides the 
conditions o2c. 

(c) Points on the curve y=+ox! for x>a* can be 
obtained with our example if we use the parameters 
m=0, m3= x. 


2 


In the previous considerations we have used pertur- 
bation theory only as a mathematical tool for the 
construction of functions which satisfy the axioms. 
However, as we have seen in I and especially in II, it 
can also be used as a guide for the understanding of 
the relation of certain singularities to physical properties 
of particles. It is the boundary of the domain D(a,c) 
that is of primary interest in this connection. For real, 
positive values of the mass variable z=x and real, 
negative values of- the momentum-transfer variable 
the vertex function F(z,23)=F (2223) may be 
interpreted as an electromagnetic form factor of a 
stable particle with mass x*. For zeD(a,c), this form 
factor is an analytic function in the z3; plane except 
for the static cut x32c¢, ys=0, which is related to 
absorptive processes. For the examples in IT a condition 
corresponding to zeD(a,c) guarantees the absence of 
structure singularities in the physical sheet of the 23 
plane. But for real values of the mass variable, which 
are above the boundary point of D(a,c) on the positive 
real axis, the structure singularities are in the physical 
sheet ; often they determine the slope of the distribution 
in coordinate space. The formal connection between 
the real boundary point of D(a,c) in perturbation theory 
and in representation (2.20) has been discussed in I. 
In view of the results obtained in II, we can now 
describe these limitations in a physical language. Let 
us use an example. In perturbation theory, the nucleon 
form factors have only the usual absorptive singularities 
(static cuts) in the physical sheet of the zs plane®?; 
they describe the pion cloud. Because of the con- 
servation of nucleon number, it is mot possible to 


23> X34, 


consider the nucleon as a loosely bound system of two 
other particles with masses m and mz; such that the 
binding energy B=m-+m;—M is smaller than m+m, 
— (m*+-m;?)'. However, if we use only the axioms 


*Y. Nambu, Nuovo cimento 6, 1064 (1957); and 9, 610 (1958). 
K. Symanzik, Progr. Theoret. Phys. (Kyoto) 20, 690 (1958); 
R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. Rev. 
111, 1187 (1958). 
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employed in Sec. 2, the spectral conditions do not 
specify the type of particles appearing in the inter- 
mediate states. All they do is set a lower bound for the 
total mass of a given state. Let us take the isotopic 
scalar part of the electromagnetic nucleon form factor. 
Then we have a=M-+m,, c=3m,, and the boundary 
curve of the domain D(a,c) is given by the line 
x=4}(M+m,)’, —~ <y<+~~. The point z= M corre- 
sponding to the mass shell lies outside of D(a,c), and 
consequently there will be certain structure singularities 
in the physical sheet of the zs plane. For example, the 
spectral conditions do not prevent us from considering 
the nucleon as a bound state of a boson with mass 
m=%m, and a baryon with m;=M—4m, such that 
m+m;=M-+-m, and 2m=3m,. This system is bound 
loosely enough for the slope of the m-particle distri- 
butions to reach outside the pion cloud. The maximal 
range of the probability distribution of the m particle 
is given by? 


2M —m, 1 
> 7 : 
4m,[(2M+m,)(M—m,)]}! 3m, 


Although the conservation of nucleon number has been 
used in order to obtain the spectral condition with 
a=M-+m,, the condition itself does not exhaust the 
information the corresponding lowest inter- 
mediate state |”). We have not used the fact that this 
state consists of one physical nucleon and one pion. 
If we want to exhaust such information in the general 
approach, we are led to consider relations of the vertex 
function with Green’s functions of higher order. It is 
reasonable to expect that a more complete analysis of 
this kind will eliminate the unphysical structure 
singularities. However, according to their definition in 
II, structure singularities appear always on the real 
axis, and we know, especially from Jost’s example,‘ that 
they are not the only source of nonabsorptive singu- 
larities in the 2; plane. In any case, as we have seen 
from the example given in I as well as in Sec. 1 of this 
paper, the limitation x<4(M-+m,)* can be understood 
in terms of unphysical structure singularities.” 


about 


IV. DIRECT REPRESENTATION 


In the have discussed 


previous sections we the 
analytic f 


properties of the vertex function F (22223) 
starting with the requirement of regularity in the cut 
z; plane. From Eq. (2.20) we can in general obtain a 
domain D(a,b,c) such that F(z,%223) is an analytic 
function of three complex variables for (21,22)«D(a,b,c) 
and z; in the cut plane. If (2;,z2) are not in D(a,b,c), we 
expect additional singularities to appear somewhere 
in the z; plane. For this case it would be of interest to 
know the exact shape of the re gion of analytic ity in the 


zs; plane, especially for real, positive values 23=21<@? 
In the case of the pion-nucleon 
nucleon scattering amplitude, the situati 


to the one described here 


vertex and the nucleon 
yn is completely analogous 
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and 22= x,<*. The problem of finding the region that is 
characteristic for the axioms is essentially equivalent 
to that of computing the complete envelope of holo- 
morphy of the primitive domain obtained from Lorentz 
invariance, causality, and spectrum. We shall not 
undertake this rather involved task." Instead we 
derive a simple representation, which is not the best 
possible, but which is sufficient to show that, for positive 
a, b, and c, the points where singularities may occur 
are restricted to a finite region in the z; plane and the 
static cut 4;2¢, y3=0. 

Let us write the vertex function (&|C(0)|p) in the 
form 

G(k, —p)= ~i fas e**-=9(—x)(0| [C(0),A (x) ]| p), 
where |p) is a one-particle state corresponding to the 
field @g. We introduce the related advanced function 
and write, using translation invariance, 


G,,a(k, —2) =+ if avs e'¢'76(+-2) 


x (0|[A (4x), C(—4x)]|p), (4.1) 
where g=k—}p. We choose a Lorentz frame such that 
p= (21,0). As a consequence of the spectral conditions 
(2.8), we find then that we have G,—Ga=0 for all 


Flestn)= [arf dn fs 


The function (2,2923) has been defined in Eq. (2.19), 
and x; is given by 


x= max{0, a—¢((1+n)?—-#]}, 
c—tl(i—n)?—#}}. (4.5) 


Note that in Eq. (4.4) the quantity +.=4f is a real 
parameter, 2¢ being the mass of the one-particle state 
p). The spectral condition (2.8) of the B field does not 
appear explicitly in the formula (4.4), but we have 
always b> 2t because the field ¢g(x) describes a stable 
particle. The region of analyticity obtained from the 
representation (4.4) is the envelope of holomorphy of 
the primitive domain WUN(S’) with respect to the 
class of rotation-invariant functions depending upon 
go and q. Here W is the tube domain (2.13) resulting 
mainly from the causality condition, and N(S’) is a 
suitable complex neighborhood of the real region S’ 
given in Eq. (4.2). The regularity of F for (2,23) eV (S’) 

is a consequence of causality and the spectral conditions 
for the A and the C field. We would like to stress that 
for the derivation of Eq. (4.4) we have not used al! of the 


‘! Compare reference 6, where the envelope has been computed 
for the case a=6=c=0. For arbitrary spectral conditions, it is 
somewhat more difficult to guess the boundary of the envelope, 
which is more or less a prerequisite for the present method of 
proof. We hope that the results of this paper may be of some help 
in this connection. 


OF VERTEX FUNCTION 
geS’ where S” is the region 


t— (A+ q*)'<go< (@&+@)'—1. (4.2) 


By arguments that are completely analogous to those 
used in Sec. II, it follows that G, and G, are boundary 
values of an analytic function G(q,t) which may be 
represented in the form® 


Glgi)= f au f pe ba 
«j(u) e— (q- u)? 


The weight function ¢ vanishes unless we have 


| wo! +|ul <4, 


(4.3) 


and 


x>«x,=max{0, a—[_(t+-)?—u? }}, 
c—[(t—t)?—u?}}). 


Because of rotation invariance, @ depends only upon 
the amount of the vector u. We can perform the 
redundant angle integration, and, using 


21 — 23 hit soli 
g=—— and g@=f-—- — 
4 


we obtain the following representation for the vertex 
function F (2,423): 


p(x,£,n; t) 
P— (2)-+23)-+(21—2) P— EA (2y4 022) 


implications of causality and spectrum, and hence we 
cannot expect that the resulting region of analyticity is 
characteristic as far as these physical requirements are 
concerned. However, disregarding possible subtractions, 
the representation (4.4) is the most general function 
that satisfies the mathematical conditions contained 
in Eqs. (4.1) and (4.2). 

Let us now discuss the region of analyticity in the 2, 
plane for real values of the mass variable z,. Since we 
are mainly interested in form factors, we shall take 
a=b and x;=x,=4f, where 2i<a. In addition to the 
static cut x,;2c*, ys=0, we have then singularities at 
those points of the z, plane that can be represented 
in the form z;=x3+iys, where x; and y, are real, and 
given by 


(4.4) 


(1+»)[\?— (1—)?+# ]—4# 
X3= 2f— ———, (4.6 
(1+)*-—# 
and 
2FE 
fies 


({(\?—2+[(1+9)?- 
(14+n)—# 


#}} 


x{2—[(1+n)*— 2} a9), 
where A2x,/t, OC EC1 and |n!<1—£. We consider 
first the special case a=c, in order to get an idea about 
the shape of the region defined by Eqs. (4.6). The 
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Fic. 2. Region of analyticity of the vertex function in the 23 
plane. The parameters are a=b=c=2, x;=x.=4f. For a given 
value of the mass variable, 2/, the function is regular outside the 
corresponding closed curve and with the exception of the static 
cut. 


domain of analyticilty is as follows: 


(a) for 0< 2¢< 4a, we have the whole z; plane except 
for the static cut x3;> a’, y3=0; 
in the range }a< 2t< dal (17)'—1 ], the region 
| ys] Sy (x3), = 
(4.7) 


2t) < x3 < 8P[ 14 2t/(a—21)] 


is excepted in addition to the static cut, and 


for a/4{(17)! € 2t<a, the cut and the region 


V3| < V1(%3), 
~ 2t) < x3 $ 8P[1+4 2t/(a—2t) J; 


V3 < V1 (x3), 


a $(a?— 4/° l< 


' (4.8) 
wale.) 

x3 < 2a(a— 21?) 
are excepted. The functions i(x%3) and ye(x3) are 
given by 


¥1,2("3) = H[x3,he (x3) J, (4.9) 


where we have 


and 


H (x3,h (4.10a) 
In Figs. 2 and 3 we have plotted some of the regions 
(4.7) and (4.8 DI 


As long as 2/ is less than a, the complex 
singular region is 


finite; especially, we have always 


analyticity in a strip along the negative real axis. But 
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a2>c>2a/3 we obtain 


2 
(14 + 
a—2l 


provided we have }c< 2t< 2c—a, and 


(a—c)(c—21/) 


2t(a— 21) 


x3) = 8F{14[2t/(a—2t) ]+ (a—21)/8} (4.13) 


for 2c—a< 2t<a. For cases where we have 0< ¢< 2a/3, 
we find Eq. (4.13) provided 4a<¢ 2/<a. In the special 
case of the electromagnetic form factors for the nucleon, 
we have for the isotopic vector part a=M-+m,, 
c=2m,, and 2/= M, which gives 

x3") = 2m,?2M/(2M—m,), 


(4.14) 
x3) = (M/2m,)(2M+m,). 

The isotopic scalar part requires c=3m, and leads to 
x3” =3m2M/(M—m,),” 


1.15) 
(M/2m,)(2M-+m,). 


( Dm 
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In problems related to the question of consistency of 
quantum electrodynamics, it is sometimes useful to 
know some analytic properties of the electron-photon 
vertex function. From the direct representation, we 
can say only the following: if one is willing to introduce 
a small, auxiliary photon mass A>0 such that we have 
x=m?2, a=b=m,+A, c=3\, then the singularities in 
the z; plane are restricted to a finite region and the 
static cut x32 (3A)?, y;=0. The real boundary points 
of the region with complex singularities are given by 
Eqs. (4.15) with M replaced by m,, and m, by \. 
Note that for \—+0 the mass variable x,;=x,=m~2 
coincides with the static cut x2>a?=lim,.o(m,.+ A)’, 
y=0, and the singular region covers the whole 2; 
plane. 
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The kinematics of an arbitrary process involving two incoming and two outgoing particles is studied in 
terms of the invariants used in Mandelstam’s representation, treating the three processes described by the 
same Green’s function simultaneously. It is shown that the physical regions for these processes are bounded 
by a cubic curve in the plane of the two independent invariants. The unitarity conditions are discussed in 
the approximation of neglecting intermediate states of more than two particles. The formula for the spectral 
functions of the double dispersion relation is obtained explicitly in terms of the invariants chosen 


1. INTRODUCTION 


ANDELSTAM! has recently proposed a repre- 

sentation of the scattering amplitude for meson- 
nucleon scattering, which is obtained from a plausible 
assumption about its behavior as an analytic function 
of two variables, the energy and momentum transfer. 
He has also been able to show,? for a more general 
process, that the representation is satisfied by the lower 
orders of the perturbation series, and that this series 
can actually be constructed from the representation 
and the unitarity relations,’ in a two-particle approxi- 
mation. In this paper we shall discuss certain aspects, 
mainly kinematical, of the extension of this represen- 
tation to a general process. We consider together the 
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2S. Mandelstam, Phys. Rev. 115, 1741 (1959 
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of Mathematics, Imperial 


three processes 
2 3+4, 
IT: 14+3-—+ 2+4, 
Il: 1+4-—2 
The complications of spin and isotopic spin will be 
ignored, and all the particles will be assumed to be 
stable. 

In Sec. 2 we shail find the physical regions for the 
three scattering processes in terms of the three invari- 
ants r, s, t, whose sum is equal to the sum of squared 
masses of the four particles. These invariants may be 
regarded as homogeneous coordinates in a plane, and 
the physical regions are then bounded by a cubic curve 
in this plane. The curve has three branches correspond- 
ing to the physical regions for the three scattering 
processes, and also a closed branch within the rst- 
triangle. The interior of this closed curve would 
correspond to the physical region for the decay process 


IV: 1+24+3+44 


+3, 
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if this were possible. The form of the double dispersion 
relation for such processes has been given by Mandel- 
stam.” 

In Sec. 3 we shall discuss the unitarity condition for 
a typical process in the two-particle approximation. 
By making use of the determinant of scalar products of 
the independent momenta, the unitarity condition can 
be written in the form of an integral over the invariants. 
From this we are able to derive the relation giving the 
spectral functions in terms of the absorptive parts, in 
a similar form. The boundaries of the regions where 
the spectral functions are nonzero will be given by the 
vanishing of the determinant. 


2. KINEMATICS 


For convenience, we shall assume that the masses of 
the four particles involved in the processes I, II, HI 
satisfy the inequalities 


Mm, > mM2>m3z>m,> 0. (1) 


If 
Mm, > Mo+ms+mg, (2) 
then the decay process IV is also energetically possible 
(although in that case we assume that it has vanishing 
bability » shall ch > the ‘nta of the 
probability). We shall choose the momenta of the 
incoming and outgoing particles to be p; and —fj, 
respectively, so that the conservation equation is always 


pit prot pst pa=9. (3) 
The metric is chosen so that p?=m/?. 

In addition to the masses, there are two independent 
scalar products. It is, however, convenient to use the 
three invariants 
(pst pas)’, 

(pot ps)’, 
(pot ps)’, 


(pit po)? 
(pit ps)? 
(pit pu)” 


which satisfy 


r+sti=K=m?2+m27+m7+m¢_. (5) 


In the center-of-mass system for process I, the mo- 
menta are p:= (£1,q1), p2= (E2, — qu), ps= (— Es, — qa), 
pbs= (— 4, qs). The invariant r is then the square of 
the total energy, 
r=W?, W=E,+2£.=E3+ Ey. 


The magnitudes of the spatial momenta are given by 


4rq)°=[r— (m,+m2)* | r— (mi— mz)? |, 


(ms+m,)* | r— (m3—m,)* ], 


ivg;=|r— || 


and the invariants s and ¢ may be related to the scat- 
tering angle by 


2s= K—r+4qigsz— (mPe—m.2)(me—m-?)/r, 


2=K—r 


(6) 
tg1ga3+ (myr— m2) (me—m¢)/r 


’ 


where z= cos(q1,q3). 
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The conditions for a physical scattering process may 


now be expressed terms of r, s, t. The necessary 
condition 
tp; pi>mam 
yields 
— mM»)? (7) 


’ 


r>(m,+m.)* or r<(m, 


and similar inequalities for other pairs of masses. The 
requirement that the scattering angle be real can be 
stated in the form 

pr’ Pi'P2 pip 

poPi pr = a Pa} > 9. 

Ps‘Pi ps? px 
This may be written 
’, 5, l, 


as a homogeneous inequality in 


rst> (r+s+t)?(art+bs+ct) (8) 
where the dimensionless constants a, 6, c are given by 
K*a 
K*b 
K*c 


(m?m.2 —m;?m)(m?2+-m2—me—m-eZ), 


(m?m—m2m2)(m2+-me—m2Z—m~e), 


1 


(m?m2—m2m?)(me+-me—m?e—m?). 


The variables r, s, and now be regarded as 
homogeneous coordinates in a plane, in which the line 
at infinity is r+s+i/=0. The region (8) is bounded by 
a cubic curve in this plane, whose asymptotes are r=0, 
s=0 and /=0. Moreover, the curve intersects its 
asymptotes on the line 


may 


ar ths 4 cl 0. (9} 


The shape of the curve is shown in Fig. 1, in which the 
regions marked I, II, and III are the physical regions 
for the corresponding processes. We note that, by the 
assumed inequalities for the masses, the constants a, b 
and c satisfy 
a>b>c, 

and that a and 6 are necessarily positive, although c 
may have either sign. If c is negative, the line (9) 
and therefore the region 


t 
passes within the rsé-triangle, 


Fic. 1. The physical regions 
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III in Fig. 1 includes part of this triangle. In other 
words, all three invariants can be positive for this 
process. 

The bounding lines of the region defined by (7) can 
be shown to be tangential to the curve, so that the 
entire boundary of each of the physical regions is a 
part of the curve.‘ If the condition (2) is satisfied, then 
the excluded strips 


(m,— mz)? <r< (m+ m2)’, 


(m;—my,)* <r< (m3+m,)" 


(10) 


do not overlap, so that the region IV is allowed kine- 
matically, as we should expect. If (2) is not satisfied, 
however, the strips (10) overlap, and the region IV is 
excluded. 


3. MANDELSTAM REPRESENTATION AND 
UNITARITY CONDITIONS 


We shall assume that for the processes in question 
the ordinary dispersion relations are valid. Thus for a 
fixed value of /, say, one can write a dispersion relation 
which will be an integral along a line such as AB in 
Fig. 1. The poles will occur on lines r=r, and s=5y, 
and the continuous integrals will begin on lines r=r, 
and s=Sq, as indicated. Here 7, and r, are the squared 
masses of the single-particle and lowest two-particle 
intermediate states in the process I, respectively. Using 
the same assumptions as in his treatment of meson- 
nucleon scattering,! Mandelstam? has given a double- 
variable representation for these processes, involving 
three spectral functions, here denoted* by A,,, A,:, and 
A,. The function A,,, for example, will be nonzero in 
a region lying within the triangle defined by r>r,, 
s>5q. To find the exact boundary, C,,, of this region, 
as shown in Fig. 2, we must use the unitarity relation. 
We shall assume that intermediate states with three or 


2r r+m?—m? 

1 |r +m?e—m? 2m;* 
16 lptme—me m?+m2—s, 
r+me—me m?+me—se 


A(a,b,c,p) = 


This transformation is not one-to-one, since the scalar 
products are unaltered by changing the sign of the 
component of 5 perpendicular to a, b and c. This 
introduces an extra factor of 2. Finally, we obtain 


Ai,(rs3)= (1 orn) f dss [—A(r; sy5253) 


XA 3" (rs3)A o(rSo), 


(14) 


where the integration is over the region where A is 
negative. 


‘In the case of elastic scattering, the curve degenerates into a 
straight line and a hyperbola. 

‘Of course there may be more than one such particles and 
hence more than one pole, or there may be none at all. 

* Mandelstam denotes the corresponding functions by Aj», A1:, 
and Az;. That notation would, however, be likely to cause con- 
fusion with the A;, As, and A; introduced below. 
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r+m?—mé 
m?+m?—s; 


m;?+-me— Ss; 
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more particles may be neglected in this relation, and 
further that only one pair of particles contributes to 
the two-particle intermediate states. If there is more 
than one such pair, we have only to sum the contri- 
butions from each. In this approximation, the unitarity 
condition for the process I is 


A1,(rs1) = 4 (2) *f a pat pepe —m)0(pu8(pe—me) 


XO( peo)d (pst poe— pi— po) As*(53)Aa(rs2), (11) 


where A;, A», and A; now refer to the processes 


Ih: 14+2—+3+4, 
In: 14+2-+5+6, 
Ip: 34+4-5+46, 


respectively. The invariants are defined’ as in Sec. 2. 
We now wish to convert (11) into an integral over 
invariants. To do this, we perform the p¢-integration 
using the 6-function, and convert the s-integration 
into one over ps’, (ps—a)*, (ps—b)*, (ps—c)*, where a, 
b and ¢ are any three fixed timelike vectors. The 
Jacobian for this transformation is 
J = fe —A(a,b,c,ps) DP, 

where 
|a@ ab ac a: 
Iba BB bee Ob: 
ca cb 2 Ce 

ipa ph pe 
It is convenient to choose a= pi+p2, b= pi, c= — fa, 
so that 


(ps—a)= pe’, (ps—c)= 53. 


Then, using the definitions of invariants, we find 


A(a,b,c,p)= (12) 


(ps—b)?=52, 


rt+mi—mz¢ | 
my'+ ms’ — $2) 
m?-+-ms— Ss; 

2m; 


= A(r; $1S283), say. 


(13) 


2m 2 


The function A can of course also be expressed in 
terms of 5), fs, ts by interchanging ms and mg in (13), 
and similarly it can be expressed in terms of t), 52, ts 
or t;, lo, 53. 

Now, in order to find an expression for the spectral 
functions, we have to substitute in (14) the ordinary 
dispersion relations for A, and A; in which r is held 
fixed. If we choose the value of r to be such that 


r>(m,+m2)*, 1>(mz+-m,)*, 1>(ms+m,)*, (15) 


and take s; to be in the physical region for the process 
I,, then it is easy to see that the condition A<0 implies 


7 Note that if we define the signs of the momenta in I, and I, 
according to the convention (3), then two of the momenta in I, 
have the “wrong” sign. Thus we must define, for example, 
Sa= (ps— psf. 
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Fic. 2. The regions in which the spectral functions are nonzero. 


that s. and s; are in the physical regions for the processes 
I, and Is, respectively. Thus the denominators of the 
dispersion integrals for Az and A; will never vanish in 
the region of integration in (14), and we may ignore 
their small imaginary parts. For values of r which do 
not satisfy (15) we must have recourse to analytic 
continuation in the masses.*® 

in (14) explicitly. This can be done most simply by 
introducing the center-of-mass variables 


It is now possible to perform the s2 and s; integrations 


Z21= C0S(Q1,43), Z2=COS(Q1,q5), 23=COS(Q3,qs), 


which are linearly related to s,, S52, 53 by the analogs 
of (6), as is done by Mandelstam.? We find by combining 
the rows and columns of the determinant (13) in a 


suitable way that 


A(r; §,SoS3) rqi'qs'qs'k (212223), 
where 


Rk (232023) = 2°+-22°+- 23° — 1 — 2242023. 


Thus the So and s integrations reduce to an integral 
already evaluated by Mandelstam.’ The values of the 
spectral functions A,,, and A;,; may now be found from 
(14) by evaluating the discontinuity across the real 
s,-axis. The function A, is easily seen to be an analytic 
function of s, for fixed real values of r, except for these 
cuts, indicated by the lines CE and FD in Fig. 2. The 


§ This situation is discussed in detail in reference 2 
* See reference 1, Eq. (3.5). 
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obtained by evaluating the discon- 
ely expressed in terms 


expression for A j;., 
tinuity along FD, may be con 
of the original invariants. It 


(16) 


in both terms is part of 

; bounded by one branch 
integral, sy and $3 are 
ond, f and ¢t; are. There 
two other branches of the curve, corre- 
, which bound the 


Here the region of integ 
the region where A>0, 
of the curve A=0. In 
always positive, and in the 
are of Coursé 
sponding to positive /; rather than 
regions where A 

It should be remarked that Eq. (16) is remarkably 
similar to the relation (14) for 11, 1tse lf, exe ept for the 
fact that (14) is an integral over the physical region, 
whereas (16) is entirely over part of the unphysical 
region. 

The boundary C,, of the region where A;,, is nonzero 


s nonzero 


will clearly be given by the appropriate branch of the 
curve A 
their minimum value 


0, in which the arguments 52 and s3 are given 
s, provided that these are attain- 

the general must 
consider all those four-cornered diagrams which are 
such that none of the 
more parti les) can be decreased. 


able simultaneously. In case, we 


four internal masses (of one or 
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particularly 


alternately 
crossing the real 
two methods of 
the simul- 
r«>s,. In 


The fourth-order contribution to A,, may be 


evaluated by finding the 
r-axis (see reference 3 
calculation is assured by the invariance of A under 
taneous interchange om? 24s So. me ¢ 

fact A has a great try than this. It is invariant 
under a transitive permutat rroup on its ten arguments 7, 51, 


2 ? } tr ¢ metri 5 


S2, 53, My", + * Me ip of degree 5. 
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